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Foreword

The present book is about the Askey scheme and the g-Askey scheme, which are
graphically displayed right before chapter 9 and chapter 14, respectively. The fami-
lies of orthogonal polynomials in these two schemes generalize the classical orthog-
onal polynomials (Jacobi, Laguerre and Hermite polynomials) and they have prop-
erties similar to them. In fact, they have properties so similar that I am inclined (fol-
lowing Andrews & Askey [34]) to call all families in the (g-)Askey scheme classical
orthogonal polynomials, and to call the Jacobi, Laguerre and Hermite polynomials
very classical orthogonal polynomials.

These very classical orthogonal polynomials are good friends of mine since al-
most the beginning of my mathematical career. When I was a fresh PhD student at
the Mathematical Centre (now CWI) in Amsterdam, Dick Askey spent a sabbatical
there during the academic year 1969—1970. He lectured to us in a very stimulating
way about hypergeometric functions and classical orthogonal polynomials. Even bet-
ter, he gave us problems to solve which might be worth a PhD. He also pointed out
to us that there was more than just Jacobi, Laguerre and Hermite polynomials, for
instance Hahn polynomials, and that it was one of the merits of the Higher Transcen-
dental Functions (Bateman project) that it included some newer stuff like the Hahn
polynomials (see [198, §10.23]). Note that the emphasis in this section of the Bate-
man project is on Chebyshev’s (or Tchebichef’s) polynomials of a discrete variable,
the special case of Hahn polynomials where we have equal weights on equidistant
points. This special case is very important for applications, in particular in numeri-
cal analysis, see for instance Savitzky & Golay [468] (this paper from 1964 has now
2778 citations in Google Scholar) and Meer & Weiss [404]. Ironically, as Askey later
wrote in his comments on [494], Chebyshev already published in 1875 on what we
now call the Hahn polynomials of general parameters.

Of course, Askey told us during 1969-1970 also about the limit transitions Ja-
cobi — Laguerre, Jacobi — Hermite and Laguerre — Hermite (formulas (9.8.16),
(9.8.18) and (9.12.13) in this volume). During the seventies there grew a greater
awareness that these three limit relations were part of a larger system of such lim-
its, for instance also involving some discrete orthogonal polynomials like Hahn and
Meixner polynomials. The idea to present these limits graphically was born at an
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Oberwalfach meeting in 1977 on “Combinatorics and Special Functions” organized
by George Andrews and Dominique Foata, also attended by me. In Dick Askey’s
words (personal communication):

“I gave a talk about many of the classical type orthogonal polynomials and it fell flat.
Few there appreciated it. Later in the week Michael Hoare, a physicist then at Bed-
ford College, talked about some very nice work [155] he had done with R.D. Cooper
and Mizan Rahman. In this talk he had an overhead of the polynomials they had dealt
with, starting with Hahn polynomials at the top and moving down to limiting cases
with arrows illustrating the limits which they had used. The audience did not seem
to care much about the probability problem, but they were very excited about the
chart! he had shown and wanted copies. If there was that much interest in his chart,
I thought that it should be extended to include all of the classical type polynomials
which had been found. This was included in the Memoir [72, Appendix] Jim Wil-
son and I wrote. We missed one case, since we had found the symmetric continuous
Hahn polynomials, but had not realized that the symmetry was not needed. That was
done by Atakishiyev and Suslov [81].”

During the conference Polyndomes Orthogonaux et Applications in Bar-le-Duc,
France in 1984, Jacques Labelle presented a poster of size 89 x 122 cm containing
what he called Tableau d’Askey [362]. For some years I had it hanging on the wall
of my office, but it gradually faded away.

At this 1984 Bar-le-Duc conference Andrews & Askey [34] talked about the g-
analogues of the polynomials in the Askey scheme, which had already been around
for some seven years, starting with the work of Askey together with his PhD student
Jim Wilson. This culminated into their joint memoir [72] in 1985. As Andrews &
Askey wrote in [34]:

“A set of orthogonal polynomials is classical if it is a special case or a limiting case
of the Askey-Wilson polynomials or g-Racah polynomials.”

It took some time before also the g-Askey scheme was graphically displayed. As
Labelle wrote in [362], one would need a 3-dimensional chart, because there are
both arrows within the g-Askey scheme and from the g-Askey scheme to the Askey
scheme. But if one is satisfied with just the arrows of the first type, then one can find
the g-Askey scheme just before chapter 14 in the present volume.

The present book is a merger of the report The Askey-scheme of hypergeometric
orthogonal polynomials and its g-analogue by Koekoek and Swarttouw (1994, and
thoroughly revised and updated in 1998) and of a series of papers by Lesky on the
classification of these polynomials. The report of Koekoek and Swarttouw had its
roots in a regular seminar on orthogonal polynomials at Delft University of Tech-
nology in 1990 or so, when Koekoek and Swarttouw were PhD students there, and
where I also participated. The Koekoek-Swarttouw report, in its various versions, has
become very well-known, a real standard reference although it was lacking during all
those years the status of a publication at a recognized publisher. At present, Google
Scholar gives 686 citations for the version at arXiv (arXiv:math/9602214v1l

1" An extension of [155, p.285, Figure 2], called The seven-fold way of orthogonal polynomials and
The seven-fold way of probability distributions
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[math.CA]), 106 citations for the 1998 report version and 69 citations for the
1994 report version (all these numbers are crude lower bounds). Many citations are
from applied fields. The pleasant systematics of the report, giving for each family
a limited but important list of formulas, always in the same order, will have greatly
contributed to the success of the report. It is used not only to look up formulas of
a family of polynomials one has already in mind, but maybe even more in the “in-
verse way”: one has a formula and one wonders if this is a formula for one of the
polynomials in the (g-)Askey scheme.

Given the classification results of Bochner and Hahn which are mentioned in the
Preface of this book, it is natural to look for similar results in the case of a quadratic
lattice z(s) = as® + bs + ¢ or a g-quadratic lattice z(s) = ag* +bg~* + c. The task is to
classify for such z(s) all systems of polynomials p, of degree n (n =0,1,2,...,N or
n=20,1,2,...) such that the functions s — p,(z(s)) are eigenfunctions of a second-
order difference operator in s. This was done by Griinbaum & Haine [256] under
the additional assumption that the p, are orthogonal polynomials and next by Ismail
[275] without this assumption. The result was just what we already knew for the (g-)
quadratic lattice cases in the (g-)Askey scheme. In an earlier elegant paper Leonard
[371] had shown that a finite system of orthogonal polynomials of which the dual is
again a finite system of orthogonal polynomials, must be (¢-)Racah or one of its limit
cases which are finite systems. Finally, the condition that z(s) is a (¢-)linear or (g-)
quadratic lattice was dropped for finite systems in Terwilliger [499] and for infinite
systems in Vinet & Zhedanov [507]. Again nothing more came out than was already
in the (g-)Askey scheme. In particular in [256] and [371] the notion of bispectrality
is important: on the one hand orthogonal polynomials p,(x) are eigenfunctions of
a second-order difference operator in the n-variable with eigenvalue x, on the other
hand, if they are in the (g-)Askey scheme then they are eigenfunctions of a second-
order operator in the x-variable with eigenvalue depending on 7.

While the classification results mentioned in the previous paragraph could be writ-
ten up in relatively short papers, one might also try to structure the families in the
(g-)Askey scheme in a more refined way and to list precisely for which values of
the parameters there will exist a positive orthogonality measure, and to give such an
orthogonality measure possibly in an explicit way. Such tasks can be quite laborious
and very technical. On the one hand, as mentioned in the Preface, such work was
done in the books by Nikiforov and Uvarov (Suslov being also an author for the
second book), and continued subsequently by many authors, in particular belonging
to the Spanish school of orthogonal polynomials. On the other hand, rather inde-
pendently, this was done in a long series of papers by Lesky, which material now
constitutes a large part of the present book.

An interesting aspect of Lesky’s approach, also reflected in the present book, is
the special consideration for finite systems of orthogonal polynomials. In particu-
lar, Romanovski introduced in 1929 two finite systems of Jacobi polynomials and
one finite system of Bessel polynomials which are here included in sections 9.8 (Ja-
cobi), 9.9 (Pseudo Jacobi) and 9.13 (Bessel). As already proposed by Lesky [384]
in 1998, these families, in particular the Bessel polynomials, should be embedded
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in the Askey scheme, together with suitable limit arrows. This is indeed done in the
Askey scheme in this book, right before chapter 9.

Why are the three finite orthogonal systems just mentioned much less known than
for instance the Krawtchouk and Hahn polynomials, which are also finite systems?
Are they possibly of different nature? From the point of view of Favard’s theorem
(see also the discussion in §3.1 of the book), whenever one has a three-term recur-
rence relation

X p(x) = put1(x) + By pu(x) +Cy pn—1(x) (B, €R, C,>0)

forn=0,1,...,N—1, yielding monic polynomials p, of degree n forn=0,1,...,N,
then these polynomials will form a finite system of orthogonal polynomials. This
finite system can be extended to an infinite system of orthogonal polynomials by
extending the above recurrence relation forn =N,N+1, ... with arbitrary choices for
B, € R and C,, > 0. On the other hand, any infinite system of orthogonal polynomials
pn yields a finite system by only considering p, for n < N. In this way the notion
of a finite system seems quite arbitrary, but the finite systems will come up in an
essential way if one requires that the p, are eigenfunctions of some second-order
operator. Still one may wonder, for a given finite system po, p1, ..., pn, if there are
natural choices for py11, By € R and Cy > 0 such that

xpN(x) = pn+1(x) + By py(x) +Cn py—1(x).

If so, then pyy; will have N + 1 distinct real zeros interlacing the N zeros of py and
there is a natural way of realizing the orthogonality of the finite system pg, p1,..., p§
by suitable weights on the zeros of py .

Let us consider this for the example of Krawtchouk polynomials given in §9.11.
For N a generic complex number the normalized recurrence relation (9.11.4) is sat-
isfied foralln =0,1,2,... by

pn(x) = (=N)up"2F1 <_i’1\;x ; p“) = ]ﬁb <Z) PR (=N + k) (x—k+ 1)y

This is continuous in N € C, and similarly are the coefficients in the normalized
recurrence relation (9.11.4) continuous in N. If we let N a positive integer and if
n > N then only the terms with N < k < n in the expression for p,(x) survive. In
particular, we then find:

pra1(x) = x(x— 1)(x—=2)....(t— N),
pr+2(x) =x(x—1)(x—=2)...(x=N)(x=N—1+p(N+2))
(x=N—=14p(N+2)) pn+1(x),

which is compatible with Cy;; = 0. Since Cy = Np(1 — p) > 0, we can realize
the orthogonality of the Krawtchouk polynomials pg, py,...,pny by weights on the
zeros {0,1,...,N} of py+1(x), and this gives the usual orthogonality for Krawtchouk
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polynomials. The Hahn and Racah polynomials and their g-analogues can be treated
in a similar way.

The situation is very different with the finite system of Jacobi polynomials
P,Ea’ﬁ) given by (9.8.3). There oo+ +1 < 0 and 8 > —1. Take the integer N

such that N < —(at+ B +1)/2 < N+ 1. Then the Jacobi polynomials PP for
n=20,1,...,N form a finite orthogonal system. Then the coefficient of p,_;(x) in
the normalized recurrence relation (9.8.5) is positive forn =0, 1,...,N — 1. If more-
over 2n+ o+ 3 +2 # 0 then (9.8.5) for n = N has no singularities and the coefficient
of py—1(x) there is still positive. If also 2n+ o+ § +4 # 0 then (9.8.5) forn =N+ 1
has no singularities and the coefficient of py(x) there is negative. So one might real-
ize the orthogonality of the finite system by weights on the zeros of Plg,if ) () (still
assuming 2n+ o+ 8 +2 # 0). But there is no explicit expression for these zeros and
there is no evident second-order operator adapted to these zeros which has the Jacobi
polynomials as eigenfunctions. Therefore the orthogonality (9.8.3) is a much better
choice.

The finite orthogonal system (9.8.3) of Jacobi polynomials discussed above can
also be obtained in terms of Jacobi functions q)}f’"ﬁ ) in the case that o +B+1<0.
The finitely many values of y for which the Jacobi functions are L> with respect
to the suitable weight function, then yield the finite system of Jacobi polynomials.
See Flensted-Jensen [206, Appendix 1] for details. This example is an illustration of
an important principle: If one has a finite system of orthogonal polynomials which
“ends” in a somewhat unnatural way, then look for a natural completion to some
infinite dimensional L>-space, possibly using a continuous (generalized) orthogonal
system like the Jacobi functions. Similarly, Koelink & Stokman [321, §7] observed
finite orthogonal systems of Askey-Wilson polynomials as specializations to discrete
parts of the spectrum for the Askey-Wilson function transform.

The so-called Macdonald-Koornwinder polynomials are analogues of Askey-
Wilson polynomials in several variables associated with root system BC,,. Apart from
q they have five parameters, one more than in the one-variable case. There are strong
indications that all families and arrows in the (g-)Askey scheme have their analogues
in this multi-variable case. See for instance Stokman [491].

The families in the (g-)Askey scheme have found interpretations in various set-
tings, for instance in the representation theory of specific Lie or finite or quantum
groups, in combinatorics and in probability theory. Some of the limits in the scheme
could also be brought over to limit relations of the structures where the polynomials
were interpreted.

In principle, the limit formulas in chapters 9 and 14 can be applied to all suitable
identities there, and the resulting identities will be again present in these chapters on
the suitable places. It is quite straightforward, although a little technical, to do this
for the identities in the following categories: (normalized) recurrence relation, (g-)
difference or differential equation, shift operators and Rodrigues-type formula. For
the orthogonality relation taking the limit will not always be possible or evident. It
is fun to walk downwards from one of the generating functions (14.1.13)—(14.1.15)
for Askey-Wilson polynomials. An immediate question then is if it will be possible
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to walk upwards from all the generating functions for Jacobi polynomials listed in
(9.8.11)—(9.8.15). Certainly there are formulas for Jacobi polynomials which have
not yet found all their way up to the Askey-Wilson polynomials, for instance the
addition formula for Jacobi polynomials, see [332].

Potentially, there are many further formulas which could be filled in for the vari-
ous families in the (g-)Askey scheme. One category is formed by the structure rela-
tions and raising and lowering operators, see [351] and references given there. Re-
lated with this are the generators and relations for the Zhedanov algebra which one
can associate with each family in the scheme, see [254]. Something which in future
should also be written down for all families in the scheme are the so-called non-
symmetric versions of the various orthogonal polynomials, to be understood in the
framework of Cherednik’s double affine Hecke algebra or some degenerate version
of it. See this in Noumi & Stokman [423] for the case of Askey-Wilson polynomials.

Finally, Bessel functions, although not being polynomials, are very natural com-
panions of Jacobi polynomials, from which they can be obtained as limit cases. Re-
markably enough, several kinds of g-Bessel functions occur as limits of families in
the g-Askey scheme, see for instance Koelink & Stokman [322].

Tom Koornwinder, August 2009
University of Amsterdam
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In 1929 S. Bochner (see [106]) found all families of polynomials satisfying a second-
order differential equation with polynomial coefficients. This led to the continuous
classical orthogonal polynomials named after Jacobi, Laguerre and Hermite. The
Bessel polynomials also appear in this study by S. Bochner. However, these polyno-
mials can only be seen as continuous classical orthogonal polynomials in the case of
a finite system (in case of positive-definite orthogonality). The continuous classical
orthogonal polynomials are treated in chapter 4.

In 1949 W. Hahn (see [261]) found orthogonal polynomial solutions of second-
order g-difference equations. This class of families of orthogonal polynomials is
known as the Hahn class of orthogonal polynomials.

Many other families of orthogonal polynomials such as the discrete classical or-
thogonal polynomials have been very well known for a long time, but a classification
of all of these families did not exist. A first attempt to combine both the continu-
ous and discrete classical orthogonal polynomials was made in 1985 by R. Askey
and J.A. Wilson (see [72]) by introducing the so-called Askey scheme of hypergeo-
metric orthogonal polynomials. In [72] the continuous classical orthogonal polyno-
mials were introduced as limiting cases of the Wilson polynomials and the discrete
classical orthogonal polynomials as limiting cases of the Racah polynomials. These
polynomials are treated in chapter 7.

In [72] R. Askey and J.A. Wilson also introduced g-analogues of the Wilson poly-
nomials, which are known as the Askey-Wilson polynomials.

We also mention the books [417] by A.F. Nikiforov and V.B. Uvarov (1988) and
[416] by A.F. Nikiforov, S.K. Suslov and V.B. Uvarov (1991) in this perspective.

Furthermore we refer to [256], [275] and [507] for characterizations of the Askey-
Wilson polynomials.

In 1994 the first and third author (see [318]) published a preliminary version of
their report on the Askey scheme of hypergeometric orthogonal polynomials and its
g-analogue. All known g-analogues of the families of orthogonal polynomials be-
longing to the Askey scheme were arranged into a g-analogue of this Askey scheme.
In 1998 (see [319]) a completely revised and updated version of this report appeared,

xi



Xii Preface

containing more formulas for these families of orthogonal polynomials. However, a
classification of the orthogonal polynomials was still missing.

In the meanwhile, the second author studied the classification of several kinds of
both continuous and discrete orthogonal polynomials. This led to several publica-
tions on orthogonal polynomial solutions of several kinds of eigenvalue problems.
In [385] four types of g-orthogonal polynomials in x and three types of g-orthogonal
polynomials in g~ were introduced. These seven types form a comprehensive basis
for the classical g-orthogonal polynomials in x and in g~*. These polynomials are
treated in chapter 10 and chapter 11.

The intention of this book is to give a classification of all families of classical or-
thogonal polynomials and their g-analogues, the classical g-orthogonal polynomials.
In order to do this we make the following observations:

* We only consider positive-definite orthogonality in terms of an inner product.

*  We consider both infinite and finite systems of orthogonal polynomials.

The characterization of classical orthogonal polynomials can be written in terms of
eigenvalue problems as follows: the polynomial solutions of all degreesn =0, 1,2, ...
satisfy a three-term recurrence relation (with respect to the degree n) from which we
can deduce necessary and sufficient conditions by use of the theorem of Favard.
These conditions lead to all possible weight functions for orthogonality. It is also
possible to have finite systems of orthogonal polynomials.

We consider the following cases:

1. Second-order differential equations (chapter 4).

The polynomial solutions lead to the continuous classical orthogonal polynomials;
three infinite systems of Hermite, Laguerre and Jacobi polynomials and three finite
systems of Jacobi, Bessel and pseudo Jacobi polynomials.

2. Second-order difference equations with real coefficients (chapter 5).

The polynomial solutions lead to the first part of the discrete classical orthogonal
polynomials; two infinite systems of Charlier and Meixner polynomials and two fi-
nite systems of Krawtchouk and Hahn polynomials.

3. Second-order difference equations with complex coefficients (chapter 6).

The polynomial solutions lead to the second part of the discrete classical orthogonal
polynomials; two infinite and finite systems of Meixner-Pollaczek and continuous
Hahn polynomials.

Second-order difference equations can also be seen as three-term recurrence rela-
tions in terms of the argument x. The connection between the three-term recurrence
relation with respect to the degree n and the one with respect to the argument x leads
to the concept of duality.
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4. The concept of duality leads to polynomial solutions in x(x+u), withx € R and u €
R a constant, of second-order difference equations with real coefficients (chapter 7).

The polynomial solutions lead to the third part of the discrete classical orthogonal
polynomials; two infinite and finite systems of dual Hahn and Racah polynomials.

5. The concept of duality also leads to polynomial solutions in z(z+u), with z € C
and u € R a constant, of second-order difference equations with complex coefficients
(chapter 8).

The polynomial solutions lead to the fourth part of the discrete classical orthogonal
polynomials; two infinite and finite systems of continuous dual Hahn and Wilson
polynomials.

In chapter 9 we list all families of hypergeometric orthogonal polynomials belong-
ing to the Askey scheme. In each case we use the most common notation and we list
the most important properties of the polynomials such as a representation as hyper-
geometric function, orthogonality relation(s), the three-term recurrence relation, the
second-order differential or difference equation, the forward shift (or degree lower-
ing) and backward shift (or degree raising) operator, a Rodrigues-type formula and
some generating functions. Moreover, in each case we mention the connection be-
tween various families by given the appropriate limit relations.

6. Hahn’s g-operator leads to eigenvalue problems in terms of second-order gq-
difference equations (chapter 10).

The polynomial solutions lead to the first part of the classical g-orthogonal polyno-
mials, containing the Stieltjes-Wigert, the g-Laguerre, the little g-Jacobi, the little
g-Laguerre, the g-Bessel, the big g-Jacobi, the big g-Laguerre, the Al-Salam-Carlitz
and the discrete g-Hermite polynomials.

7. By changing x into ¢g—*, we obtain even more second-order g-difference equations
(chapter 11).

The polynomial solutions lead to the second part of the classical g-orthogonal poly-
nomials, containing the g-Meixner, the g-Krawtchouk, the quantum ¢-Krawtchouk,
the affine g-Krawtchouk, the g-Hahn and the g-Charlier polynomials.

8. The concept of duality can also be applied to the case of g-orthogonal polynomials,
which leads to polynomial solutions in g~ + ug*, with x € R and u € R a constant,
of second-order q-difference equations with real coefficients (chapter 12).

The polynomial solutions lead to the third part of the classical g-orthogonal poly-
nomials, containing the g-Racah, the dual g-Racah, the dual g-Hahn, the dual ¢-
Krawtchouk and the dual g-Charlier polynomials.

9. By changing ¢* into £, we also obtain polynomial solutions in £ + =, with z € C

and u € R and a € C constants, of second-order g-difference equations with complex
coefficients (chapter 13).
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Real polynomial solutions can only exist for |z| = 1. These lead to the fourth part of
the classical g-orthogonal polynomials, containing the Askey-Wilson, the continu-
ous g-Hahn, the continuous g-Jacobi, the continuous dual g-Hahn, the g-Meixner-
Pollaczek, the Al-Salam-Chihara, the continuous g-Laguerre and the continuous
(big) g-Hermite polynomials.

In chapter 14 we list all families of basic hypergeometric orthogonal polynomials
belonging to the g-analogue of the Askey scheme. Again, in each case we use the
most common notation and we list the most important properties of the polynomials
such as a representation as basic hypergeometric function, orthogonality relation(s),
the three-term recurrence relation, the second-order g-difference equation, the for-
ward shift (or degree lowering) and backward shift (or degree raising) operator, a
Rodrigues-type formula and some generating functions. Moreover, in each case we
also indicate the limit relations between various families of g-orthogonal polynomi-
als and the limit relations (¢ — 1) to the classical hypergeometric orthogonal poly-
nomials belonging to the Askey scheme.

Roelof Koekoek, Peter A. Lesky"' and René F. Swarttouw

T Unfortunately, Peter Lesky died in Innsbruck (Austria) on February 12, 2008 at the age of 81.
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Chapter 1
Definitions and Miscellaneous Formulas

1.1 Orthogonal Polynomials

A system of polynomials {p,(x)},_, with degree[p,(x)] =n foralln € {0,1,2,...}
is called orthogonal on an interval (a,b) with respect to the weight function w(x) > 0
if

/bpm(x)p,,(x)w(x)dx:o, m#n, mne{0,1,2,...}. (L.1.1)

Here w(x) is continuous or piecewise continuous or integrable, and such that
b
0< / x"w(x)dx < e forall ne{0,1,2,...}.
a

More generally, w(x)dx may be replaced in this definition by a positive measure
do(x), where a(x) is a bounded nondecreasing function on [a, b)) "R with an infinite
number of points of increase, and such that

b
O</x2"doc(x)<oo forall ne{0,1,2,...}.
Ja

If this function o(x) is constant between its (countably many) jump points then we
have the situation of positive weights w, on a countable subset X of R. Then the
system { pn(x)};r_ is orthogonal on X with respect to these weights as follows:

N pn(X)pn(xX)wy =0, m#n, mne{0,1,2,...}. (1.1.2)

xeX

The case of weights wy (x € X) on a finite set X of N + 1 points yields orthogonality
for a finite system of polynomials {p, (x)}_:

Z Pn(X)pn(X)wy =0, m#n, mne{0,1,2,...,N}. (1.1.3)
xeX
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2 1 Definitions and Miscellaneous Formulas

The orthogonality relations (1.1.1), (1.1.2) or (1.1.3) determine the polynomials
{pn(x)}:"_, up to constant factors, which may be fixed by a suitable normalization.
We set:

b
G,,z/ {pn() YV w(x)dx, n=0,1,2,..., (1.1.4)
a
Gu= Y Apa(0)Pwy, n=0,12,... (1.1.5)
xeX
or
Gu =Y {pn(¥) Wy, n=0,1,2,....N, (1.1.6)
xeX
respectively and
Dn(x) = kyx"" + lower order terms, n=0,1,2,.... (1.1.7)

Then we have the following normalizations:

1. 0, =1 for all n=0,1,2,.... In that case the system of polynomials is called
orthonormal. If moreover &, > 0, for instance, then the polynomials are uniquely
determined.

2. ky=1foralln=0,1,2,.... In that case the system of polynomials is called monic.
Also in this case the polynomials are uniquely determined.

Polynomials {p,(x)};_, with degree[p,(x)] = n for all n € {0,1,2,...} which are
orthogonal with respect to a (piecewise) continuous or integrable weight function
w(x) as in (1.1.1) are called continuous orthogonal polynomials.

Polynomials {p,(x)}"_, with degree[p,(x)] =n for all n € {0,1,2,...,N} and pos-
sibly N — oo which are orthogonal with respect to a countable subset X of R as in
(1.1.2) or (1.1.3) are called discrete orthogonal polynomials.

By using the Kronecker delta, defined by

0, m #n,
O i= m,n € {0,1,2,...}, (1.1.8)
l,m=n

) 7

orthogonality relations can be written in the form

b
/ Pm(x) pn(x)w(x) dx = 0y Opn, m,n€{0,1,2,...} (1.1.9)
a
or (with possibly N — o)
N Pn(X)pn(xX)Wy = G Sn,  m,n € {0,1,2,...,N}, (1.1.10)
xeX

respectively.
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1.2 The Gamma and Beta Function

For Rez > 0 the gamma function can be defined by the gamma integral
I'(z) ::/ r~le7'dt, Rez>0. (1.2.1)
0

This gamma function satisfies the well-known functional equation

[(z+1)=2[(z) with T(1)=1, (1.2.2)
which shows that T'(n+ 1) = n! forn € {0, 1,2,...}. For non-integral values of z, the
gamma function also satisfies the reflection formula

FEr-9=—, ¢ (123)

Hence we have I'(1/2) = /&, which implies that
- _ g _ ~ —1/2 =t 3, _ _
e Xdx=2[ e dx= [ e dr=T(1/2) = V/x. (1.2.4)
e 0 0

More general we have

[we—azxz—ZBde — /%eﬁz/az, w,BER, a0,  (125)

Further we have Legendre’s duplication formula
[(2)T(z41/2) =2"%/aT(2z), z€C, 2:#0,—1,-2,... (1.2.6)
and Stirling’s asymptotic formula
I(z) ~ V217 2%, Rez— oo, (1.2.7)
For z = x+iy with x,y € R we also have
T(x+iy) ~ V27 [y~ 2e 72 |y — oo (1.2.8)
and for the ratio of two gamma functions we have the asymptotic formula

F(Z+a) a—b
~ b oo, 1.2.
F(Z+b) Z k) (l, 6 (C? |Z| - ( 9)

For Rex > 0 and Rey > 0 the beta function can be defined by the integral

1
B(x,y) ::/0 Y1 —r)"'dr, Rex>0, Rey>O0. (1.2.10)
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The connection between the beta function and the gamma function is given by the
relation

JNEIINEY)
I'(x+y)

There is another beta integral due to Cauchy, which can be written as

B(x,y) = , Rex>0, Rey>0. (1.2.11)

L[~ di _(rts)!P°T(p+o—1)
%/—oo (r+it)P(s—it)o I'(p)I(0) (1.2.12)

forRer >0,Res >0andRe(p+0) > 1.

1.3 The Shifted Factorial and Binomial Coefficients

The shifted factorial — or Pochhammer symbol — is defined by
k
(@o:=1 and (a):=[Jla+i—1), k=1,23,.... (1.3.1)
i=1
This can be seen as a generalization of the factorial since

()p=n!, n=0,1,2,....

The binomial coefficient can be defined by

oy _ I(o+1)
(ﬁ) TR+ )N a—B+1) (13.2)

For integer values of the parameter 3 we have

(Z) _ (_g)k(_l)k’ k=0,1,2,...

and when the parameter « is an integer too, we have

n n!
=——  k=0,12,... =0,1,2,....
(k) k!(n—k)!’ b b b 7n’ n b ) )

The latter formula can be used to show that

n

n !
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1.4 Hypergeometric Functions

The hypergeometric function ,F; is defined by the series

ai,...,a, < (ary .. ,ar)k 2
F, P )y CACHEL 2/ (14.1)
(bl,...,bs ) kg;)(bh...,bs)kk!

where

(aty.. ar)i = (ar)i -~ (ar)k-
Of course, the parameters must be such that the denominator factors in the terms
of the series are never zero. When one of the numerator parameters a; equals —n,
where n is a nonnegative integer, this hypergeometric function is a polynomial in z.
Otherwise the radius of convergence p of the hypergeometric series is given by

o if r<s+1
p=<1 if r=s+1

0 if r>s+1.

A hypergeometric series of the form (1.4.1) is called balanced or Saalschiitzian if
r=s+1l,z=landa;+ar+...4+as1+1=b1+by+...+b;.

Many limit relations between hypergeometric orthogonal polynomials are based
on the observations that

apy...,ar—1, 10 at,...,4ar-1
F; 12 ) = —1F5— 32, 1.4.2
r S(b],...,bsl,,u Z) =10 l(b],...,bsl Z) ( )
lim .F. Cll,...,ar,h}.ar. E . F aty...,dr—1 Ca.z (143)
prestinks br,....bs  "A) TV by, by ) -
. al,y...,ar al,y...,ar Z
1 F, Az ) = F_ T — 1.4.4
Pty S(bl,...,bsl,/lbx Z) s l(bl,...,bsl bx> (144
and
. aly---7ar—17)~ar alv'-'aar—l arZ
1 F, ; =, 1F_ — . 1.4.5
A S(bl,...,bsl,lbs Z) =1 l(bl,...,bsl bs> (1.4.5)

Mostly, the left-hand side of (1.4.2) occurs as a limit case where some numerator
parameter and some denominator parameter tend to the same value.

All families of discrete orthogonal polynomials {P,(x)}\_, are defined for n =
0,1,2,...,N, where N is a positive integer. In these cases something like (1.4.2)
occurs in the hypergeometric representation when n = N. In these cases we have to
be aware of the fact that we still have a polynomial (in that case of degree N). For
instance, if we take n = N in the hypergeometric representation (9.5.1) of the Hahn
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polynomials, we have

i (N+ o+ B+ 1)(—x)x
par (04 1)k! '

So these cases must be understood by continuity.

In cases of discrete orthogonal polynomials, we need a special notation for some
of the generating functions. We define

On(x;a,B,N) =

for every function f for which f*)(0), k =0,1,2,...,N exists. As an example of
the use of this Nth partial sum of a power series in ¢ we remark that the generating
function (9.11.12) for the Krawtchouk polynomials must be understood as follows:
the Nth partial sum of

th g t\"
Fi s — e
¢ 1< ) Z Z mm' < p)
equals
forx=0,1,2,....N

The classical exponential function e* and the trigonometric functions cosz and
sinz can be expressed in terms of hypergeometric functions as

e = oFy (_ ;z) 7 (1.4.6)

_ Z2
cosz =oF1 ( | ;——) (1.4.7)
107y
and )
sinz = zoF (; ; %) . (1.4.8)
3

Further we have the well-known Bessel function of the first kind Jy, (z), which can

bedeﬁ]ledby
(1 )V 2
v( ) F( 1)0 l(v 1 1) ( )
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1.5 The Binomial Theorem and Other Summation Formulas

One of the most important summation formulas for hypergeometric series is given

by the binomial theorem:

1Fo (i ;Z) = i (a)”z": (1-2)7% |z <1,

|
=0 n:

which is a generalization of Newton’s binomium

1F (__nz> = i (_]j)kzk: i (Z)(—z)kz(l—z)”, n=0,1,2,....

k=0 k=0

We also have Gauss’s summation formula

2Fy (aacb; 1) = %, Re(c—a—b)>0

and the Vandermonde or Chu-Vandermonde summation formula

2F (—”,b; 1> - M, n=0,12,....
c (C)n

On the next level we have the summation formula

—Vl,(l,b (C_a)n(c_b)n
F 1) =TT 0,1,2,..,
’ 2<c,1+a—|—b—c—n ) (¢)n(c—a—D), "

which is called the Saalschiitz or Pfaff-Saalschiitz summation formula.
For a very-well-poised sFs we have the summation formula

1+a/2,a,b,c,d
sky ;1
a/2,1+a—b,1+a—c,1+a—d
Il+a—-b)T(14+a—c)T(1+a—d)T(1+a—b—c—d)

Ir(l+a)l(1+a—b—c)T(1+a—b—d)T(1+a—c—d)’

The limit case d — —co leads to

P 1+a/2,a,b,c o\ _TI+a-b)I(1+a—c)
Y3\a/214a-b1+a—c’ Trl+al(l+a—b—c)

Finally, we mention Dougall’s bilateral sum

& IFn+a)l(n+b) T(@T1—a)l(D)I(1-b)(c+d—a—b—1)

2 TntoT(n+d) T(c—a)T(d—a)l(c—b)T(d—b)

n=—oo

which holds for Re(a+b) +1 < Re(c+d).
By using

(1.5.1)

(1.5.2)

(1.5.3)

(1.5.4)

(1.5.5)

(1.5.6)

(1.5.7)

(1.5.8)
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INa)T(1—a)l(b)T(1-0)
Ml—a—n)C(1—b—n)’

T'n+a)T(n+b)= nel,

Dougall’s bilateral sum can also be written in the form
i 1
S Tn+o)T(n+d)T(1—a—n)I'(1—b—n)
Ic+d—a—b-1)

- Tc—a)T(d—a)T(c—b)T'(d—D) (1.5.9)

for Re(a+b)+ 1 < Re(c+d).

1.6 Some Integrals

For the »F| hypergeometric function we have Euler’s integral representation

o F (a;b ;Z> - %/&bl“ — 1) (1 —zr) 4, (1.6.1)

where Rec > Reb > 0, which holds for z € C\ (1,e0). Here it is understood that
argt = arg(1 —7) = 0 and that (1 — z#)~* has its principal value.
We also have Barnes’ integral representation

() R s

for |z| < 1 with arg(—z) < 7, where the path of integration is deformed if necessary,

to separate the decreasing poles s = —a —n and s = —b — n from the increasing poles

s=nforne{0,1,2,...}. Such a path always exists ifa,b ¢ {...,—3,—2,—1}.
Secondly, we have the Mellin-Barnes integral or Barnes’ first lemma

% ,Z T(a+5)T(b+5)T(c—s)T(d —5)ds
Ta+c)T(a+d)T(b+c)T(b+d)

- T(a+b+c+d) (163)

for Re(a+b+c+d) < 1, where the contour must also be taken in a such a way
that the increasing poles and the decreasing poles remain separate. By using analytic
continuation, one can avoid the condition Re(a+ b+ c+d) < 1. The Barnes integral
(1.6.3) can be seen as a continuous analogue of Gauss’ summation formula (1.5.3).

We also have a continuous analogue of the Pfaff-Saalschiitz summation formula
(1.5.5) given by the integral, which is also called Barnes’ second lemma,
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ds

1 /i°° T(a+s)I(b+s)T(c+s)I(1—d—s)[(—s)
27 J o I'(e+s)
TNa)T(B)T()T(1+a—d)T(14+b—d)T'(1+c—d)

- I'(e—a)l(e—b)T(e—c) (1.64)

with d +e =a+ b+ c+ 1, where the contour must be taken in a such a way that the
increasing poles and the decreasing poles stay separated.

A continuous analogue of the summation formula (1.5.6) for a very-well-poised
5Fy is given by Bailey’s integral (see also [90])

1 > T(+a/2+s)T(a+s)T(b+s)T(c+s)T(d+s)T(b—a—s)(—s) 4
%/_,xx, T(a/24s)T(1+a—c+s)T(1+a—d+s) g
T @(b+c—a)l(b+d—a) (165)
 2T(14+a—c—d)T(b+c+d—a) o

which can also be written in a more symmetric form
1 /i°° T(a+s)T(b+s)T(c+s)T(d+s)
27 J o I'(a+2s)
IN(—s)I'b—a—s)T'(c—a—s)I'(d—a—s)
% I'(—a—2s) ds
_2T(b)C(e)I(d)T(b+c—a)l'(b+d—a)l(c+d—a) L6.6
N I'(b+c+d—a) (1.6.6)

and also in the following form due to Wilson (see also [512])

L/i“’ T(a+s)T(b+s)T(c+s)I(d+s)a—s)T'(b—s)T(c—s)(d—s) s

270 J oo ['(2s)T(—2s)

_ 2T (a+ b)Y (a+ ) (a+d)T(b+c)T(b+d)(c+d) (167)
Ia+b+c+d) ’ h

where the contours must be taken in a such a way that the increasing poles and the
decreasing poles remain separate.
We also mention the integral
1 joo Ztl

— r I'(b—s)7%ds=T b)———.
=l (a+s)T(b—s)z"ds (a+ )(1+Z)‘”b

(1.6.8)
Again the contour must be taken in such a way that the increasing poles of I'(b —s)
and the decreasing poles of I'(a + s) remain separate.

The integrals (1.6.3) through (1.6.7) are all special cases of a more general for-
mula (id est formula (4.5.1.2) in [471]), which has more interesting and useful special
cases such as

1 [ T(a+s)T'(b—s)

Fa+b)I'(c+d—a—b—1)
b ds =
27i J—ioo T(c+$)T(d —s)

C T(c+d—1)T(c—a)T(d—b)’

(1.6.9)
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where the contour must be taken in a such a way that the increasing poles and the
decreasing poles remain separate and

L/"‘X’ T(a+s)T(b+s)T(c+s)T(=s)T'(b—a—s)T(c—a—s) ds
21i J i Ia+25)'(—a—2s)
- %F(b)l“(c)l“(b—kc—a), (1.6.10)

where the contour must be taken in a such a way that the increasing poles and the
decreasing poles remain separate.
If a,b,c,d are positive or b = a and/or d = ¢ and the real parts are positive, Wil-

son’s integral (1.6.7) can be written in the form
[(a+ ix)T(b+ix)T(c + ix)[(d + ix) |

1
E/o (2ix)

_ T(a+b)T(a+c)(a+d)T'(b+c)T'(b+d)T(c+d)
B Ta+b+c+d)

dx

. (1.6.11)

The limit case d — oo leads to
1 /~°° [(a+ ix)T(b +ix)T(c+ix) |*
2r Jo I'(2ix)

dx=T(a+b)T(a+c)T(b+c). (1.6.12)

1.7 Transformation Formulas

In this section we list a number of transformation formulas which can be used to
transform hypergeometric representations and other formulas into equivalent but dif-
ferent forms.

First of all we have Euler’s transformation formula:

a,b o c—a,c—b
2Fl( ;z> =(1—z)* szl( ;z>. 1.7.1)
c c
Another transformation formula for the ,F} series, which is also due to Euler, is
a,b _ a,c—b z
2F1( ;Z) =(1-2) “2F1< —) (1.7.2)
c c z—1

This transformation formula is also known as the Pfaff or Pfaff-Kummer transforma-
tion formula.

As a limit case of the Pfaff-Kummer transformation formula we have Kummer’s
transformation formula for the confluent hypergeometric series:

Fi (“;z) — &R (Ca;z>. (173)
C C



1.8 The g-Shifted Factorial 11

If we reverse the order of summation in a terminating | F] series, we obtain a »Fj
series; in fact we have

_ —x)" —n,—a—n+1 1
1F1(an;x>=( x) 2F0< n,—a—n+ ;__>7 n=0,1,2,.... (1.7.4)

(@)n - X

If we apply this technique to a terminating » F series, we find

—n,b (b)n . —n,—c—n+1 1
2F1( . ,x> (C)n( x)"2F bentl X)) 0,1,2, (1.7.5)

On the next level we have Whipple’s transformation formula for a terminating
balanced 4F; series:

—n,a,b,c
F 7)5.1
43( de f ,)

T
- (e)n(f)n s da—e—n+1la—f—n+1"

provided thata+b+c+1=d+e+ f+n.

1> (1.7.6)

1.8 The g-Shifted Factorial

The theory of g-analogues or g-extensions of classical formulas and functions is
based on the observation that

1— g%
lim—9 — ¢
q—1 l*q

Therefore the number (1 —g%)/(1 — gq) is sometimes called the basic number [o].
For g # 0 and g # 1 we define

1—g%
o] i= 1—qq’ (1.8.1)
which implies that
l_qn n—1
[0]=0, [n]= . =Y 4", n=123,.. (1.8.2)
—4 =0

Now we can give a g-analogue of the Pochhammer symbol (a) defined by (1.3.1):

k
(a;9)o:=1 and (a;q) ::H(l—aqi_l), k=1,2,3,.... (1.8.3)

i=1
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It is clear that

Jim ((i’_‘q’;’; = (). (1.8.4)

The symbols (a; )y, are called g-shifted factorials. For negative subscripts we define

1
(@q)-x =, a#4.q" ¢ ds k=123,.... (185

[T —ag™)

i=1

Now we have

I (=qa” )"
a,q)—n= — = — q\?, n=0,1,2,.... (1.8.6)
D= Cagmigs ~ a T
If we replace g by ¢!, we obtain
(a;qil)n:(ail;q)n(—a)”q_(g), a#0. (1.8.7)

We can also define

This implies that

a;q)e
(a:q)n = %, 0<lq| <1, (1.8.8)
and, for any complex number A,
a;q)w
(Cl;‘])kzﬁ’ 0<lgl <1, (1.8.9)

where the principal value of ¢* is taken.
Finally, we list a number of transformation formulas for the g-shifted factorials,
where k and n are nonnegative integers:

(@:@)nsk = (a:q)n(aq": q)r, (1.8.10)
(aq"; @)k (a;q)x
(aqk;q)n - (a;q)na (1.8.11)
k (a;q)n
yqd)n—k = s k:0,1,2,..., s 1.8.12
(aq":q)n—k @ n ( )
(@:q)n = (@' ¢ " q)n(~a)"q®), a0, (18.13)

(aq "sq)n = (@ 'g:@)n(~a)"q "~ B), a0, (1.8.14)
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n

(ag™q)n  (a'qq)n (ayn
(bg™™q)n (b7 'q3q)n <5> 470, b,

: k
(a;Q)nkz((a’iq)"(—g) q(g)_”k, a#0, k=0,1,2,....n,

a=lq'="q)k a

(@)t _ (@:q)a (b~'q""q) <b ¢

(b @)k (B5q)n (a7 'g" )k \a /)
a#0, b#0, k=0,1,2,...,n,

(g5 ) s = L LD (_9)"kq<s><;>,

(alg:q) \ g
a#0, k=0,1,2,...,n,
(@:9)2n = (a:¢7)n(aq:q*)n,
(a*:¢%)n = (a;9)n(—a;q)n,
(@:9)w = (a:¢)=(ag;q*)w, 0<lq| <1,
(@*q%)w = (a:9)w(—a:q)w, 0<|g| <.
We remark that by using (1.8.22) we have

1-a?¢” (3% q%)n  (aq;q)n(—aq:q)n

-2  (a%¢Y),  (@@u(—aq),

1.9 The g-Gamma Function and g-Binomial Coefficients

The g-gamma function is defined by

Ty(x) = ((;;’qq))o;(l —¢)'7%, 0<g<l.

13

(1.8.15)

(1.8.16)

(1.8.17)

(1.8.18)

(1.8.19)

(1.8.20)

(1.8.21)
(1.8.22)
(1.8.23)
(1.8.24)

(1.8.25)

(1.9.1)

This is a g-analogue of the gamma function given by (1.2.1). In fact we have

lirr% Iy(x) =T(x).
a—

Note that the g-gamma function satisfies the functional equation



14 1 Definitions and Miscellaneous Formulas

1—¢°
l—g

Iiz+1)= Iy(z) with T,(1)=1, (1.9.2)
which is a g-extension of the functional equation (1.2.2) for the ordinary gamma
function.

If we take the principal values of ¢* and (1 —¢)'* definition (1.9.1) holds for
0 < |g| < 1. For g > 1 the g-gamma function can be defined by

—1. ,—1 .
Ty(x) = %q@ (g—D'"*, g>1. (1.9.3)

The g-binomial coefficient is defined by

n ~:&:{n] k=0,1,2 1.9.4
|:k:|q (q;‘I)k(f]M])nfk n—k q’ ybhsy..o,n, ( 9. )

where n denotes a nonnegative integer.
This definition can be generalized in the following way. For arbitrary complex o

we have -
M = B gy pa () (19.5)
k], (a9«
Or more general, for all complex & and 8 and 0 < |¢| < 1 we have
m . Ty(a+1) _ (@ 9)=(g* P g)w (19:6)
Bl, TyB+1y(a—pB+1) (@¢9)=(0"Tq)= o
For instance this implies that
(anrl ;Q)n - |:I’l+ O‘:|
(4:0)n nol,
Note that
tim {a] B INo+1) B (oc)
—1|B], TPR+DM(a-B+1) \B)
Finally, we remark that
1 n qk
— . on=0,1,2,..., (1.9.7)
(q:9)n ,Zo (q:9)x
which can easily be shown by induction, and that
n
(@)=Y H ¢O(—a), n=0,12,..., (1.9.8)
i—o Lkly

which is a special case of (1.11.2).
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1.10 Basic Hypergeometric Functions

The basic hypergeometric or g-hypergeometric function ¢ is defined by the series

ay,...,ar
V¢S (bl 7bs’qa )

:i Eab Ldrg ii;( 1)<1+s7r>kq(1+s7r>(§)((;_q)k (1.10.1)

where
(a1, ar @)= (ai;q)x -~ (ar; k-
Again we assume that the parameters are such that the denominator factors in the
terms of the series are never zero. If one of the numerator parameters a; equals g~ ",
where n is a nonnegative integer, this basic hypergeometric function is a polynomial
in z. Otherwise the radius of convergence p of the basic hypergeometric series is
given by
o if r<s+1

p=<1 if r=s+1

0 if r>s+1.

The special case r = s+ 1 reads

oo k

ap,...,ds11 a17 Cls-HQCI)k <
1 ; '
st d’s( bi,..., by ) § bl; sk (@)

This basic hypergeometric series was first introduced by Heine in 1846; therefore
it is sometimes called Heine’s series. A basic hypergeometric series of this form is
called balanced or Saalschiitzian if z=q and ajay - --as+1g = b1by - - - b;.

The g-hypergeometric function is a g-analogue of the hypergeometric function
defined by (1.4.1) since

. qt,....q% s ai,...,a
lim vq, (q—1)"""z) = ,F ;
q_’1r¢s <qbla"',qbs 1 (q ) ¢ ' blv b <

This limit will be used frequently in chapter 14. In all cases the hypergeometric series
involved is in fact a polynomial so that convergence is guaranteed.

In the sequel of this paragraph we also assume that each (basic) hypergeometric
function is in fact a polynomial. We remark that

. 1y---,0r Z ay,...,ar—1
lim 3 q, =, 34,2 -
arﬂm"p“(bl, b a,> ’ 1¢S( bi,...by 7 Z)
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In fact this is the reason for the factors (—1)(1“”>"q(1+‘“’)(§) in the definition
(1.10.1) of the basic hypergeometric function.

Many limit relations between basic hypergeometric orthogonal polynomials are
based on the observations that

at,...,ar-1, U sy dr—1
345 19,2, 1.10.2
r¢s<b1,...,bx1,u q z) r—10s— 1(b17 by, 4 Z> ( )
llm (p a17"'7ar—172'ar_ £ _ (P a17'”;ar—1_ a,z (1 103)
i\ ey PR ) TNy, )

al,...,ar 1y---,0r Z
li 5 ,)« 4 7 | 1.10.4
l]m V¢S <b17 S*],Abs q Z) r¢s ' (b17 bS*l q bv) ( )

and

fimot (i 9) =0 (T 0 5) 009

Mostly, the left-hand side of (1.10.2) occurs as a limit case when some numerator
parameter and some denominator parameter tend to the same value.

All families of discrete orthogonal polynomials {P,(x)}\_, are defined for n =
0,1,2,...,N, where N is a positive integer. In these cases something like (1.10.2)
occurs in the basic hypergeometric representation when n = N. In these cases we
have to be aware of the fact that we still have a polynomial (in that case of degree
N). For instance, if we take n = N in the basic hypergeometric representation (14.6.1)
of the g-Hahn polynomials, we have

Z (oBg" 5 q)x (czfx;q)qu.

Ovlg 0B Nl = 2 = @

So these cases must be understood by continuity.

1.11 The g-Binomial Theorem and Other Summation Formulas

A g-analogue of the binomial theorem (1.5.1) is called the g-binomial theorem:

a, & (@q)a,  (az:q)e
1¢o<_,q,z>go(q;q)nz" - 0<|gl<1, |z]<1. (L1L1)

For a = ¢g" with n a nonnegative integer we find

—n
1¢0<q_ ;qaZ>:(ZQ‘”;q)n, n=0,1,2,.... (1.11.2)
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In fact this is a g-analogue of Newton’s binomium (1.5.2). Note that the case a =0
of (1.11.1) is the limit case (n — o) of (1.9.7).

Gauss’s summation formula (1.5.3) and the Vandermonde or Chu-Vandermonde
summation formula (1.5.4) have the following g-analogues:

a,b “le b e1g)e
2¢1< C)ZM, 0<lql <1, ‘i‘<1, (1.11.3)
c ab

b (c,a'b71c;q)w
—n n —1 ..

2¢1(q ,b;%ﬂ):M? n=0,1,2,... (1.11.4)
c b (¢:q)n

and |

-1 b ble;

201 (q : ;@q)zﬂb”, n=0,12,.... (1.11.5)
¢ (c:q)n

By taking the limit b — oo in (1.11.3) we also obtain a summation formula for the
101 series:

a c a’]c; oo
1¢1( ;%_):(.—61)7 0<lql <1 (1.11.6)
c a (c:q)e

By taking the limit ¢ — oo in (1.11.4) we obtain a summation formula for a terminat-
ing 7@y series:

g"b q" 1

By taking the limit @ — o in (1.11.6) we obtain

- 1
0¢1< ;q,c): , 0<|ql<1. (1.11.8)
c (¢:q)w

On the 3¢, level we have the summation formula

q"ab (a'e,b7'e;q)n
3 q, =, =0,1,2,..., 1.11.9
302 <c7abc'q'” 1 q) (c,a'b=1c;q), " ( )

which is a g-analogue of the Saalschiitz or Pfaff-Saalschiitz summation formula
(1.5.5).
On the ¢¢s level we have the Jackson summation formula

¢ q\/a,fq\/a,a,b,c,d . aq

675 Va,—+/a,ab=1q,ac q,ad1q "D bed

_(aqablc lg,ab='d 'q,ac™'d"'q;q)- ‘
(ab~'g,ac™'q,ad"'q,ab= 1 c1d"q;q)e bcd

’<1 (1.11.10)

for a non-terminating very-well-poised ¢¢s. We also have the summation formula
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(P q\/avf(’I\/avavbacaq_n . aqn+1
B\ va,~a,ab-'g,ac" q,aq " he
b—l -1 :
:EZZ"fq QEIZ.Z;", n=0,1,2,... (L11.11)
bl b n

for a terminating very-well-poised ¢¢5, which is also due to Jackson. By taking the
limit ¢ — O we obtain
¢ Q\/aa —q\/57a7b,0,q_” . qn
o ! \/_7_\/a’ab71q’aqn+l ,q, b
(@q:q)n -
=——"—p" n=0,12,.... (1.11.12)
(ab="q;q)n

If we take the limit b — O we obtain
¢ q\/cil,—q\/a,a,0,0,qfn.q qnil
O va-vaarn T
= (-1)"a"q ") (agiq)n, n=0,1,2,.... (1.11.13)

1.12 More Integrals

In this section we list some g-extensions of the beta integral. For instance, we will
need the following integral:

o _ b 7)o b c, l—c; -
/ xcl((ax, 4/%q)= T (abg’,q "%q) (1.12.1)
0

—X,—q/%:q)  sinzc (bg¢,aq=¢,q:q)e’

which holds for 0 < ¢ < 1, Rec >0 and |ag~°| < 1. If we set b =1 in (1.12.1), we
find that

/“’xc_l (caxig)e T (a,4'%q)-
0 (—x:q)e sinzte (g, q;q)e
for0 < g < 1,Rec>0and |[ag—¢| < 1, and by taking the limit ¢ — 1 in (1.12.1), we
obtain

(1.12.2)

/ (—ax,~bg/xiq) Ing (ab,q;q)w
0 (=x%,—q/x:q) (bg,a/q:q)
forO0 < g < 1and |aq_1| < 1.

Finally, we mention the Askey-Wilson g-beta integral

1T ow) 1 = (abed; )
— dx=— 0)do = 1.12.4
21 /4 1—x2 T o /o w(cos 6) (ab,ac,ad,bc,bd,cd,q;q)w’ ( )

(1.12.3)

where
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; 2
W) = hix, Dh(x,~1)h(x,q'*)h(x,—¢'%) _ (€%9:4).
h(x,a)h(x,b)h(x,c)h(x,d) (ae'® bei® cel® dei?;q).
( 2"9,672"9;61)00
= . . . . . 8 . . = 0]
(aeze , ae7187b619’befle,Cele,Cefle)dele’defle;q)w » X =CO08
with
H( Zaxq +o? Zk)
‘ ,q ‘ —(Oce’6 oce*’le;q) , x=cos0.

The Askey-Wilson integral (1.12.4) is a g-analogue of Wilson’s integral (1.6.11) and
holds for max(al,|b|,|c|,|d|) < 1 and a,b,c,d positive or b = @ and/or d = ¢ with
positive real parts.

1.13 Transformation Formulas

In this section we list a number of transformation formulas which can be used to
transform basic hypergeometric representations and other formulas into equivalent
but different forms.

First of all we have Heine’s transformation formulas for the ¢, series:

a,b az, b;q)e b~ le,z
201 14,2 ) = (a0 big). : ) 201 g, b (1.13.1)
¢ (€,2:9) az
(b~'e,bz;q)- abclz,b ¢
= TN 3 q, T 1.13.2
. M\ e ) (1.13.2)
abc™'7,q)w aleble  abz
= (.76])2451 ( 3 q, > (1.13.3)
(Z"I)oo c c

The latter formula is a g-analogue of Euler’s transformation formula:

oF (a’b;z> = (12" b,F (C_“’C_b;z>. (1.13.4)
c c
Another transformation formula for the ,@; series is
a,b az;q)e a,b”lc
201 ( L4, z) _ lzq) 2¢2( 4, bz) , (1.13.5)
c (2:9)w c,az

which is a g-analogue of the Pfaff-Kummer transformation formula (1.7.2).
Limit cases of Heine’s transformation formulas are
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a,0 _ (az:q)
2¢1< c ,t],Z) = (C,Z,q) 101 (a 3q, C ) (1.13.6)
—1
= (Z.q)m 101 (ac c;q, az) , (1.13.7)
0,0 1
2¢1( c ,q,z) = (Czq> 1¢1( g, ¢ ) (1.13.8)
( ) 001 ( 3 q, cz) (1.13.9)
(a,2:q) a'c,0
1¢1< 34,2 ) = mZd’l . a (1.13.10)
= (ac '2;9)w 201 (a CC’ . q, %) (1.13.11)
and
ab ~ (az,b;q)
201 ( 0 ,q,z> = 7(1’61)00 201 (a 3 q, b) (1.13.12)
bZ;q) oo b
_ ((Zz.’qq))w 191 (bz;q, az). (1.13.13)

The g-analogues of (1.7.4) and (1.7.5) are

q—n (C]_IZ)n q—nja—lql—n aqn+1
5 4q, = 3 g, 1.13.14
101 ( Y Z) @) 201 0 9 — ( )

forn=0,1,2,...,and

-
201 (q 3 g, Z>
C
n

Bs@n e (®) g (4T T g™t
— 2l =) (- 4, 1.13.15
q (—=2)" 201 plgin =57 ( )

(C;Q)n
forn=0,1,2,....
A limit case of the latter formula is
q"b -0 q
2¢0< B ;q,zq”> = (b:9)n?" 21 (b 1glon 4, (1.13.16)
forn=0,1,2,....

The next transformation formula is due to Jackson:
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q",b (be™'q"2:q)e g ",b71c,0
e .4, 1.13.17
Z(Pl < ¢ q Z) (bc’lz;q)m 3¢2 C7b71CqZ71 q,q ( )

forn=0,1,2,.... Equivalently, we have

q",a,0 (b7'q:9)- g"alc aq
1 q, = 3 q, — 1.13.18
302 < e 9 6]) b 1q q)m 201 . a7 ( )

forn=0,1,2,....
Other transformation formulas of this kind are given by:

ey
2¢1<q ’ ;q7z>
Cc

bfl : b n —n -1 -1 _,1-n
=M(—Z) m(" AT ;q,q> (1.13.19)

(C;Q)n q bcflqlfn,o
(b~'ciq)n g ",b,bc'qg "z
= @ 22 peigno 194 (1.13.20)

forn=0,1,2,..., or equivalently

_nvavb b; _",b_lc
362 (q q, q) = 5y, (q g q) (1.1321)

C,O (C;q>n b—lqlfn I a
a"c; a b

= lo_cdh . a0, T8 g, 22) (113.22)
(c;@)n ac—'q c

forn=0,1,2,....
Limit cases of these formulas are

7nb 7nbb —n
2¢0<q_7 ;W)_bnm(«z by ;q’q>7 n=0,12,... (1.1323)

or equivalently

q",a,b q",0 q
3¢z( 24, 61) = (b:q)nd" 201 (b—lql—n L (1.13.24)

—n b n
a" 260 (q %, i) (1.13.25)

a

forn=0,1,2,....
On the next level we have Sears’ transformation formula for a terminating bal-
anced 4¢3 series:
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¢ qin7aabac‘
O\ dyey 1

B (ale,a ' fi9)n , g " ab 'd cld
Y 4¢3<d,ae‘1q1‘”7af‘1q1‘"
(a,a” b tef,a e lefiq),
(e,f,a b~ clef;q)n

g " altea fla b e lef
q,q), 1.13.27
X 493 (albleﬁalcleﬁalqln 9.4 ( )

3 q, q) (1.13.26)

provided that def = abcg'™". Sears’ transformation formula is a g-analogue of
Whipple’s transformation (1.7.6).
Finally, we have a quadratic transformation formula which is due to Singh:

a’,b? c,d a,b? c?,d? 2 2
e q,q) = ot ), (11328
i (abql/z,—abql/z,—cd 1 q) s (azbzq,—cd,—cdq 1 q) ( )

which is valid when both sides terminate.

1.14 Some g-Analogues of Special Functions

For the exponential function we have two different natural g-extensions, denoted by
e,4(z) and E,(z), which can be defined by

0 i - 1
= g )=y —— = .0 1, 1 (1.14.1
(@ = 100 102 3 s G 0<Ml<L H<1 (i
and
_ > q(g) .
Eq(Z)1=o¢o<_;q,—z>=2(, '=(-zq)» 0<|g/<l. (1.142)
= (@:9)n

These g-analogues of the exponential function are related by

eq(2)Bq(=2) = 1.

They are g-extensions of the exponential function since

lime, ((1—¢)z) = limE,((1 - g)z) ="

q— q—

Note that (1.14.1) can be seen as the special case a = 0 of (1.11.1).
If we assume that 0 < |¢| < 1 and |z] < 1, we may define
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: o o (  1\n,2n
cosy(z) = M;q(w) = %((ql;); (1.14.3)

" i) —eu(—i2) _ § (1)
sing(z) := 2 1 =

2i S (@91

(1.14.4)

These are g-analogues of the trigonometric functions cosz and sinz. On the other
hand, we may define

E (i E.(—i > (1) (Zn) 2n
Cos,(z) = q(iz) +2 q(—iz) _ Z‘O( (11’(2);1 (1.14.5)
d
: G o Bali) —Eg(—i) & (—1yg(" )t 1146
ing(z) == 2 7ﬂ§6 (@:9)2n+1 (1120

Then we have
eq(iz) = cosy(z) +ising(z) and E,(iz) = Cosy(z)+iSing(z).
Further we have
c0sy(2)Cosy(z) +sing(z)Sing(z) = 1

sin, (z)Cosy(z) — cosy(z)Sing(z) = 0.

The g-analogues of the trigonometric functions can be used to find different forms
of formulas appearing in this book, although we will not use them.
Some g-analogues of the Bessel functions are given by

((pgy . @ 5@ 2\ (0.0 2
By (zq) = Ga- (2) 201 o) lz| <2 (1.14.7)
and ( v+1 ) v+1,2
@ . @) (TN - . q" 'z
L (zq) = @ (5) odJl(qv+1 1~ > (1.14.8)

These g-Bessel functions are connected by

2
Z
(@) = (e 1 (@a). <2

They are g-extensions of the Bessel function of the first kind since
lim /(1= )za) =1y (2), k=12
q—)

These g-Bessel functions were introduced by F.H. Jackson in 1905 and are there-
fore referred to as Jackson’s g-Bessel functions. A third g-analogue of the Bessel
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function is given by

v+1. - 0
1 (@q) = %z 101 (W g, qz2>. (1.14.9)

This third g-Bessel function is also known as the Hahn-Exton g-Bessel function. This
is also a g-extension of the Bessel function of the first kind since

tim 7Y (1= g)z5q) = v (22).

1.15 The g-Derivative and g-Integral

For g # 1 the g-derivative operator &, is defined by

f(Z)—f(qZ)J#O
Duf(2):=4 (1—4)z (1.15.1)
1(0), z=0.
Further we define
Zof=f and Zif:=9,(Z2)7"'f), n=123,... (1.15.2)

It is not very difficult to see that
lim 7, f(2) = f'(2)
q—)

if the function f is differentiable at z.
The g-derivative operator is a special case of Hahn’s g-operator, which will be
defined in section 2.1. This operator also generalizes the differentiation operator D =

d/dx.
An easy consequence of the definition (1.15.1) is
Dq [ (r0)] = v(Z4f) (7x) (1.15.3)
for all y € C, or more general
2y ()] =7 (2, f) (vx), n=0,1,2,.... (1.15.4)
Further we have
D4 [f (x)8(x)] = f(gx) Z8(x) +8(x) Dy f (x) (1.15.5)

which is often referred to as the g-product rule. This can be generalized to a g-
analogue of Leibniz’ rule:
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N n n e
75 [f(x)g(x)] = ;;6 M (@q kf) (¢*x) (ggg) (), n=0,1,2,.... (1.15.6)
= q

The g-integral is defined by

oo

/ozf(t)dqt =z(1—¢q) Y, f(d")q". 0<q<]l. (1.15.7)

n=0

This definition is due to J. Thomae (1869) and F.H. Jackson (1910). Jackson also
defined a g-integral on (0, ) by

/Omf(t)dqt::(l—q) Y flag'. 0<qg<l. (1.15.8)

n=-—oco

If the function f is continuous on [0, z], we have

fim /0 CF()dyt = /0 “f(0)dr.

q~>l

Of course, definition (1.15.7) implies that

/ " fOdi =b(1-0) S F ) —a(l ) S flag")d", 0<q<1

n=0 n=0

and definition (1.15.8) implies that

[ 10dg=-0) 3 @)+ s 0<q<1.

n=—oo

A function f is called g-integrable if the appropriate sum converges absolutely.
We remark that we have

F(z) = /0 Fdt = DF() = F(2)
and Y
[ 2urwdt = 16 - fla).
The g-productrule (1.15.5) implies the g-integration by parts formula
b b b
/a 8X)Dyf(x)dgx = {f(x)g(x)} . /a flgx)Z,8(x)dgx (1.15.9)
for suitable functions f and g.

Finally, we mention the following g-integral formula (see [238], formula (2.10.18))
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b (a_lqt,b_lqt,ct;q)m
/a (dtet, ft;q).. !
— (b—a)(1—q) (q,a_lbq,ab_lq,cd_l,ce_l,cf_l;q)m
(ad,ae,af,bd,be,bf;q).. ’

(1.15.10)

provided that ¢ = abdef. By taking the limit f — 0, we obtain

b (a'qt,b~qt:q) (q,a"'bg,ab™'q,abde;q)
=dgt =(b—a)(1— =, (1.15.11
/a (dt,et;q)., ot = (b-a)(1-q) (ad,ae,bd,be;q)., ( )

Limit cases of (1.15.11) are

= (a~'qt:q) s (g,a,a 'q,ade,a”'d"'e"1q;q) L15.12)
/a (dt,et;q),, * =(1-9 (ad,ae,d,d"1q,e,e"1q;q)., (1>
and
bl 1
——d,t
Lw (dt,et;q)., !
y ,—1,—d6‘7—d71€71 5
=(1-gq) (4~ 4:4).. (1.15.13)

(dv _d7d71Qa _d71q7 e, —e, 671Q7 _eilq;Q)oc

1.16 Shift Operators and Rodrigues-Type Formulas

We need some more differential and difference operators to formulate the Rodrigues-
type formulas. These operators can also be used to formulate the second-order dif-
ferential or difference equations but this is mostly avoided. As usual, we will use the
notation

d d
0= 0 = Uy = 4019,
Further we define
Af(x)=fx+1)—f(x), (1.16.1)
Vi) =fx)—fx—1) (1.16.2)
and
8f(x) = fx+3i)— flx—%i). (1.16.3)

The ordinary difference operator A given by (1.16.1) is also a special case of Hahn’s
g-operator defined in section 2.1.
Note that (1.16.3) implies that

8 F(x) = fx+1) = F(x) = F() + f(x =) = fx+1) —2£ () + f(x— ),
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Sx=x+4i—(x—1i)=i and &x*=(x+3i)>— (x—3i)* =2ix.

AA(x)=2x+7y+6+2 and VA(x)=2x+7+3d.
In a similar way we have for pi(x) := ¢~ 4 y8¢**!
Ap(x) =g (1-q)(1 - y8¢* ™) and  Vu(x) =¢~*(1-q)(1 - v8¢™)
and hence for A (x) := g~ +cq" "
ALx) =g (1=g)(1 =cg™ M) and VA(x) = ¢ (1 —g)(1—cg™ ).
Also note that
AgF=¢""(1-q) and Vg ¥ =¢*(1-q).

Finally, we define

D, f(x) == 5q;:cx), x=cos 6 (1.16.4)

with

Here we have






Chapter 2
Polynomial Solutions of Eigenvalue Problems

2.1 Hahn’s g-Operator

Let & denote the space of polynomials over C.
In [261] W. Hahn introduced the linear operator <7, (, defined by

_ Plax+ o) —p(x) o
(Fgop) )= == PEZ xeR\{l_q} Q.1.1)

forallg € R\ {—1,0}!, ® € R and (¢, ) # (1,0). This class of operators includes
the g-derivative operator &, (w = 0), the difference operator A (¢ =1 and @ = 1)
and also the differentiation operator D as a limit case (¢ — 1 and w = 0). In order
to avoid the latter limiting process, we introduce the operator .27 (, in a second way.
From (2.1.1) we obtain that .7, ,,(1) = 0, %, »(x) = 1 and the product rule

(Fg.0(P1P2)) (%) = (Fgop1) (X)p2(x) + p1(gx+ @) (Fgop2) (x)  (2.1.2)
for p1,p2 € &. Now we have

Theorem 2.1. For all g € R\ {—1,0} and ® € R there exists a unique linear opera-
tor oy o on P satisfying <7, (x) = 1 and the product rule (2.1.2).

Proof. The product rule (2.1.2) implies that .7, (1 1) = . (1) - 1+ 1- .97, o(1).
Hence we have 7, (1) = 0. So 47, ¢, is uniquely defined on the basis {1,x,x%,...}
of the space & by

Ay (X" = Ay o (X)X + (gr+ ©) o (¥"), n=1,2,3,...

and the initial values .7, (1) = 0 and <7 o (x) = 1. O

1" An essential property of the operator 2/, o is that its action on a polynomial of degree n leads
to a polynomial of degree n — 1 for all n = 1,2,3,.... For ¢ = —1 this property does not hold (for
instance 7| ¢ (x*) = ). That is why the case ¢ = —1 is excluded.

R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their q-Analogues, 29
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DOI 10.1007/978-3-642-05014-5_2, © Springer-Verlag Berlin Heidelberg 2010
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As a consequence of this theorem, (2.1.2) together with 7, ,,(x) = 1 can be seen as
a definition of <7, (. This definition holds for all ¢ € R\ {—1,0} and w € R, and
therefore includes the differentiation operator D = .27 .

2.2 Eigenvalue Problems

We consider the eigenvalue problem?>

@) (A oyn) () + W) (Fgwyn) (¥) = Anya(gx+ @) 22.1
for polynomials y, of degree n, where ,%%wyn = oy 0 (Y4 wys) With A, € C and
n€{0,1,2,...}. In [106], [372] and [379], for instance, it is shown that polynomial

solutions of any degree n, where n € {0, 1,2,...}, can only exist if ¢ is a polynomial
of degree at most 2 and y is a polynomial of degree 1, say

o(x) =ex’+2fx+g, W(x)=2ex+7y, efge7€C, €#0. (222)

In order to calculate the eigenvalues A, we define (cf. (1.8.2))

1 n—1
[~1]=—=, [01=0, [n]=>Y4¢" n=123,...
q k=0

Note that this definition holds for all g € R\ {—1,0}. Now we obtain
N —q¢" k) =[n—k, n>k nke{0,1,2,...} (2.2.3)
and
Mn—1]—¢" Kk—1]=[n—kn+k—1], n>k, nke{0,1,2,...}. 2.2.4)

Further we have

_(to)y—x" g ne1—k k
Dgo(¥') = ey _,Z;)(QH(U) x
n—1
=x"'Y g +rx)=mp" +r(x), n=234,..., (225)
k=0

where 7 is a polynomial of degree at most n — 2. The eigenvalues A,, can now be
obtained by comparing the coefficients of x"* in (2.2.1):

lnzg—,,](e[n—lHZE)’ n=0,1,2,.... (2.2.6)

2 It will turn out to be convenient to take y,(¢x -+ @) on the right-hand side.
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So we have: if (2.2.1) has a polynomial solution of degree n, then A,, given by (2.2.6)
is the corresponding eigenvalue.

Note that this result is also valid for g =1 and @ = 0.

So the eigenvalue problem (2.2.1) can be written in the form

(ex” +2fx+g) (F pyn) (x) + (2ex+7) (Fgwyn) (x)
_ ]

G

(e[n—1]4+2€)yp(gx+ @), n=0,1,2,.... (2.2.7)
In the case of the difference operator A (i.e. ¢ = 1 and @ = 1) this reads

(ex? +2fx+g) (A%y,) (x) + (2ex+7) (Ayn) (x) =n(e(n—1)+2€)y,(x+1) (2.2.8)

for n =0,1,2,... and in the case of the differentiation operator D (i.e. ¢ = 1 and
o =0)

(ex® +2fx+g)y"(x) + (2ex+7)y, (x) = n(e(n — 1) +2€)y,(x) (2.2.9)

forn=0,1,2,.... We remark that the operator 27 (, is not invariant under translations
for g # 1, unlike the operators A and D. This can be seen as follows. If we apply the
operator &7, , to the polynomial p(- +c), where ¢ € R is a constant, we obtain

plgx+o+c)—px+c)
gx—+®—x

(Zg,0p(- +c))(x) = (2.2.10)

and, if we apply the operator 27, , to the polynomial p first and then replace the
argument x by x + ¢, we have

plqx+c)+ o) —p(x+c)
gx+c)+o—(x+c)
plgx+®+c)—plx+c)

- pr , (2.2.11)

(Fgop(-)) (x+c) =

where @ = @ + ¢(g — 1). Both results coincide only if g = 1.
Now we will give another version of the operator equation (2.2.7) in the case that
(g,®) # (1,0). In order to do this, we write

(o) () = 2ETOVZIE) ()

gx—+®—x

and

(%2(0))") (x) — (%,(j)pn) (x) _ pl’l(q;cx':_w(g :5?1()()

_ nl@’x+[2]o) — (1 +q)ya(gx+ @) + qyn(x)
q(gx+ o —x)? '
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Then the operator equation (2.2.7) can be written in the form

Clgx+ 0)yn(q*x+ [2)) — {C(gx+ ©) + D(gx + @)} yu(qx+ ©)
+D(gx+ @)y (x) = Anyn(gx+ o),

where

ex> +2fx+g
c == 9775 and D =4C -
(gx+ o) T E— an (gx+ ®) = gC(gx+ ®)

2ex+vy
gx+o—x

If we now replace x by (x — @) /g, we obtain the so-called symmetric form
C(x)yn(gx+ @) = {C(x) + D(x)} yu(x) + D(x)yn ((x — ) /q) = Anyn(x) (2.2.12)

forn=0,1,2,... with

) = e(x— )2 +2fq(x — o) + gq*
o q(gx+ o —x)?
_ 2e(x—w)+vq

Finally, we will derive a third version of the operator equation (2.2.7), which
involves the operators %7  and <7} ), _ /4. First of all we have

ey 2l ©)/4) + @) 3~ ) g)
(rom) (=)0 = = o)) T o (- w)/q
ya((x— ) /q) — yn(x)

= o) —x— Plame/an) ().

In the case of the g-derivative operator Z, (i.e. @ = 0), this reads

(@qyn) (x/q) = (%,Oyn) (X/Q) = (M/q,oyn) (x) = @qun(x).

In the case of the difference operator A (i.e. ¢ =1 and @ = 1), this reads

(Ayn) (x= 1) = (F,1yn) (x = 1) = (1 -130) (x) =2 Vi (x).

Now we have

(A1 14— wjq¥n) (@x+ @) = (H) /g —w/qVn) (%)
(%,m ('%/%7(0/(1))}1))()6): /4:—0/q pr— /4:—0/q

_ yn(gx+ @) = (1+q)ya(x) + gy ((x— ®)/q)
(gx+ ® —x)?

=g ' (A} oyn) (x— ) /q).

Hence we obtain forn =0,1,2,...
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90((x— ©)/9) (Zg.0 (% /4.-0/g9n)) (¥)

+ l[/((X7 w)/Q) (m/q,fw/qyn) ()C) = lnyn(x)' (2.2.14)
In the case of the g-derivative operator Z, (i.e. @ = 0), this reads
q¢(x/q) (@q (gl/an)) (x) +w(x/q) (Ql/qyn) (x) = Anyn(x) (2.2.15)

forn=0,1,2,.... In the case of the difference operator A (i.e. ¢ =1 and @ = 1), this
reads

@(x—1)(A(Vyn)) (¥) + w(x=1) (Vyn) (x) = Auyn(x), n=0,1,2,.... (22.16)

2.3 The Regularity Condition

In this section we will point out in which cases the eigenvalue problem (2.2.1) has
essentially unique polynomial solutions y,(x) of degrees n = 0,1,2,...,N for some
positive integer N with possibly N — co. Solutions are called essentially unique if
they are determined up to a factor independent of x. We have

Theorem 2.2. Let N denote a positive integer (possibly N — o). Then the following
statements are equivalent:

1. For each n = 0,1,2,...,N there exists a solution y, of the eigenvalue problem
(2.2.1) and all eigenspaces are one dimensional.

2. Form,n € {0,1,2,...,N} with m # n we have Ay # Ay.

Proof. Assume that A,, = A, for m # n. Then there is either no polynomial solu-
tion for one of the degrees m and n or the solutions y,, and y, belong to the same
eigenspace. This shows that the first statement implies the second.

Now we use induction to show that the second statement implies the first. For n =
0 we have Ap = 0 and the one-dimensional eigenspace generated by yo(x) = 1. Now
we assume that n € {1,2,3,...}. Suppose that the polynomials y, (x) are solutions
of degree v for v=0,1,2,...,n— 1. Then the (monic) polynomial y,(x) of degree n
given by

n—1

yn(x) =x"+ Y oyyy(x) with @, €C (2.3.1)
v=0

is a solution of (2.2.1) if
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P () A (F") + W (x) 0 (x")

n—1 n—1
+o(x) (%210 zoavyV> (x) +y(x) (%,w Zoavyv> (x)

n—1
= ((qur o)+ owyy(gx+ w))

v=0

holds. The polynomial (p(x);zfq%w (x") 4+ y(x) ., o (x") has degree at most n. Hence
we may write

n—1
P00 () W) 0 () = ulax+ 0)" + T, Povvlar+ o)

with 3, By € C. Combining the last two equations, we get

n—1 n—1
Bu(gx+ )"+ Y, (Bv + Avow)yv (gx + ) = A, ((qx+ o)+, oyyy(gx+ w))

v=0 v=0

and therefore

n—1

(Bn = &) (gx+ @)" + 3 (ay(Ay = An) + Bv) v (gx + @) = 0.

v=0

Since Ay # A,, this implies that the numbers ¢, are uniquely determined by this
equation. So in fact this means that the (monic) polynomial solution y, given by
(2.3.1) is uniquely determined, which implies that the corresponding eigenspace is
one dimensional. O

Now we use (2.2.3) and (2.2.4) to find from (2.2.6):

q"(An =) = e([n][n =11 =¢" " [m][m—1]) +2&([n] — ¢" " [m])
=en—mln+m—1]+2¢e[n—m]
= [n—m](e[n+m—1]+2¢), n>m, mnec{0,1,2,...}.

Hence we have

An— A = m(e[n+m—1]+28), n>m, mne{0,1,2,...}. (2.3.2)

Since g # —1, it follows that [n — m| # 0 for m # n, so A, # A, is equivalent to
eln+m— 1]+ 2¢ # 0. Therefore, theorem 2.2 leads to:

Corollary 2.3. Let N denote a positive integer (possibly N — o). Then the eigen-
value problem (2.2.1) has polynomial solutions y,, of degree n foralln=0,1,2,... N
with one-dimensional eigenspaces if and only if the regularity condition
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eln]+2e#0, n=0,1,2,....2N—-2 (2.3.3)

holds.

2.4 Determination of the Polynomial Solutions

We want to obtain a two-term recurrence relation for the coefficients of the polyno-
mial solutions y, of (2.2.1). In order to achieve this, we introduce so-called general-
ized binomial coefficients [*] withx € R, c € Cand n € {0,1,2,...}, such that

(%w[‘gc])(x):o and (gfq@ {;CD(;C):[:;_CJ 2.4.1)

forn =1,2,3,.... This can be done by

n

) ) i1
s s - _1
[x C} =1 and [x C} =] |x+cq - L ]w’ n=1,23,.... (24.2)
0 n 1 []]

Note that these generalized binomial coefficients depend on g and @. However, for
ease of expression we omit these in the notation of the symbol [ |. In the case of
the difference operator (i.e. ¢ = 1 and w = 1) these generalized binomial coefficients
reduce to the ordinary binomial coefficients and

A(CTYZ0 and A(FT) = (), n=123. .
0 n n—1

In the case of the differentiation operator D (i.e. ¢ = 1 and @ = 0), we have

n n—1
D(1)=0 and prte ™ o
n! (n—1)!

2.4.1 First Approach

To simplify the expressions, we write v = @+ ¢(1 — ¢). Then we have
; - —li—1
{x c} :Hw’ n=1273,....
n 1 []]
Now we write

X;c

n
yn(x)zzan_yk[k], ann #0, n=0,1,2,.... (2.4.3)
k=0
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For a given a,, # 0 we want to determine the other coefficients a, ; in such a way
that y,(x) given by (2.4.3) satisfies (2.2.7). By using (2.2.3), (2.2.4), (2.4.1),

x[kxiﬂ = K] {x;f] (k=1 —c) [;_CJ k=1,2,3,...,

o] -] vl

o a2 ]xse _
+([k=2]v—c) {k—Z}’ k=234,...,

{q”k“’; C] =4 {x,ﬂ +vg*! [,:_CJ k=123,...,

by substituting (2.4.3) into (2.2.7) and by comparing the coefficients, we find
[n—k] (e[n+k—1]42€)a,, + {e[n} [n—1]v+2en—klv
— e[k (K + [k = 1])v—2¢) "™+ 2ec = 2/ — D" fangr
—(e([k]v—c)2+2f([ lv—c)+g)q"" a2 =0 (2.4.4)

fork=n—1,n—2,n—3,...,0 with the convention that a, 41 := 0. Hence, if the
regularity condition (2.3.3) holds, then (2.4.4) gives us the coefficients a,,; for k =
n—1,n—2,n—=3,...,0in terms of a,, # 0.

The three-term recurrence relation (2.4.4) can be rewritten in a such a way that
the possibility of a two-term recurrence relation becomes apparent:

[n— K] (e[n+k— 1]+2¢€)ani — (elk— 1lv—2ec+2f) [k — l]qnfkﬂan’k“

+n—k—1](e[n+k|+2¢€)va, ;i1 — (e[k]y —2ec+2f) [k]vq"_ka,,‘,ku
+ ((e+2e)v+ {2c(e+e) —y=2f @) g angs
—(ec® =2fc+g)q" anui2=0.
This implies that if
(e+2eWV* +{2c(e+€)—y—2f}vg= —(ec? —2fc+g)q* (2.4.5)

holds, then the recurrence relation (2.4.4) can be written in the form
s(k)a,,,k + t(k)amk“ +v (S(k+ l)an’kﬂ -l—l‘(k + l)an7k+2) =0

with
s(k) :=[n—k|(e[n+k—1]+2¢)

and
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t(k) == ((e+2€)v+ {2ec—y+2(ec— f)[k] — e[k —1]*vg} q) " 1.
Now we consider the two-term recurrence relation
s(k)ani+t(k)aypr1 =0, k=n—1,n—2,n-3,...,0. (2.4.6)

If there exists a number c satisfying (2.4.5) and if the coefficients a,, ; satisfy (2.4.6),
then they also satisfy (2.4.4). Therefore, the coefficients a, x can be determined by
(2.4.6) in terms of a, , # 0 provided that there exists a number c such that (2.4.5)
holds.

In the case that v # 0, and ¢ satisfies (2.4.5), we can write the two-term recurrence
relation for the coefficients a, ; in a different form. If we multiply (2.4.6) by v and
use (2.4.5), we obtain

[n—k](eln+k—1]+2¢€)va,x
—{e(k—1v—c)? +2f(k—1]v—c)+g}q" a1 =0 (24.7)

fork=n—1,n-2,n-3,...,0.

With this first approach the case of the differentiation operator D (i.e. ¢ = 1 and
® = v = 0) can be treated completely. If there exists a c satisfying (2.4.5), id est
ec? —2fc+ g = 0, then the coefficients of the polynomial solutions

n x+c k
yu(x) = Ean,k( 0 ) , Anp#0, n=0,1,2,... (2.4.8)
k=0 :

of the second-order differential equation (2.2.9) satisfy the two-term recurrence re-
lation (2.4.6), id est

(n—k)(e(n+k—1)+2¢€)anx+ (2(ec— f)k+2ec—7Y)app11 =0 (2.4.9)

fork=n—1,n—2,n—3,...,0. If (2.4.5) has no solution for ¢, id est e = f = 0 and
g # 0, then we find from (2.4.4) with ¢ = y/2¢ the two-term recurrence relation

2e(n—k)any —gani+2=0, apny1=0, k=n—1,n-2,n-3,...,0, (2.4.10)

which leads to the (symmetric) Hermite polynomials.

2.4.2 Second Approach

In order to deal with the cases where ¢ cannot be determined by (2.4.5), we use a
second approach. For this purpose we will modify (2.4.3) in such a way that in the
numerator of the generalized binomial coefficient x + ¢ occurs as the penultimate
factor. By using v = @+ c(1 — ¢) and the definition (2.4.2), we obtain
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x+eqg - [k=2vg R —li- 1o

-1 A

ﬁx+c+[k—i—l]vq

{x; c+ [k]: 2]vq2‘k}

i+1-k

(2.4.11)

fork=1,2,3,.... Note that

e+ [k—2lvg? K x;c+k72v2’k
(%,w[ [k g D(X)—[ [k_l]q k=123,

These alternative generalized binomial coefficients can be used to build a second
form for the solutions:

n [x; c+[k—2)vg**

Yu(xX) =Y buy ' ] bun#0, n=0,1,2,.... (2.4.12)
k=0

For a given b, , # 0 we want to determine the other coefficients b, ; in such a way
that y,(x) given by (2.4.12) satisfies (2.2.7). By using

. [x; c+[k— Z]WIZ"} i {X; c+[k— Z]qu"} o) [x; c+lk— 2]vq2k]

k—1 k k—1
fork=1,2,3,...,
5 [x5 e+ [k —2]vg?* K- 1] x; ¢+ [k—2]vg**
! k-2 - k

20 {x; c+ [:: 12]Vq2k:| Lo [x; c+ [lic—;]quk]

fork =2,3,4,...,

. x; ¢+ [k—2Jvg**
k—2

fork=2,3,4,... and

{qx—i— w;c+k— 2]vq2_k}

i [xs e+ [k—1]vg'*
k q

k
L[ e+ [k—2]vg?* x; ¢+ [k—2]vg?*
[ k e k—1

for k =1,2,3,..., we find by substituting (2.4.12) into (2.2.7)
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n

. 1 1—k
2 (eln+k—1]+2¢)q [X’H[kk Ivg }bmk

-%jé{ k—1] +2g)Qﬂqkk_q)‘q"+(nk—1uec—f)+2a>-wq"}

k=1

x:c+ [k—2lvg*>*
X{ E’c—l]q ]b””‘

n . k—2 2—k
— Y (ec* —2fc+g)q" {x, " [k_z]vq

]mk:a
k=2

Hence, if ec> — 2fc+ g = 0 can be solved for ¢, only two sums remain. These lead
to a two-term recurrence relation for the coefficients b, ;:

= K] el -+ k= 1]+28) by + { (elk] +2€) [k + 1™~ 1)v
+ (2K (ec — f) +2ec =)} ¢" Fbugs1 =0 (2.4.13)
fork=n—1,n—-2,n—3,...,0.

The case of the difference operator A (i.e. ¢ = @ = v = 1) can be treated by using
both approaches. The first approach leads to solutions of the form

n
x):Za,,,k(Hc), aun #0, n=0,1,2,..., (2.4.14)

k=0 k
where c is a solution of (2.4.5), id est
efc+1)?=2f(c+1)+g=—2e(c+1)+7y
and the coefficients satisfy (2.4.6), which reads

(n—k)(e(n+k—1)+2¢€)a,y
—(e(k—1=c)*+2f(k—1—c)+g) a1 =0 (2.4.15)

fork=n—1,n—2,n—3,...,0. The second approach leads to solutions of the form
k-2

zbnk(x+c+ )7 brz,n?’éo> n=0,1,2,.... (2.4.16)

If ¢ satisfies ec> — 2fc+ g = 0, then the coefficients satisfy the two-term recurrence

relation (2.4.13), which reads

(n—k)(e(n+k—1)+2¢€)b,
+ (el +2(ec — f+e)k+2ec— ) bygr1 =0 (2.4.17)

fork=n—1,n—-2,n—3,...,0.
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2.5 Existence of a Three-Term Recurrence Relation

In this section we will show that the monic polynomial solutions y, of the operator
equation (2.2.1) satisfy a three-term recurrence relation of the form

Y1 (X) = (x—cn)yu(x) —dpyn—1(x), cn,dy€C, n=1,2,3,.... 2.5.1)

For simplification we introduce the operator . , on the space & of polynomials
defined by
(S4op)(x) =plgx+w), pecP, xeR. (2.5.2)

Then the following commutation relations hold:
oS g0 =000 d Lyodyo=q905 . (2.5.3)
Further we will use the notation
PW) = (Lpop) ) =p((x—@)/q), peP, xeR (2.5.4)
for convenience.
Theorem 2.4. Let A be a linear functional on & defined by
Alll=1 and Aly,)=0, n=1,2,3,..., (2.5.5)

where y, denotes a polynomial solution of the operator equation (2.2.1). Then the
following distributional equation holds for every polynomial p € &

Algp(Z40p) +yp] =0. (2.5.6)
Furthermore, for all m,n € {0,1,2,...} we have

A g0 (Ag.0ym) (Hq.0Yn)] = —AnA[YmYn)- (2.5.7)

Proof. By using (2.5.2), we obtain from (2.2.1) for every polynomial
prx) =Y ouw(x), o €C
k=0

that
Q) (F7opP") (X) + W(x) (Fg0p") (%)

- kZ o {0(3) (2031) () W) (Hport) (1))
-0

= i oAy (yq.co)’k) (x)
k=0
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Applying qual) to both sides and using the commutation relation (2.5.3), we obtain
by using the notation (2.5.4)

4() (T by op”) (¥) + TE) (L pop®) (6) = kz oDy ().
-0

From (2.2.5) it can be deduced that for each polynomial p € & there exists a poly-
nomial p* such that

p(x) = (Sg0q0p”) ().
Now we use the fact that 4o = 0 and A[y;] =0 for k =1,2,3,... to conclude that
N R n
AlqQ (g op)+Wp] =Y, oxdaAyi] =0,
k=0

which proves (2.5.6).
To prove (2.5.7), we apply quul) to the operator equation (2.2.1), use the commu-
tation relation (2.5.3) and multiply the result by y,,:

qa(x) (%,qujalj%,wyn) (x)ym(x) + l/l;(x) (yqjal)%,w)’n) (x)ym(x) = ln}”m(x)yn(x)'

If we apply the product rule (2.1.2) to p;(x) = (qualj%_ywyn) (x) and pa(x) = yn(x),
then we find

(“g.0 ((LgwPg0¥n) ym)) (%)
= (Y40 0Dq0¥n) (X)ym(X) + (Hgwyn) (X) (Zg0ym) (x).
Combining the last two results, we find that
a0 () {(Fa.0 (L0 a.09n) Ym)) (X) = (Hq.wyn) (X) (Fg.0ym) (x) }
+y(x) (qug,%,myn) (X)Ym (%) = Ay (%) yn ().

Finally, we apply A on both sides of this equation to obtain

A (90 (g0 (L g0 q09n) yn)) + W (g q.0n) Y]
— A [q0 (Hg.0Vn) (Hg.wym)] = A [Ymyn)-

The first term equals zero in view of (2.5.6) with p(x) = (Yq}iquwyn) (x)ym(x).
This completes the proof of (2.5.7). O

The following theorem states the “weak” orthogonality of the polynomial solutions
of the eigenvalue problem (2.2.1).

Theorem 2.5. Let the regularity condition (2.3.3) hold for the operator equation
(2.2.1) with polynomial solutions y, with n = 0,1,2,.... Then the linear functional
A given by (2.5.5) satisfies
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Alymyn] =0 for m+#n, mmne{0,1,2,...}. (2.5.8)
Proof. From (2.5.7) we get for m,n € {0,1,2,...}

A g0 (Fg.oyn) (Yg.oYm)) = —AnAYmyn

A [q(/ﬁ (%,wym) (%,w}’n)} = —AnA [,men]~
Subtracting these two equations, we find
(A — An)Aymya] =0, mne{0,1,2,...}.

The regularity condition (2.3.3) implies that A,, # A, for m # n, which implies
(2.5.8). O

If the linear functional A in the preceding theorem is quasi-definite, it is well known
that a recurrence relation of the form (2.5.1) exists for all n = 0,1,2,.... See for
instance [146]. Now we will prove:

Theorem 2.6. With the assumptions of the preceding theorem, assume that there ex-
ists a number N € {1,2,3...} such that

AP?#0, for n=0,1,2,....N—1 and Aly}]=0. (2.5.9)
Then there exists a three-term recurrence relation of the form
Yur1(x) = (x —cp)yn(x) —dpyn—1(x), n=1,2,3,....N+1 (2.5.10)
with dy = 0.

Proof. The monic polynomial y,, | can be written as

Yar1 () = x5 () + Y o y(x), o eC, n=0,12,... 2.5.11)
k=0

Now we want to show that oc,En) =0fork=0,1,2,...,n—2. To do this we multiply
this equation by y, for v € {0,1,2,...,n—2} and apply the linear functional A to

both sides, which leads to
o"AD =0, k=0,1,2,....n—2.

Now we use (2.5.9) to conclude that oc,E") =0fork=0,1,2,...,n—2 for all n =
2,3,4,...,N + 1, which proves (2.5.10) with ¢, = —o,\" and d,, = —a\",.

n

In order to show that dy = 0, we start with (2.5.10) for n = N, multiply by yy_1
and apply the linear functional A to find

Alyne1yn—1] = Alxynyn—1] — enAlynyn—1] — dvA iy -
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Since A [xyyyn—1] = A[y3] =0and A[y%_,] # 0, we get

This completes the proof. O

Now we will show that a finite system {yn}ﬁlvzo of polynomial solutions of the eigen-
value problem (2.2.1) which satisfies a three-term recurrence relation of the form
(2.5.10) can be extended to an infinite system {y,}_, of polynomials which satis-
fies a three-term recurrence relation of the form (2.5.1). First we will prove:

Theorem 2.7. Let the monic solutions {yn}nN:() of the eigenvalue problem (2.2.1)
satisfy the three-term recurrence relation (2.5.10) and let the regularity condition
(2.3.3) with N — oo hold. Then we may write

YNk =VoN, k=0,1,2,... (2.5.12)

with monic polynomials yy of degree k which are solutions of the eigenvalue problem
0 (T ole) + W (A030) = b (Fyode) s k=0,1,2,..., (2.5.13)

where Ay = ANk — AN, @ is a polynomial of degree at most 2 with @ # 0 and ¥ is a
polynomial of degree 1 exactly.

Proof. Since dy = 0, we have from (2.5.10)
yN+1(x) = (x—cen)yn(x) =y1(x)yn(x) with  yi(x) =x—cy

and

y+2(x) = (x —ens1)ynv+1(x) —dnriyw(x)
= ((x—ent1)(x—cen) —dnt1) yn(x) = Ya(x)yn (x)

with y5(x) = (x—cy+1)(x — cn) — dy+1- Together with yy(x) = 1 this proves (2.5.12)
fork=0,1,2.
Substitution of yy.x = Vxyw in the eigenvalue problem (2.2.1) gives

(0] (%2(0 Gn)) + W (g0 Gion)) = vk (L0 Gkon)) -
By using the product rule (2.1.2), we find
%,w ()N’k)’N) = (%,wyN) (qu,w)N’k) +yN (%,w}N’k) s

g0 Ovn) = (Hgoyn) Vi + (Fg,0IN) (Zg0Vk)

and
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A7 GioN) = (3N ) (Lq.09%) + (Dg.037) (Dg.0%)
+ (‘yqz,wyN) (ﬁzwyk) (%JD f]-,wyN) (%,wy’k) .
Hence
0 (L7 on) (D} o) + (0 (Hg0Tg03n) + @ (Hqwyn) + WyN) (Zg.05%)
+ (0 (Agwn) + ¥ (H09n)) (Fg.09k) = A (Lg.09N) (Lg050) -

Together with
¢ (%z,wyN) + W (Fgwyn) = A (L40IN)

we obtain

O (F7owN) (7 o3e) + (0 (g0 q.03N) + @ (Fg.0¥N) + WIN) (Zq.0Yk)
= (Av1k — ) (Fg0¥N) (g .0Ik) -

This equation holds for k = 0, 1,2. For k = 1 this reads
(0 (g0 q.0IN) + 0 (Fgoyn) +Wyn)C1 = (Av+1 — AN) (L4.09N) (L4.031)

with C; = o7, »y1(# 0). Since Ay4+1 — Ay # O, the polynomial on the left-hand side
of this equation contains . o yy as a factor. Hence the polynomial ¥ can be defined
by

~ 0 ('Q{q,qu,w)’N) +¢ ('Q{q,wyN) + Yyn
Y= & .
¢,0YN

For k = 2 we find
©Cy (yqz,a)yN) + (%,my}) ‘IN/(yq.,w)’N) (Avs2 —Av) (A 7.0YN) (Lq.0Y2)

with C; = qw)’Z(7é 0). Since Ay;2 — Ay # 0, this implies that .7 oyn divides
0} (5” qz,a,yN) Hence the polynomial ¢ can be defined by

o= ¢ (Lgovn)
. yq.,wyN ’

So we have found that
¢ (Agwhk) + ¥ (Agodi) = (S, 7.0Yk) PRy Y v

If (2.3.2) is used, the regularity condition (2.3.3) implies that

= k
M= Ak — Ay = quk (e2N+k—1]+2€)(£0), k=1,23,....

This proves that for (2.5.13) polynomial solutions of all degrees exist. O
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The preceding theorem allows us to prove the existence of a recurrence relation of
the form (2.5.1). Let d,, # 0 for n = 1,2,3,...,N — 1 and dy = 0. Then we have
the recurrence relation (2.5.10). The preceding theorem shows that this recurrence
relation can be continued as long as it is possible to continue the recurrence relation

Va1 (x) = (x = E)Fk(x) — diFe—1 (x)

for y;. This recurrence relation either holds for all k =0, 1,2, ... or there is a number
K € {1,2,3,...} such that dy # 0 for k =0,1,2,...,K — 1 and dx = 0. Then the
preceding theorem can be applied again. This process can be continued until we
arrive at:

Theorem 2.8. If the regularity condition (2.3.3) with N — oo holds, then there exist
numbers c,,d, € C such that the polynomial solutions {y,};_, of the eigenvalue
problem (2.2.1) satisfy a three-term recurrence relation of the form (2.5.1).

2.6 Explicit Form of the Three-Term Recurrence Relation

To determine the polynomial solutions in section 2.4, we needed a two-term recur-
rence relation for the coefficients. In this section we will not need such a two-term
recurrence relation. Therefore we only need the representation (2.4.3) and the three-
term recurrence relation (2.4.4). We will not need (2.4.5) here.

In the case of the differentiation operator D (i.e. g = 1 and @ = v = 0), we simply
use the form

n xk
y"(x)zlg)an,kav an,n#o, n:0,1,27....

Since we do not need a two-term recurrence relation for the coefficients, it suffices
to take ¢ = 0. In that case (2.4.4) reduces to the three-term recurrence relation

(n—k)(e(n+k—1)+2€)aux — (2fk+7)ani+1 — ganpi2 =0 (2.6.1)

fork=n—1,n—2,n—3,...,0 with a, ;1.1 :=0.

In the case of the g-derivative operator 7, (i.e. ¢ # 1 and @ = 0), we need an
extra observation in order to deal with the lack of translation invariance. Recall that
(2.2.10) and (2.2.11) imply that

(Fgop(+)) (x+¢) = (Fap(- +0)) (v)

with® = w+c(g—1) and ¢ € R. For g # 1 we can put c = @/ (1 — ¢), which yields
@ = 0. Hence, since %, := 47, ¢, the operator equation (2.2.1) can be written in terms
of the g-derivative operator as

P(x+¢) (Zgy(-+0)) (v)
+y(x+c) (Dgyn(- +0)) (x) = Ayn(gx+c), n=0,1,2,... (2.6.2)
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with ¢ = /(1 — g). This translation does not affect the possible orthogonality. In
fact the regularity condition (2.3.3) is preserved since the leading coefficients of ¢(x)
and y(x) are equal to the leading coefficients of @(x+ c) and y(x+ c), respectively.
Similarly, the recurrence relation (2.5.1) for the polynomials y, is transformed into
the recurrence relation

Yol (x+¢) = (x—cu+)yn(x+c)—dpyn—1(x+¢), n=0,1,2,... (2.6.3)

for the polynomials y, (x + ¢). While d, remains unchanged, ¢, is replaced by ¢, —
c. However, ¢, is real if and only if ¢, — c is real. Together with the theorem by
Favard (see the next chapter) this implies that the polynomials y, are orthogonal
in the positive-definite or quasi-definite sense if and only if this is the case for the
polynomials y,(x+¢). In the case of the g-derivative operator Z,, we have ® =0
and therefore c= /(1 —gq) =0andv=w0+c(1—¢)=0.If weset o =c=v=0
into (2.4.4), we obtain the three-term recurrence relation

[n—k] (e[n+k—1]+2€) ani— 2f K +7)q" *angs1 — 87" *aupsn =0 (2.6.4)

fork=n—1,n—2,n-3,...,0 with a, ,11 := 0. Note that (2.6.4) for g = 1 equals
(2.6.1). This implies that the case of the differentiation operator D needs no special
treatment.

As a generalization of the difference operator for ¢ = 1 and w # 0, we use another
observation. From the definition (2.1.1) it follows that

(Ayop(-)) (px) = PaPxF @) = p(pY)

qpx+ w —px
X —p(px 1
= LRl ED—EED) - 2 (pplp ) ()

forp #0and p € &. For g = 1 and p = o(# 0) this yields <7/, = 1 = A and
the operator equation (2.2.1) reads

%‘P(m) (A%yn(@)) (x) + %w(mx) (Ayn(® ) (x) = Lyyu(@x+ ). (2.6.5)

Similar to the case ¢ # 1 and @ = 0 above, it can easily be seen by means of the
three-term recurrence relation that the possible orthogonality is not affected by the
dilatation x — @x.

In the case of the difference operator A (i.e. ¢ =1 and ® = v = 1), we may use
the form

1 X
yu(x) = Zan_yk(k), ann#0, n=0,1,2,.... (2.6.6)
k=0

Since we do not need a two-term recurrence relation for the coefficients, we may
simply take ¢ = 0. In that case (2.4.4) reads the three-term recurrence relation
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(n—k)(e(n+k—1)+2¢€)a,y
+{e(n(n—1)—k(2k—1))+2e(n—k) —2fk — v} ap p+1
— (ek* +-2fk+g)ania =0 (2.6.7)

fork=n—1,n—-2,n-3,...,0 with a,, 41 := 0.
In order to obtain the explicit form of the three-term recurrence relation (2.5.1),
we substitute the monic polynomials

n
@) =Y o, o =1, n=0,12,... (2.6.8)
k=0

in the recurrence relation (2.5.1) and y; (x) = x — ¢o. Comparison of the coefficients
of " and x"~! yields

co=—0o") and c,=a" —a"", n=123,. . 2.6.9)
and
d=—ol) —crolV) and d, =", — "V — ¢, (2.6.10)

forn=12,3,4,.... Hence it suffices to compute a(")l forn=1,2,3,... and oc,(l'i)z for

e
n=234,...
In the case of the g-derivative operator ,, we find from (2.6.4) fork =n—1

(e2n—=2]+2€)an,—1 = q2f[n—1+7Y)an,, n=1,273,...
andfork=n—2andn=2,3,4,...
2] (e[2n— 3] +2€)ann2—q* 2f[n—2] +¥) ann1 — G*gann = 0.
Hence, if the regularity condition (2.3.3) holds for n = 1,2,3,..., we find

q2fln—1]+7)

=1,2,3,...
e[2n—2]+2¢ oy R= 553

appn—1 =

and

¢ 2fln—1+7) 2fln=2+7)+ s (e[2n—2] +2¢)
[2] (e[2n — 3] 4 2¢) (e[2n — 2] + 2¢) non

appn—2 =

forn=2,3,4,.... Comparing (2.4.3) and (2.6.8), we find by using (2.4.2) that

7 Adnn—1 ann—1
anp = [n!, aﬁ?l [nn_n]]! = [n] Z:n , n=1273...

with
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and

(n) _ Adnn—2 119,02 -
o, = [n_z]!—[n][n 1]—(1” , n=234...

Hence we have

w _ g 2fln—=1]+y)
= a2 n=1,2,3,...

and

o = Cllln=1{gfln—1]+7) 2f[1 =2 +7) +g(e[2n—2] +2¢)}
-2 2] (e[2n — 3] + 2¢) (e[2n — 2] + 2¢)

forn=2,3,4,.... By using (2.6.9), we conclude that co = —yq/2€ and

gln] 2fln=1]+v) qln+1]2fIn]+7)
e[2n—2]+2¢ e[2n]+2¢
_ q{[] (2f[n—1]+7) (e[2n] +2¢) — [n+ 1] 2f [n] + V) (e[2n — 2] + 2¢) }
(e[2n— 2]+ 2¢) (e[2n] +2¢)
_ g {(eln—1]+2¢) (2f[n](1 +g) +vq) —e¥ln+1]g" '}

o (e[2n—2) +2¢) (e[2n] + 2¢) (2.6.11)

Cp =

forn=1,2,3,.... By using (2.6.10), we obtain

dy — 2 {ra2f +7) +g(e[2] +2¢)} L {262/ +q) +yg) —ev2]} 1q

[2] (e+2€) (e[2] + 2¢) 2¢e(e[2] +2¢) 2¢
q* (e[2] +2¢) (4e(fy—sge) —er’) _ q* (4e(fy—ge) —eV’)
(2e)? (e +2¢) (e[2] + 2¢) 4€? (e+2¢)

and forn=12,3,4,...

¢ n)ln—1]{g(2fln—1]+7) 2f[n— 2] +7) + g (e[2n— 2] +2¢)}
[2] (e[2n — 3] 4 2€) (e[2n — 2] + 2¢)
@ [n)ln+1]{g (2fn] +7) (2fIn— 1] +¥) + g (e[2n] +2¢)}
[2] (e[2n— 1]+ 2¢) (e[2n] +2¢)

qln] 2f[n—1]+7)

e[2n— 2]+2£

L a{(eln—1]+26) f[n)(1 +q) + yq) —eyln+ 1]q" '}
(e[2n— 2]+ 2¢) (e[2n] + 2¢)

_ q"[n] (eln — 2] +2¢)

(e[2n— 3] +2¢) (e[2n— 2] +2¢)* (e[2n — 1] + 2¢)

< {q" " fIn=11+9) (2f {eln— 1]+ 2} —g"ey)
—g(e[2n—2]+2¢)? } (2.6.12)

dy, =

_|_
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Note that the latter formula also holds for n = 1.

In the case of the differentiation operator D, we have g = 1. In that case we get

2fn(e(n—1)+2e)—y(e—¢)
2(e(n—1)+¢€)(en+¢)

Cp =

. n=0,1,2,... (2.6.13)

and

n(e(n—2)+2e¢)
4(e(2n—3)+2¢)(e(n—1)+¢€)* (e(2n— 1) +2¢)

<{2f (1= 1)+ 2f en—1) +2¢) e}
74g(e(n71)+8)2}, n=123,....  (26.14)

dyp =

In the case of the difference operator A, we find from (2.6.7) withk =n—1
(e(2n—2) +2¢€)ann-1 = (e(n* —4n+3) =2 +2f(n— 1) +7) dnn
forn=1,2,3,...,and withk=n—2
2(e(2n—3) +2€) anu—> — (e(n* — 8n+10) —4e +2f(n—2) +7) dyp1
—(e(n—2)*+2f(n—2)+g) ann=0

for n =2,3,4,.... Hence, if the regularity condition (2.3.3) holds forn =1,2,3,...,

we find

e(n—1)(n—3)—2e4+2f(n—1)+y
2(e(n—1)+¢€)

dpp—1 = App, N= 172737"'

and forn=2,3,4,...

_ e(n72)2+2f(n_2)+g
an,nfzf{ 2(e(2n—3)+2¢)

+ (e(n* —8n+10) —4e +2f(n—2)+7)
" (emn—1)(n—3)—2e+2f(n—1)+7y) }a
4(e(n—1)+¢€)(e(2n—3) +2¢) i
Comparing (2.6.8) and (2.6.6), we find that

dnn-1 nl} _nQn-1)(f—e)—(n+1)e+7y)
Adnn 2 2(6(}1— 1)+8)

n
app =n!, O‘r(H)I = n{

forn=1,2,3,... and
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(x(”) _(n 3n—1_n—2 Apn—1 appn—2
n=2 3) 4 2 (n—2)! " (n—2)!
(n—=2)3n—1) n—2ap, a,mg}
=n(n-1 - —
( ){ 24 2 apy An,n
n(n—1)

- 4(e(n—1)+¢€)(e(2n—3)+2¢)
y {é(w 1)(3n+2) (e(n—1)+¢) (e(2n—3)+2¢)

—en(n—1)*(e(2n—3)+2¢) +e*(n—1)*(n—2)*
—22f(n—=1)+7y)(e(2n—3)+ne)—y(e(n—1)+2¢)

+(2f(n—1)+7)(2f(n—2)+3’)+28(6(n—1)+€)}

forn=2,3,4,.... By using (2.6.9), we conclude that co = 1 — y/2¢ and

n2n—1)(f—e)—(n+1)e+7y)
2(e(n—1)+e¢)
(n+1)(2n(f—e)— (n+2)e+7)
2(en+¢€)
n(e(n—1)+2¢)(2(e—f) +&)+(e—£)(y—2e)

- 2(e(n—1)+¢€)(en+e) (26.15)

Cp =

forn=1,2,3,.... By using (2.6.10), we find

dy = —m{4(e+s)(e+2£) —2e(e+2e¢)
72(2f+1/)(e+28)f'y(eJrZE)+(2f+7/))/+2g(e+8)}
N 26(2(e—f)+e)+(e—¢g)(y—2¢) 2e—y
2e(e+¢) 2e
_ 4de(fr—sge)—er
© 4e2(e+2e)

and forn=12,3,4,...
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nn—1)
4(e(n—1)+¢€)(e(2n—3)+2¢)

x{é(n+l)(3n+2)((n 1)+ &) (e(2n—3)+2¢)

—en(n—1)*(e(2n—3)42¢) +e*(n—1)*(n—2)*
—2@2f(n=1)47y)(e(2n—3)+ne) —y(e(n—1)+2¢)

dy, =

+(2f(n—1)+7)(2f(n—2)+7)+2g(6(ﬂ—1)+8)}

n(n+1)
4(en+¢€)(e(2n—1)+2¢)

x {é(n+2)(3n+5)(en+e) (e(2n—1) +2¢)

—en*(n+1)(e(2n—1)42¢) +e*n*(n—1)*
—2(2fn+7y)(e(2n—1)+ (n+1)e) — y(en+2¢)

+2fn+y)(2f(n— l)+}’)+2g(en+£)}

n(2(e—f)+e)(e(n—1)+2¢)+(e—¢€)(y—2e)
(e(n 1)+¢€)(en+e€)
L Q2—1)(f—e)—(n+1)e+7)
2(e(n—1)+e¢)

(e(n—2)+2¢)

4(e(2n—3)+2¢)(e(n—1)+¢€)* (e(2n—1) +2¢)
x{ (n—1)%(e(n—1)+2¢)?

+2(n—1)(e(n—1)+2¢) (2eg+2f (e — f) —ey)

+4e(ge— 1)+ 7} (2.6.16)

Note that the latter formula also holds for n = 1.






Chapter 3
Orthogonality of the Polynomial Solutions

3.1 Favard’s Theorem

In this section we consider the possible orthogonality of polynomials satisfying a
three-term recurrence relation of the form (2.5.1). Hereby we use Favard’s theorem
(see for instance [146]):

Theorem 3.1. Let y, denote the monic polynomial of degree n € {0,1,2, ...} satisfy-
ing the three-term recurrence relation (2.5.1)

yn+1(x):(x—cn)yn(x)—d,,yn,l(x), Cnadne(ca n:172a3a""
Then there exists a unique linear functional A with
Alll=1 and Alymy,) =0 for m#n, mmne{0,1,2,...}. (3.1.1)

This linear functional A is quasi-definite if and only if d,, # 0 for alln = 1,2,3, .. ..
This linear functional A is positive-definite if and only if c, € R foralln=0,1,2,...
andd, >0 foralln=1,2,3,...

Proof. For the fulfillment of (3.1.1), we must have that A[yg]=1 and A[y,] = 0 for
n=1,2,3,.... Then the linear functional A is uniquely determined on &. Further-
more, (2.5.1) can be written as

XYn(%) = Yui1 (%) + Cnyn(x) +dpyn-1(x), n=12.3,... (3.12)
and applying the linear functional A, we obtain
Alxyn(x)] =0, n=2,3,4,....
Next we use
£y, (%) = xynt1(x) + cpxyn(x) + dpxyn—1(x), n=1,2,3,...
R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their g-Analogues, 53
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to conclude that A[x?y,(x)] = 0 for n = 3,4,5,.... Hence, by using induction, we
have proved (3.1.1).
Now we multiply (3.1.2) by y,—1(x) to obtain
XY (X)Yn—1(X) = Yn1(X)Yn—1(X) + Y (X)yn—1(x) + dn)’;%—l (x)

forn=1,2,3,.... Now we use (2.5.11) to write

n—1
() =) = Y o ), o Vec, n=1,23,...,
k=0

apply the linear functional A and find by using (3.1.1)

AW =d, A% ], n=1,2,3,.... (3.1.3)

A quasi-definite linear functional A for a monic polynomial system {y,};_, is
characterized by A[y2] # 0 foralln=0,1,2,.... In view of (3.1.3), this is equivalent
tod,#0foralln=1,2,3,....

A positive-definite linear functional A for a monic polynomial system {y, };_ is
characterized by A[y2] > 0 and each y, has real coefficients for all n =0,1,2,....
In view of (2.5.1) and (3.1.3), this is equivalent to ¢, € R for alln =0,1,2,... and
d,>0foralln=1,2,3,.... a

Remark. From (3.1.3) together with A[y3] = 1 it follows that

n
Abil=]]de. n=123,.... (3.1.4)
k=1

Finite orthogonal polynomial systems {y, 21:0 with N + 1 polynomials occur if
Ay2] #0 forn=0,1,2,...,N. These polynomials satisfy a three-term recurrence
relation of the form

yn+1(x) = (x_cn)yn(x) _dnynfl(x)a n=0,1,2,....,N—1

with y_1(x) := 0. Further we define yy,_ | by

Y1 (®) = (x = cy)yn (x) —dnyn—1(x)

with ¢y arbitrary. Then (3.1.3) also holds for n = N. Now we define {y;}_, such
that
yi(x) =yalx), n=0,1,2,...,N.

The polynomials of degree higher than N + 1 can be obtained by
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Yn42(x) = (x = ey 1)1 (¥) —dyon (%),

*

y,*{,+3 (x) = (x— 07v+2))’N+2(x) - d1t1+2)’7v+1 (x),

where the coefficients {c;, };~_y and {d,; }>_y | can be chosen freely according to the
following rules:

* In the quasi-definite case: d; #0forn =N+ 1,N+2,N+3,....

* In the positive-definite case: ¢, € R forn = NN+ 1,N+2,... and d;; > O for
n=N+1,N+2,N+3,....

Let A* be the linear functional given by
A'lyl=1, A*[yi]=0, n=1,2,3,...,

where only the first N 4+ 1 polynomials {yz}f:;o satisfy the eigenvalue problem
(2.2.1). Then Favard’s theorem implies that {y} }> _, is an orthogonal system. Then
we call {yn}f;’:() a finite orthogonal system with N + 1 polynomials. See also [373].

3.2 Orthogonality and the Self-Adjoint Operator Equation

Letg e R\ {—1,0}, o € Rand (¢, ) # (1,0). Then the definition (2.1.1) of Hahn’s
g-operator <7, , can be extended to

(Fgof) (x) = W, xe((:\{l(i)q}, (32.1)

for arbitrary complex-valued functions f whose domain contains the number gx +
o € C as well as x € C. For two such functions, the product rule (2.1.2) is still valid:

(Hg,0(f1.2) (%) = (Fgofi) (X) f2(x) + fi(gx + ©) (Fg0f2) (x). (32.2)
Likewise, the definition (2.5.2) of the operator .%, ,, can be extended:
(Fg0f) (%)= flgx+w), x€C (3.2.3)
and
F0) = (Fpaf) () = f((x— ) /q), xeC. (32.4)

Assume that w is a complex-valued function for which w(x) and (.7 ow) (x) are
defined for infinitely many x € C. If we multiply the operator equation (2.2.1) by
(S4,0w) (x), we find by using (3.2.3)



56 3 Orthogonality of the Polynomial Solutions

(La0W) ()0 () (Fgwyn) (¥)
+ (Zg.0w) V() (Fg.0yn) (X) = A (F0w) (x) (Fg.0yn) (%)-

By using (3.2.4), we note that this equation coincides with the self-adjoint operator
equation

(Lg.0 WO Agwyn)) (x) = In (Lgow) (x) (Lg0¥n) (x) (3.2.5)
if the so-called Pearson operator equation'
(0 (WP)) (%) = (Lg0w) () Y(x) (3.2.6)

holds. From this Pearson operator equation the function w can be determined.

Let us state the Pearson operator equation in another form. By using the definition
(3.2.1), the product rule (3.2.2) and the definition (3.2.4), we find for the left-hand
side of (3.2.6)

(Hgo (WO)) (x) = %@(}c)—i—w(wﬁ—w)w
_ w(gx+ @)@(x) —w(x)p(x) '
gx+w—x

By using (3.2.4), we can write the right-hand side of (3.2.6) as

(Zg.0w) (Y (x) = wlgx+ @) y(x).

Hence we have
w(x)P(x) =w(gx+ o) ((x) — (gx+ © —x)y(x)). (3.27)
If (2.2.2) and (2.2.13) are used, this can be written as
w(x)C(x) = gw(gx + ©)D(qx + ®). (3.2.8)

Now we examine the relationship between the function w and the orthogonality
functionals for the polynomials {y,}; . For this purpose we multiply (3.2.5) by
(S4,0ym) (x) and subtract from the resulting equation the same equation with m and
n exchanged. Then we apply yqfal) to the result and use the commutation rules (2.5.3)
to find

(An = Ao )W () Yim (%) yn (x)
=4 (Ay Ty oy WO Ly wyn)) (X)Ym(x)
— 4 ( Ay Ty oy WO Ay wym)) (X)yn (). (3.2.9)

! The Pearson operator equation also plays an important role in stochastics, where it is used to derive
stochastic distribution functions. This shows the connection between orthogonal polynomials and
stochastic distribution functions. See for instance the book [469] by W. Schoutens.
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This leads to two kinds of orthogonality.

A. For =0, id est &7, 0 = 9,, we have the g-integration by parts formula (1.15.9)

/ab (Fg0.1) () f2(x) dgx
b b
= [A0AE] - [ (Z0h) 0 (o) Wdpx (210

for arbitrary complex-valued functions fi and f, which are g-integrable on the inter-
val (a,b). Then we have for (3.2.9)

() /b ()
= [ a{ (1073 (98tp0m)) ()

( 0 W‘P%OYm ) X)yn(X) { dgx
—a((#0w9) W { (0 (%,oyn)) ()3 ()

b

~ (70 (Faowm) ) D)} ) -

a

In view of the regularity condition (2.3.3), we have A,, # A, for m # n. So we have

Theorem 3.2. Let {y,};_ denote the polynomial solutions of the eigenvalue prob-
lem (2.2.1), let the regularity condition (2.3.3) hold for n =0,1,2,... and let w de-
note a complex valued function which is q-integrable on the interval (a,b) on the
real line and which satisfies the Pearson operator equation (3.2.6). Then we have the
orthogonality relation

/abw(x)ym(x)yn(x) dgx=0, m#n, mmne{0,1,2,...} (3.2.11)
with weight function w if the boundary conditions
(yqjol (wa)) (@) =0 and (yqjol (wa)) (b)=0 (3.2.12)
hold. Here a continuous extension of w might be necessary.

If the necessary convergence conditions hold, the integral in (3.2.11) can also be
taken over (a,0), (—oo,b) or (—oo, o) with appropriate boundary conditions.

Since we used the definition (3.2.1), which is not valid for (¢, ®) = (1,0), the differ-
entiation operator D has not been covered. This case needs a separate treatment. The
differential equation (2.2.9) has the self-adjoint form
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(W(py;)/ (x) = Ayw(x)yn(x), n=0,1,2,...
if w satisfies the Pearson differential equation
(wo)' (x) = wx)w(x), (3.2.13)

where @(x) = ex? +2fx+g, w(x) = 2ex+yand A, = n(e(n— 1)+ 2¢). Partial in-
tegration over an interval (a,b) with a,b € R leads to the orthogonality relation

=) [ WO Ca2)
= [w090) ()~ xhyi()) | =0 (3.2.14)
for m # n and m,n € {0,1,2,...} if the boundary conditions
w(a)p(a)=0 and w(b)p(h) =0 (3.2.15)

hold. If the necessary convergence conditions hold, the integral in (3.2.14) can also
be taken over (a,o0), (—oo,b) and (—oo,o0) with appropriate boundary conditions.

B. For N € {1,2,3,...} we consider the set of points
xy =Aq"+[vlo, A€C, v=0,1,2,....N+1, (3.2.16)

which implies that x, | = gx, + ®. Then we have the summation by parts formula

M=

(Fgoft) () f2(xv) (g = Dy + @)

v=0

= [Al)f0)]
N

- ZO (qufl) (xv) (%,wfz) (Xv) ((q — l)xv + 60) (3.2.17)

N+1

v=0

for arbitrary complex-valued functions f; and f, whose domain contains the set of
points {x, } . Hence we have for (3.2.9)
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N

(A = Am) ZOW(xv)ym(xV)yn(Xv) ((g=1Dx +o)

N
= 2 (#0740 (P09 (x0)m ()

(g BTy a3m)) () } (g~ Dxy + 0)
= (730 08) () { (b (o)) (50 )ym()

(L o)) )} )

In view of the regularity condition (2.3.3), we have A,, # A, for m # n. So we have

Theorem 3.3. Let {y, };>_, denote the polynomial solutions of the eigenvalue prob-
lem (2.2.1), let the regularity condition (2.3.3) hold for n =0,1,2,... and let w de-
note a complex-valued function whose domain contains the set of points {x, I\YI(%
and which satisfies the Pearson operator equation (3.2.6). Then we have the orthog-

onality relation

N

Z’OW(XV)y’“ (v)yn(xv) (g = Dy + @) =0,

m#n, mmne{0,1,2,... N} (3.2.18)
with weight function w if the boundary conditions
(S aw®)) (x0) =0 and (L, 5(Wh)) (xn41) =0 (3.2.19)
hold. Here a continuous extension of w might be necessary.

Note that the boundary conditions (3.2.19) have to be satisfied for two points of
the set (3.2.16). This means that two of these points must be zeros of (., 4 (w®)).
If this cannot be achieved, the above sums can be generalized by Jackson-Thomae
integrals (see the next section), which also include the case where infinite sums are

used instead of the finite sums (3.2.18).

3.3 The Jackson-Thomae g-Integral

In the previous section we developed a basis for the representation of orthogonality
functionals for the polynomial solutions of the eigenvalue problem (2.2.1). It remains
to deal with the difficulty of satisfying the boundary conditions (3.2.19) by elements
of the set (3.2.16). This problem can be solved by decomposing the functional into
two (infinite) sums, which can be seen as a Stieltjes integral.

It will be necessary to distinguish the cases 0 < |¢g| < 1 and |g| > 1. Therefore we
introduce the set of points
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{qu+ [k]a)}:zo, 0<lql <1
D(x,q,0) :=
{q_" "x—[k+ 1o }k o0 lal > 1.

Let A,B € C and consider the two sets of points D(A,q, ®) and D(B, ¢, ®). For 0 <
|g| < 1 these sets of points can be described by the sequences {x }_ and {x} }5_,
given by

xy =Aq" +[vlo and xj=Bq'+[vjo, v=0,1,2,...,

respectively. For |g| > 1 we have

Xy =

N 1
6]V+1(A—[v+1]a)) and xv:qu(B—[v—i—l]w), v=0,1,2,...,

respectively. Note that for 0 < |g| < 1 we have

V—o0 V—00

1—¢" (0]
lim (Ag" + [v]o) = lim (Aqv+ 1 1 a)) =
and for |g| > 1 we obtain

_ _ _ _ v+l
limA v+1o — lim Al—¢)—(1-¢""o o
voe gVt Ve (1—g)g"™! 1—gq

For a complex-valued function f with domain containing D(A,q, ®) the Jackson-
Thomae integral is defined by

S Fl) (1= gy — @), 0 < Jg| < 1

A -
/w f(x)dgox = V;O
T—¢

fov g—xy+ o), |q>1,

provided that the sums converge. If the domain of f also contains D(B,q, ®) and all
corresponding sums converge, we define

B B A
/A f(x)dg.wx = /ﬁ f(x)dq,a,x—/%{ f(x)dywx. 3.3.1)

Then we have the following analogue of the fundamental theorem of calculus:

Theorem 3.4. Let the domain of the complex-valued function f contain D(A,q,®)U
D(B,q, ). If all corresponding sums converge and if there exists a continuous ex-
tension of f for the point /(1 — q), then we have

[ o) 51y = £8) ~ £4). (632
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Proof. Consider the case that 0 < |¢| < 1. First we prove the assertion forA = /(1 —

gq). With xj, = Bg" + [v]w we get

oo

[+ oD Wdyor = 3, (o) (53) (1 -4)%, )

T—q v=0

v=0 qxv + o —xy

—4q)x, — ©)

= Z (fO3) = F (1)
v=0
= f(xp) = lim f(xy,1) = f(B) = fl@/(1-g)).
In fact since 0 < |¢| < 1, we have

()

lim (Bg" ™ +[v+1]o) = —

V—o0 1—
So the continuity of f at the point /(1 — g) implies that

tim £(x5..1) = f(0/(1 - q)).
Similarly we get
[ (o) Wdyor = £A)~ Fl0/(1 ).

By using (3.3.1), we have proved (3.3.2) in the case that 0 < |g| < 1.
In the case that |¢| > 1, we first set A = ®/(1 — ¢) again.
With xj, = qvlﬂ (B—[v+1]w) we get

B

o (%wf) (x) dq,a)x

—-q

3 (dyof) () (g— Dry + ©)

=0

~

<

i (gxy + @) = f(x)

—Dxl+w
3 LG (1 o)

= flgxs+ 0) i (FOv) = ()
— F(B)~ £(5) + £(x5) —_vlglgo £053) = F(B) — f(@/ (1= ).
In fact since |g| > 1, we have
o

1
lim — (B— lw) = .
m ey (B (v 1) = 12

v—eo gV 1
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So the continuity of f at the point @/(1 — ¢) implies that
Jlim f(x) = f(@/(1—q)).

Similarly we get
A
[ o) Wy = 1(4) = f(@/(1-q).
q
By using (3.3.1), we have proved (3.3.2) in the case that |g| > 1. O

Now the summation by parts formula (3.2.17) and the orthogonality relation (3.2.18)
with the boundary conditions (3.2.19) can easily be extended to Jackson-Thomae
integrals:

Theorem 3.5. Let the function w : D(A,q,0) UD(B,q,0) — C satisfy the self-
adjoint operator equation (3.2.5) and the boundary conditions

(W) (A)=0 and (S, ,(wd))(B)=0.

If the regularity condition (2.3.3) holds for n =0,1,2, ..., then the polynomial solu-
tions {yn};_ of the eigenvalue problem (2.2.1) satisfy the orthogonality relation

B
| W@ dyor =0, m#n, mane{0.1,2,...,
A

provided that convergence holds.

3.4 Rodrigues Formulas

In this section we will show that polynomial solutions {y,}_, of the eigenvalue
problem (2.2.7) satisfy a so-called Rodrigues formula. In order to do this, we start
with the differential equation (2.2.9). The procedure in this special case will give a
motivation for the procedure starting from the g-operator equation (2.2.7), for which
the difference equation (2.2.8) is a special case.

The differential equation (2.2.9) can be written as

O(xX)yh(x) + w(x)y,(x) = Auya(x), n=0,1,2,... 3.4.1)
with
o(x) =ex’ +2fx+g, w(x)=2ex+y and A, =n(e(n—1)+2¢).
In self-adjoint form this reads

(W(x) @)y} (x))" = Auw(x)yn(x) (3.4.2)
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where w satisfies the Pearson differential equation

(W) (x)) = w(x)y(x). (3.4.3)
Since Ag =0, (3.4.2) can be written as
(W) 9()3(x))" = (A — A0)w(x)yn () (3.4.4)

This can be generalized to

(0 {0 @) = (=AW {0 W) G4s)

for k =1,2,3,.... To prove this, we use induction on k. For k = 1 (3.4.5) equals
(3.4.4). For the left-hand side of (3.4.5) we obtain by using the Pearson differential
equation (3.4.3)

(w<x>{<p< Yol w)
w(x) {o(0) o (x

)
w(@) {00} i ()
+ (@) ToC) "+ (k= 1w {o )" ¢'(x) ) 3 (1
w(@) {00} o () +
(W) + (k=19 () wlx) {p ()} i (x). (34.6)

Hence (3.4.5) is equivalent to

w(x) {@() Yy () + (w(x) + (k= 19’ (0)) w(x) {ox) 3 (x)
= (M — X)W (®) {0 Yy ().

Multiplying by ¢(x) and differentiating, we obtain

+ (w0 {o} ) H )

(W) (o4 x) (V') () w() {00 Yot ()
+(w(x (W ()} ),

= (= A 1>( () (o)) - ‘><x>
(= () {0 )} A ). (347)

Now we use the fact that ' (x) = 2¢ and ¢” (x) = 2e, so that

Afn _Afkfl = Afn _}'k'*' llf/(x) + (k_ 1)(p”(x)
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to conclude that
(wE Lo} D) + (W) + (k= 1)9/(0) (win) {05 ()
= (= 251) (W) {1) 300+ O — Aw() {00 A 1)

Since we have

()0 {0} ") = (W) + (k= 1o/ () wix) {p ()},

we obtain

(v Lo 30 w) + (W) + (k= Do () (w0 {0} 3 )
= (A —21) (W) + (k= D' () w(x) {o ()} i ()
+ (A = 2w () {9 ()} ().
Hence, if (3.4.5) holds for k, we have

/

() {0 ATV 0)) = (= Awl) {o ) ot (),

which equals (3.4.5) with k replaced by k+ 1. This proves that (3.4.5) holds for all
k=1,2,3,....

If we assume that the polynomials {y,};_, are monic, id est y,<1") (x) = n!, and if
the regularity condition (2.3.3) holds, then we have by using (3.4.5)

00 10 = - (w0 {o)"3 )
= %(/'Ln — A1) (W(x) {(P(x)}nfly;nfl)(xn (n—1)

= e A ) Au) (w0 L) P )"

n

= l {H()‘n_lnk)} wX)ya(x), n=1,23,....

|
n: i—1

Hence, together with yo(x) = 1, we have the Rodrigues formula

K
w(x)

D (w() {p0}) = SIS o)) (348)

yu(x) =

forn=1,2,3,... with
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! 1
K, — " — . on=123,.... (34.9)

Mw=As) I (e(n—k—1)+2¢)
k=1 k=1

Now we use a similar procedure for the g-operator equation (2.2.7), which can be
written as

o(x) (%%wyn) (x) + v (x) (Ag0yn) (X) = Ayu(gx+®), n=0,1,2,... (3.4.10)
where

1]

Q(x) =ex’+2fx+g, W(x)=2ex+7y, A= (e[n—1]+2¢).

In self-adjoint form this reads
(Fg0 (W (S400) Fyayn)) () = An (L4.0w) () (Fgom) () GALD
where w satisfies the Pearson operator equation
(Fa.0 (W(7509))) () = (Fgow) (OY(x). (34.12)
Since Ag =0, (3.4.11) can be written as
(oo (W(L409) Dagoyn)) (1) = (A = 20) (L40w) (¥) (Fg03n) (1), (3.4.13)
Applying the operator qual, on both sides of (3.4.13), we obtain by using (2.5.3)

_ A«n_)-()
q

(g0 (Z4ow) (Z4.09) 740 (Daon))) (%) w(x)ya(x).  (3:4.14)

This formula can be generalized to

(%,w ((%,;ﬁw) {ﬁ (4w @) } o (%’fwyn)> ) ()

1

_ k—1 )
_ A=A ((yqjg,ﬂw) {1‘[ (Lo '0) } o' (%’i;lyn)> (x) (34.15)

q i=1
for k =1,2,3,.... To prove this we use induction on k. For k = 1 (3.4.15) equals
(3.4.14) since the empty operator product ‘]9[ at the right-hand side must be inter-
preted as the identity operator. For simpliéi:tly we leave out the argument x in the

sequel. Then we obtain, by using the product rule (3.2.2) twice, for the left-hand side
of (3.4.15)
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Ty ((%w) {H (#0) } ik (%'fwyn)>
T35 00| (oo (#18k))

b (o) (o (7))

~1
X Dy 0 ( (y%;,l(p)) : (3.4.16)
i
Now we use (2.5.3) and the Pearson operator equation (3.4.12) to obtain

o (L) (70s7'0)) = o (L1 W (F109)))
=" s (A0 (w(S400)))
= qikyik (Sg0w) V)

=gt (Fatw) (Zehw). G4

Further we use the following extension of the product rule (3.2.2)

N N—1
rﬂZ{q.w (Hﬁ) = (H ft) qcofN (H fz) q.cofN—l) (yq,a)fN)

N
+.. qwfl H qa)fz

i=2

to find that
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e (H (5%‘1@)> _ {'ﬁ(yq;z-ko) } o (#:29)

k=2 '
+{ (%Té‘lw)}%w (74419)

o+ {k]‘f (S5 o) } Ao (S5 a®)

k=2 . k=1 it
{H (Y,Mi,l(p)} Y Fyo (e 0) . G418)
. P

Now we use (3.4.16), (3.4.17) and (3.4.18) to obtain

o (72 { TT5 00 78 () )

i=1

= (Sow) { ﬁ (yq,é;%p)} (o (Z5sTfarn))

i=1

() {kHl (Zi o) } Ziw™ (o)

i=1
= k+j—1
<\ g Spbw+ Y Ao (Sas70) | B419)
j=1

Hence, combining (3.4.15) and (3.4.19), we have

(Fiw) {ﬁ (Lo '®) } (0o (Fisiorm) )

i=1
k—1

(i) (T o i (ston)

i=1

k—1 )
« (qkfz,zsw S o (mﬂ—w))
Jj=1

q

i=1

n— k-1 “ktl = —k -
= qo W 7,0 q7w+1 g0 Yn |- (3.5
A (S ){H(&ﬂ 0) ¢ Lo (ialvn). 3:420)

Now we apply yq_al) on both sides of (3.4.20), multiply by qué(p and apply 7, ¢, on
both sides, then we obtain by using (2.5.3)
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k+1

Py ((f,,;’;‘lw) { (o '0) } e (%’f#m))

i=1

it () {1510 2k ()

=1

k—1 )
x (q"fq,é‘,lw S gk g (%,w)))
j=1

_ An —;Lkl Ay ((yq7£W> {

i=1

k

(Lo '0) } Ik (%’fwlyn)> .(3.4.21)

Hence

7o ((%’W) { (Zi o) } 7ih (%’fxlyn)>
(ko) {110 b ()

k—1 _
X Dg.0 <‘1_k‘%;a)k_1‘l/Jr Z q_kﬂ_lyqjcﬁﬂiz (%wq))>
j=1

k=1 )

+ (q%cﬁw YA <%,m<p>>

j=1
k

<o ((73) {11580} 78 ()

i=1
=P - ~ i _
- #q “(Saw) {1:[ (Z2i '0) } T s (Tfawn)
An — Mg
q

k .
X Do <(Yq?a’3W) I1 (%L‘W) : (3.4.22)

i=1

+

S Gy

Now we use the fact that
PR B S Rt (e[k_ (1441 +2s)

to conclude that
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A —q)Lk—l q_k (yqjcﬁw) {

=q " (A — M) <Yq_£w> {H (4w @) } g (Jj‘lliwyn)

a2 (k) {f{ (Fgo @) }

xSk (%’jwyn) (e[k— (1441 +2e). (3.4.23)

k

L

i to) ) 7t ()

1

Now we use (3.4.17) and (3.4.18) to find that

_ {H (oa'0) p (Fai'w)

k=1 _
X <q_kc7qff)llf+ Y g s (%,wp)) : (3.4.24)
j=1
Since y(x) =2€ex+ 7y, we have
L (q_k«%ﬁ’é_l l//) =q I (Ayow) =g 2
and since @ (x) = ex? +2fx+ g, we have
(g.00) (x) =e(1+g)x+ew+2f and (F;,0) (x) =e(l+q)

and therefore
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k=1 .
.0 (2 ‘I_kﬂ_lyqjtﬁﬂiz (%w@)
=1

=g ! (Z S0 (%%@))
j=1

2%-1 & 22 ot 1—¢* 2
=g " le(l+9) X a7 =g e
j=1 4
=q * lelk—1](1+41). (3.4.25)

If (3.4.15) holds for k, by combining (3.4.22), (3.4.23), (3.4.24) and (3.4.25), we
obtain (3.4.15) with k replaced by k+ 1. This proves that (3.4.15) holds for all k =
1,2,3,....

If we assume that the polynomials {y, }_ are monic, id est (7", ya) (x) = [n]!,

q
and the regularity condition (2.3.3) holds, then we have by using (3.4.15)

o ((fq,o':w) 11 («Vq,é;lw)>

B ﬁ Yo (Wﬁw) { 11 <5”q,cﬁl¢>} (S (%’Twm))
S i ((f’q,a’i“w) {l'f («Vq,;ﬂp)} (Z4o™ (%’?w‘yn))>

q[n]' i=1
o (ln - l}171)(/’141 - /,Ln72)
B q*[n]!
=2 [ (2 nd i1 2 (=2
X Dg0 ( 4,0 w) '_1( 4,0 o) ¢ ( 4,0 ( 7,0 Vn))
T (Ao — ) \
:kzliwyn:qfn HM wy,, n=1,273 ...
q" [n]! el

Hence, together with yo(x) = 1, we have the Rodrigues formula

Do { (% T1 (706 '0) H (x) (3.4.26)

k=1

for (¢,w) # (1,0) and n = 1,2,3, ..., where by using (2.3.2)
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n n(n+1)
anq”Hlijl =1 . n=123,.... (3427
k=t I T (el2n—k — 1)+ 2€)

k=1

In the case of the difference operator A (i.e. ¢ = 1 and @ = 1), this reads

Ya(x) = Ky A" (w(x—n)ﬁ(p(x—k—l)), n=1,23,..., (3.4.28)

k=1

where K, is given by (3.4.9).

3.5 Duality

In this section we consider the concept of dual polynomial systems. The following
definition of dual polynomial systems is due to D.A. Leonard (see [371]):

Definition 3.1. Let N € {1,2,3,...} or N — o« and let {x,}_ and {2, }"_, denote
two (finite or infinite) sequences of complex numbers with

Kn# K, and A, #A,, m#n.

Then two (finite or infinite) polynomial systems {y,}"_, and {z,}\_; in & with
degree[y,] = n and degree(z,] = n for n = 0,1,2,... N are called dual polynomial
systems with respect to the sequences {k;, }_, and {4, }_ if

Yu(Kn) = zm(An), mn=0,1,2,... N. (3.5.1)

The numbers k;, € C and A,, € C are called eigenvalues.

Remark. If y, = z,, for n =0,1,2,...,N in the above definition, then the (finite or
infinite) polynomial system {y, }V_, is called self-dual.

Now we want to construct a dual polynomial system {z,,}nN:() to a system of polyno-
mial solutions {yn}fl\;o of the eigenvalue problem (2.2.1). We will prove:

Theorem 3.6. Let N € {1,2,3,...} or N — o, g € R\ {—1,0} and o € R with
(g, @) # (1,0). Define the (finite or infinite) sequence {K, }_, by

w
Kn::qnxo+[n]wa xoe(c\{l—q}7 n:071727"'7N'

Let {yn}nN:() denote a (finite or infinite) system of polynomial solutions of the eigen-
value problem (2.2.12) and let C and D be functions defined by (2.2.13),

_ 2e(x0—0)+yg
gxo+ @ —xp

(D(x0) =) gC(x0) 0
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and
C(k,)#0, n=0,1,2,...,N—1.

If the regularity condition (2.3.3) holds, then there exists a (finite or infinite) poly-
nomial system {z,}N_q in 2 such that {y,}\_, and {z,}N_, are dual polynomial
systems with respect to the sequence {1\, }ZV:O of eigenvalues of (2.2.12) and the se-
quence {K,}\_, id est we have (3.5.1). The polynomials {z,}Y_ satisfy the three-
term recurrence relation

C (%) znt1(x) — {C (&) + D(K2) } 2n(x) + D(K)zn—1(x) = x25(x) (3.5.2)

forn=0,1,2,... N — 1 with the convention that 7_1(x) := 0.

Proof. Since degree[yp] = 0, we have yo(x) = ¢ € C\ {0}. Hence from (3.5.1) we
have z9(4o) = yo(kp) = c. Since degree[zg] = 0, we conclude that zo(x) = ¢ # 0.
Since C(k;) # 0 forn=0,1,2,...,N — 1, the polynomial system {z, }"_ is uniquely
determined by the three-term recurrence relation (3.5.2).

If we substitute x = K;,, in the symmetric form (2.2.12) of the operator equation,
we find by using (3.5.1)

C(Kn)yn(Kn+1) = {C(Kn) +D(Kn) } yu(Kn) + D(Kn)Yn(Kin—1) = A yn (Kim)-

This equation can be seen as a three-term recurrence relation for {y,,(Km)}In\i:O. The
coefficients of this recurrence relation coincide with those of (3.5.2). So we may
conclude that z,,(A,) = y,, (k) if the initial conditions zo(A,) = y,(xp) coincide for
n=0,1,2,...,N. This can be achieved if and only if y,(xp) # 0 forn=0,1,2,... N.

To prove the last assumption, we first remark that yo(kp) = ¢ # 0. Next we assume
that y; (k) = 0. Then we have

C(xo0)y1(x1) — C(Ko)y1(x0) = Aiy1(x0) = 0.

Hence y; (ko) = y1 (k1) = 0, which implies that y; (x) = 0 since C(kp) # 0, ko #
k1 and degree[y;] = 1. Hence y; (ko) # 0. Similarly for each n € {2,3,4,...} the
assumption that y, (ko) = 0 would imply that

Ya(K1) = yu(12) = Yu(K3) = -+ = yu(K) =0

and therefore y,(x) = 0 since &, # k;, if m # n and degree[y,] = n. Hence y,(kp) # 0
forn=0,1,2,...,N. O

Sometimes it is useful to have a bounded sequence {x; }f:’zo as we will see later on.
In the preceding theorem this is not the case for |g| > 1. Therefore we will restate
this theorem for a different sequence {;, }\_:

Theorem 3.7. Let N € {1,2,3,...} or N — o and let {k,}_, be a finite or infinite
sequence defined by

1 (0]
= —(x0— C\q — =0,1,2,...,N.
6= - wech {12 im0,
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Assume that the hypotheses of the preceding theorem hold with

e(xo—®)* +2fq(x0 — ) + 84> _

0
q(gxo+ ® —xp)?

(Clxo) =)
and
D(x,) 20, n=0,1,2,....N—1.

Then there exists a (finite or infinite) sequence of dual polynomials {z, }i,vzo satisfying
the three-term recurrence relation

D(Ky)zn+1(x) = {D(Ky) + C(Kn) } 2n(x) + C(K)zn—1(x) = x2(x)
Jorn=0,1,2,...,N — 1 with the convention that z_(x) = 0.

In some cases a theorem by G.K. Eagleson (see [189] in a generalized form)
establishes a correlation between the orthogonality of two dual polynomial systems.
For a given sequence {x,}_, of real numbers and a sequence {w,};_, of weights
with w, > 0 forn =0,1,2,... we define the Hilbert space

Lz({xn}7{wn}) = {f :R—-C

Z)Wﬂf(xn)z < °°}

with the scalar product

(f.8) = iownﬂxn)g(xn),

where g denotes the complex conjugate of g.
Now we will prove

Theorem 3.8. Let N € {1,2,3,...} or N — o and let {x,}\\_ be a finite or infinite
sequence of real numbers. Let {y, }2\]:0 be a finite or infinite sequence of polynomials
with degree|y,| = n satisfying the orthogonality relation

N
Zwvym(xv)Yn<xv) = Oy 6mny wy >0, 0,>0, mn=0,1,2,...,N.
v=0

For N — oo let {\/yg} o be a complete orthonormal set in L*({x,},{w,}). Then
n ) p=

the dual orthogonality relation

Nl Suv
Ziyn(x#)y"(xv)zia H,V:071727...,N (353)
n=0 -1 Wy

holds.

Proof. We prove the theorem for N — oo. Consider the function
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1 for x = xy,
uy(x) = xeR. (3.5.4)
0 for x # xy,

Yn

we have the repre-
Vo } 0 P

-5 (w358

where the Fourier coefficients can be computed as

yn(xi) Wv}’n(xv)
) Zwluv Xi) NGA Jor

Because of the completeness of the orthonormal set

sentation

(e

By using Parseval’s identity, we obtain

i) = 3 (1,22 ) (w22 ) = 3 erntibnl)

n=|

On the other hand we have
(wy,uy) = 2 witty (X; )uy (x;) = wy Sy
i=0
Comparing both results for (uy,u,) leads to (3.5.3). O
In terms of duality, the last result can be restated as follows.

Corollary 3.9. Let N € {1 2,3,...} or N — oo and let the finite or infinite polynomial
systems {y,,}n o and {z,, _o be dual with respect to the finite or infinite sequences
{K 3 and { A}, and let the orthogonality relation (3.1.1) hold for x, = K.
Then we also have the dual orthogonality relation

% Zu ()LH)ZV()%) _ %

, ,v=0,1,2,....N
n=0 On Wy H

In the case that N — oo, the completeness of { \}27} o in L>({x,},{wn}) is neces-
n ) p=
sary.

The completeness of the orthonormal set {\%—} o in the infinite case (i.e. N — oo)
nJ) n=

can easily be established for a bounded sequence {x,}_:
Theorem 3.10. Let {x,};7_, be a bounded sequence.

Then the orthonormal set { e }n=0 is complete in L*({x,},{w,}).

Proof. 1t suffices to show that the functions u, defined by (3.5.4) can be approxi-
mated in the sense of the norm || || of L*({x, }, {w,}) by polynomials. Since {x,}:_,
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is a bounded sequence, it is contained in some compact interval [, b] on the real line.
First we show that the function u, can be approximated by continuous functions on
[a,b]. For a given number € > 0 we choose ng € {1,2,3,...} such that

H=ng
and we choose a function f € Cla,b] with |f(x,)| < 1forall up € {0,1,2,...} and

1 foru=v,

f ) =
0 for u #v, u<ng.

Then we have

=

[ iow,Af(xu)—uv(x,i)F— S wulFl) — )P < Y wp <.
y:

p=no p=no

Now it remains to prove that functions in C[a,b] can be approximated by polynomi-
als. According to the Weierstrass approximation theorem, for a given number € > 0
and a function f € Cla, b], there exists a polynomial p € & such that

sup [f(x) —p(x)| <e.

x€la,b]

Hence

=

1= pll = 3 walf ) — pl) 2 < € 3w

u=0 u=0
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Classical Orthogonal Polynomials






Chapter 4
Orthogonal Polynomial Solutions of Differential
Equations

Continuous Classical Orthogonal Polynomials

4.1 Polynomial Solutions of Differential Equations

In the case of the ordinary differentiation operator D = .7 o, we have to deal with
(cf. (2.2.9)):

(ex® +2fx+g)y!(x) + (2ex+ )y, (x) = n(e(n — 1) +2€)y,(x) 4.1.1)

with e, f,g,€,y€ Cand n=0,1,2,.... We look for monic polynomial solutions of

the form L
n
yn(x):Zan,k%, anp=n!, n=0,1.2,... (4.12)
k=0 '

where the coefficients satisfy the three-term recurrence relation

(n—k)(e(n+k—1)+2¢€)ay i+ (2(ec — f)k+2ec—7y) an i+
—(ecszchrg)an’k_,_z:O, npt1 =0, k=n—1,n—-2n-3,...,0.

If ¢ can be chosen such that ec?> — 2 fc+ g = 0, this leads to the two-term recurrence
relation (cf. (2.4.9))

(n—k)(e(n+k—1)+2¢€)anr+ (2(ec— f)k+2ec—7)ay 11 =0 (4.1.3)

fork=n—1,n—2,n—3,...,0. If ec> — 2fc+ g = 0 has no solution for ¢, id est
e= f=0and g # 0, then we find from (2.4.4) with ¢ = y/2¢ the two-term recurrence
relation (cf. (2.4.10))

2e(n—k)ayr—gang42=0, apuy1=0, k=n—1,n-2,n-3,...,0. (4.1.4)

R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their q-Analogues, 79
Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-05014-5_4, © Springer-Verlag Berlin Heidelberg 2010
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In section 2.6 we found that the monic polynomial solutions {y,};_, satisfy the
three-term recurrence relation

Ynr1(X) = (x = u)yn(x) =dnyn—1(x), n=1,2,3,..., (4.1.5)
with initial values yo(x) = 1 and y; (x) = x — ¢o, where

2fn(e(n—1)+2¢)—y(e—¢)
2(e(n—1)+¢€)(en+e)

. n=0,1,2,... (4.1.6)

Cp =

and
n(e(n—2)+2e¢)
4(e(2n—3)+2€)(e(n—1)+€)* (e(2n—1) +2¢)

x ({200 = 1)+ 7}H2f (eln—1) +2€) — e7}
~4gle(n—1)+e)’), n=123,... 4.1.7)

dy, =

4.2 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

In this chapter we classify all positive-definite orthogonal polynomial solutions of
the second-order differential equation (4.1.1). These solutions are called continuous
classical orthogonal polynomials. Such a classification was first given in 1929 by
S. Bochner in [106].

By Favard’s theorem (theorem 3.1), a polynomial y,(x) of degree n satisfying
both the differential equation (4.1.1) and the three-term recurrence relation (4.1.5) is
orthogonal with respect to a positive-definite linear functional only if ¢, € R for all
n=0,1,2,...andd, >0foralln=1,2,3,....

We will consider three different cases depending on the form of ¢(x) = ex? +
2fx+g:

Case I. Degree[¢] = 0: e = f = 0 and we may choose g = 1. Then we have

n= =L n=0,1,2,... and dy=— n=123,....
2¢e 2¢e

Hence positive-definite orthogonality occurs for € < 0 and y € R.

Case I Degree[p] = 1: ¢ = 0 and we may choose 2f = 1. Then we have

2n+ty

n(n—14vy—2ge)
Cl‘l = s
2¢e

4¢2 ’

n=0,1,2,... and d,= n=1,23,....
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Hence we have positive-definite orthogonality for 2ge < yand g, €,y € R.

Case IIL Degree[@] = 2: we may choose ¢ = 1. Then we have

_ 2fn(n—1+2¢)—y(1—¢)
" 2(n—1+¢)(n+e)

, n=0,1,2,...

and

n(n—2+2¢) D =123

d =
" 4(2n—3+42¢)(n—1+¢€)2(2n—1+2¢) "

where
D, ={2f(n—1)+7}{2f(n—1+2¢) -y} —dg(n—1+¢€)*>, n=12,3,....

Positive-definite orthogonality requires that f,g,€,7 € R.
For € > 0 we have
n(n—2+2¢)
4(2n—3+42¢)(n—1+4¢€)%(2n—1+2¢)

>0, n=123,...,

where the case 2¢ = 1 must be understood by continuity. Now we have

D, = {2f(n—1)+y}{2f(n—1+2¢)—y} —4g(n—1+¢)*
= {2f(n=1)+7}H{2f(n—1) =y} +4fe{2f (n— 1) + 7} —4g(n— 1 +¢)?
=4(fP—g)(n—1+€)—(y—2fe)?, n=1.273,....
Hence for & > 0 the positivity of d, > 0 forall n = 1,2,3,... requires that f> —g >0,

which implies that the polynomial ¢(x) = x> +2fx + g has two different real zeros.
For € < 0 we write

2¢e=-2N—t with Ne{1,2,3,..} and —1<r<l1.

Note that this notation does not cover the (trivial) range —1 < 2¢ < 0. However,
we will be able to find finite orthogonal polynomial systems consisting of N + 1
polynomials. Now we have

n(n—2+2¢)
42n—3+2¢)(n—1+¢€)%(2n—1+2¢)

<0, n=123,...,N

which does not longer hold for n = N + 1. So in this case we have
d,>0 for n=123,....N <— D,<0 for n=1,2,3,....N.

In this case the polynomial ¢ (x) = x> +2fx + g might have two different real zeros
if f2—g > 0, two equal real zeros if f> — g = 0 or two nonreal (complex conjugate)
zeros if f2 — g < 0.
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Concluding, positive-definite orthogonality occurs for

Case Ila. £ > 0 and 4(f% — g)e? > (y—2f€)?. This implies that f> > g, which
means that the polynomial ¢ has two different real zeros.

Moreover, we also find three finite orthogonal polynomial systems in the following
three different cases:
Case ITIb. The polynomial ¢ has two different real zeros: f> > g and 4( > — g)&?

(y—2f¢)>.

<

Case IlIc. The polynomial ¢ has two equal real zeros: f> = g and y # 2f«.
Case ITId. The polynomial ¢ has two non-real (complex conjugate) zeros: f2 < g.

As indicated in section 3.2, the orthogonality relations can be obtained in each case
as follows. The differential equation (4.1.1) can be written in the self-adjoint form

(W(py;l)/ (x) = Ayw(x)yn(x), n=0,1,2,... 4.2.1)

if w satisfies the Pearson differential equation (cf. (3.2.13))

(wo)' (x) = w(x)w(x), (4.2.2)

where @(x) = ex?> +2fx+g, y(x) = 2ex+yand A, =n(e(n—1) + 2¢). If we multi-
ply (4.2.1) by y;(x) and subtract from the resulting equation the same equation with
m and n exchanged, then integration by parts over an interval (a,b) with a,b € R and
a < b leads to (cf. (3.2.14))

o) [ WCma0) 0
= (W90 (0 3) e (0) | @23)

form,n € {0,1,2,...}. If the regularity condition (2.3.3) holds, we have A, # A, for
m # n. This leads to an orthogonality relation on the interval (a,b) with respect to
the weight function w(x) if the boundary conditions

w(a)p(a)=0 and w(b)p(b)=0 (4.2.4)

hold. Here we have a < b with a,b € R or possibly a — —ee and/or b — oo. In the lat-
ter cases we have orthogonality on (a, ), (—ee,b) or (—eo,c) and the corresponding
improper integrals of the first kind exist if the moments

b
Mn::/ wx)x"dx, n=0,1,2,...,
a
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where a = —oo and/or b = oo, are all finite.
In the case of finite polynomial systems {y,(x)}"_ consisting of N + 1 polyno-
mials with N € {1,2,3,...} we must have that

b
Mn:=/ wx)¥dx, n=0,1,2,....2N
a

are finite.
For the computation of the squared norm (cf. (3.1.4)) we must have A[y%] =
A[1] = 1. Therefore we define

b
do = / w(x) dx (42.5)

which leads to the squared norm
o, ._/ (0) Ly () Y2 dx = Hdk, n=0,12.. N (4.2.6)

with N € {1,2,3,...} or N — eo.

Finally, we remark that the possible positive-definite orthogonal polynomials sat-
isfying both the differential equation (4.1.1) and the three-term recurrence relation
(4.1.5) are uniquely determined by Favard’s theorem. However, the orthogonality
relation can be obtained in several different ways.

In the next section we will derive a weight function, a second-order differential
equation, a three-term recurrence relation, a hypergeometric representation, a Ro-
drigues formula and an orthogonality relation for the positive-definite orthogonal
polynomials in all six cases. More details and properties will be given in chapter 9.

4.3 Properties of the Positive-Definite Orthogonal Polynomial
Solutions

Case I. We have e = f =0, g = 1 and € < 0. In this case we have @(x) = 1 and
W(x) = 2ex+ y. Hence by using the Pearson differential equation (4.2.2), we obtain

w'(x)
w(x)

which leads to a positive-definite weight function of the form

=2ex+7y

w(x) — esx2+)/x
for the Hermite polynomials. The boundary conditions (4.2.4) lead to the interval
of orthogonality (—eo, ). The weight function for the Hermite polynomials is con-
nected with the normal distribution in stochastics.
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The differential equation (4.1.1) reads
Yu(¥) + (2€x+ 1)y, (x) = 2enya(x), n=0,1,2,...

and the three-term recurrence relation (4.1.5) can be written as
n
poe1 @) = (x40 ) 1)+ 2y (), n=1,2.3,...

with yo(x) = 1 and y; (x) = x+7/2e.
For the coefficients of the representation (4.1.2) we use (4.1.4) with ¢ = y/2¢ to
obtain

2e(n—k)any = angyr, k=n—1,n—-2,n-3,...,0, ap,41 =0, ap,=n!

Hence we have

n!

—_ =0,1,2,... 2
(48)kk!) k 07 PEd] 7\_”/J

Apn—2k+1 = 0 and Apn—2k =

which implies by using (4.1.2)

[n/2] o y n—2k [n/2] 1 Y n—2k
kzo (n— 2k)! ( +§) =n 2 (4e)kk!(n— 2k)! (x+£)
: Py /a2 gy
kzo "k' (e zg) -2 kKl (++3¢)

:<x+l)"2F0 —n/2,—(n 1)/2,;2 Cn=0,12,...,
2e - €(x+ )

where |n/2] denotes the largest integer smaller than or equal to n/2.
The Rodrigues formula (3.4.8) equals

el
=" Tprletin] n=012
yul(x) = ey e , n=0,1,2,....

By using (1.2.5) we find that

do :=/ w(x)dxz/ e£x2+Vde=,/£e*f/4g>o.

Together with (3.1.4), this leads to the orthogonality relation

/ e8x2+)/xym(x)yn(x)dx: \l —18 ( 28)" 77/2/48 6"1’17 m,n2071725""
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Case II. We have e =0, 2f = | and 2ge < y. By writing g = —a, we have @(x) =
x—a and y(x) = 2ex+ v. Hence by using the Pearson differential equation (4.2.2),
we obtain
w(x) 2ex+y—1
wx)  x—a

a
=2e+——, x#a
x—a
with y = a4+ 1 — 2ag, which leads to a positive-definite weight function of the form

o e2£x

w(x) = (x—a) , a<x

for the Laguerre polynomials. The boundary conditions (4.2.4) lead to the interval
of orthogonality (a,e<) and the conditions ot 4+ 1 > 0 and € < 0. Note that we have

a+1>0 <= 7v4+2ae>0 <<= 7y—2ge>0,

which is equivalent to 2ge < 7. The weight function for the Laguerre polynomials is
connected to the gamma distribution in stochastics.
The differential equation (4.1.1) reads

(x—a)yl(x)+{2e(x—a) + o+ 1}y, (x) = 2eny,(x), n=0,1,2,...

and the three-term recurrence relation (4.1.5) can be written as

2n—2as+a+1 n(n+o)
Ynr1(x) = (X+ 28>yn(x)482ynl(x)ﬂ n=123,...
with yo(x) =T and y;(x) =x—a+ (a+1)/2¢.
For the coefficients of the representation (4.1.2) we use (4.1.3) with ¢ = —a to
obtain

2e(n—k)ayy = (k+o+1)ap1, k=n—1,n—2n-3,...,0, a,,=n!.
Hence we have

(k—l—oz—H),,_k '7(054‘1)” (—I’l)k

= = —2e. k=0,1,2,...
An k (28)”71‘(}1—/()!” (28)” (a+1)k( S)v y Ly 4 ,n

which leads to

(= (2e)*(a—x)*
0 (o4 1)k k!

3 (x—a)* _ (a+1),
y”(x)_goa””‘ KT (e

(4 1), -n
:WIFl a+1,28(a—x) ., n=0,1,2,....

The Rodrigues formula (3.4.8) equals

M=

=0 —2ex
() = & 28; D" [(x—a)"" "], n=0,12,....
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By using (1.2.1) we find that

= = [(o+1)e*®
- _ 2 —
do .—/a w(x)dx—/a (x—a)%e E"dx—W>O.

Together with (3.1.4), this leads to the orthogonality relation

> [(n+ o+ 1)e*€n!
‘/a (x—a)aezs)CYm(x))’n(x)dx: (728)2""'0"“ 5111717 m,n :()71,27----

Case ITla. We have e = 1, 2 > g, &€ > 0 and 4(f? — g)e > (y— 2f¢)>. In this case
we may write @(x) =x>+2fx+g = (x —a)(x—b) with 2f = —a— b and g = ab.
Then we obtain by using the Pearson differential equation (4.2.2)

w(x) 2(e-Dx+y+at+b o B
wix)  (x—a)x—b)  x—a b—x’

x#a, x#b, a<b

with2e =a+f+2and y=—a(f+1) —b(oc+ 1), which leads to a positive-definite
weight function of the form
w(x)=(x—a)*(b-—x)P, a<x<b

for the Jacobi polynomials. Note that we have

4(f2—g)e? — (y—2fe)*
(b—ay

—4ge? — ¥ +4fey
(b—ay
— (a+1)(+1)>0.

>0 <«— >0

The boundary conditions (4.2.4) lead to the interval of orthogonality (a,b) and the
conditions a2+ 1 > 0 and § + 1 > 0. The weight function for the Jacobi polynomials
is connected to the beta distribution in stochastics.

The differential equation (4.1.1) reads

(x—a)(x=b)y,(x) +{(a+ 1)(x—b)+ (B+1)(x—a)}y,(x)
=n(n+oa+pB+1)ya(x)

forn=0,1,2,... and the three-term recurrence relation (4.1.5) can be written as

Ynt1(x)
_ <x 2n(n+a+ﬁ+1)(a+b)+{a(B+1)+b(a+1)}(a+ﬂ)>y )
2n+o+B)2n+a+p+2) "

_ n(n+a)(n+p)(n+a+p)(b—a) )
Qn+a+B—1)2n+a+BR2ntoat+pr1)"!

forn=1,2,3,...withyo(x) =l and y; (x) =x— (a(B+1)+b(a+1))/ (ot + B +2).
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For the coefficients of the representation (4.1.2) we use (4.1.3) to find

(n—k)(n+k+oa+B+1)anx
= —{(@2k+o+B+2)c+(a+b)(k+1)+aP +bo}anys

fork=n—1,n—2,n—3,...,0, where (c+a)(c+b) = 0. So if we choose ¢ = —a,
we have

(n—k)(n+k+o+B+1)ayx = (a—b)(k+ ot +1)ay i1
fork=n—1,n—-2,n-3,...,0 with a,, , = n!, and if we choose ¢ = —b, we obtain
(n—k)(n+k+o+B+1)an = (b—a)(k+ B+ 1)anis

fork=n—1,n—2,n—3,...,0 with a, , = n!. Hence for ¢ = —a we obtain

(a—b)"*k+a+1),4n!
(n=k)!(n+k+o+B+ 1)

(a—b)”(oc—i—l)n(—n)k(n+a+l3+l)k< 1 >’<
C (nto+B+1), (oc+ 1) b—a)’

ank =

which leads to

z (x—a)*  (a—b)"(a+1), —nn+a+f+1 x—a
zan,k o F ;
k=0

(ntatP+1),’ o+1 "b—a
forn=0,1,2,..., and for c = —b we obtain
P (b—a)" *k+B+1),_in!
T =) (k- a+ B+ 1), s

_ (b—a)"(B+1n (n)k(n+a+ﬁ+l)k< 1 >"
 (nta+B+1), (B+ 1)k a-b)’

which leads to

ia (x—b)k  (b—a)"(B+1), £ (n,n+a+ﬁ+1.xb)
par Kk (nto+B+1),> " B+1 "a—b

forn=0,1,2,....
The Rodrigues formula (3.4.8) equals

(x—a) *(b—x) P

) = (=1)" (n+a+p+1),

D" [(x—a)"“x(b—x)”ﬁ} , n=0,1,2,....

By using (1.2.10) we find that



88 4 Orthogonal Polynomial Solutions of Differential Equations

T(a+1)I(B+1)
MNa+p+2)

dp := /abw(x)dx = ./a.b(x—a)“(b—x)ﬁ dx = (b—a)**P+1 > 0.

Together with (3.1.4), this leads to the orthogonality relation

/ab(x —a)*(b—x)Pyn(x)yn(x) dx

Tt ot B Dt @t DN B Dl oo

r2n+a+B+1)I2n+a+p+2)

form,n=20,1,2,....

Case ITIb. We have e = 1, 2 > g, 4(f> —g)e? < (y—2f¢€)? and 2e = —2N —¢
with N € {1,2,3,...} and —1 < ¢ < 1. Here we also have @(x) = x*> +2fx+g =
(x —a)(x—b) with 2f = —a— b and g = ab. Then we find by using the Pearson
differential equation (4.2.2)

w’(x):2(£—1)x+}/+a+b: o B
w(x) (x—a)(x—b) x—a x-—b’

x#a, x#b, a<b

with2e = o+ f+2and y=—a(B +1) —b(a+ 1), which leads to a positive-definite
weight function of the form
wx) = (x—a)*(x—b)P, a<b<x

for the Jacobi polynomials. Now we have

4(f* —g)e* — (y—2f¢)?
(b—a)

—dge? —y* +4fey
(b—ay
= (a+1)(B+1)<0.

<0 <= <0

The boundary conditions (4.2.4) lead to the interval of orthogonality (b,<) and the
conditions B+ 1 >0and ¢+ + 1 < —2N.

The differential equation, the three-term recurrence relation and the hypergeomet-
ric representation are the same as in the previous case.

The Rodrigues formula (3.4.8) can now be written as

(x—a) “(x—b)P
n+oa+pB+1),

yu(x) = D" [(x—a)”*'a(xfb)""'ﬁ], n=0,1,2,...,N.
By using (1.2.10) we find that

do ::/bmw(x)dx:/bm(xfa)a(x—b)ﬁdx
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Together with (3.1.4), this leads to the orthogonality relation

| 6= =5yl

) )dx
Fn+B+1)I(-2n—o—B—1)I(-2n—o—P)n!
- (

2n+o+p+1
—— ﬂ)r —n—a) (b—a) O

—~

form,n=20,1,2,...,N.

Case Illc. We have e = 1, f> =g, y#2fe and 26 = —2N —t with N € {1,2,3,...}
and —1 < < 1. In this case we have @(x) = x*> +2fx+g = (x —a)? with f = —a.
Then we obtain by using the Pearson differential equation (4.2.2)

wi(x) 2(e-1x+y+2a « B ita
w(x) (x—a)? _x—a+(x—a)2’ 7

with 26 = ¢+ 2 and Yy = 8 — a(a + 2), which leads to a positive-definite weight
function of the form

B
wx)=(x—a)% a4, x>a

for the Bessel polynomials. The boundary conditions (4.2.4) lead to the interval of
orthogonality (a, o) and the conditions &z + 1 < —2N and 8 > 0.
The differential equation (4.1.1) reads

(x—a)’y; () + (@ +2)(x—a) +B)y,(x) = n(n+a+1ya(x), n=0,12,....N

and the three-term recurrence relation (4.1.5) can be written as

S () = (x— dn(n+o+1a+{a(o+2) —ﬂ}oc)yn(x)

2n+o)2n+a+2)
n n(n+a)B?
(2n+o—1)2n+0)*?2n+a+1

)Yn—l (x)

forn=1,2,3,...,N—1 with yo(x) = 1 and y; (x) =x— (a(a +2) — B) /(. +2).
For the coefficients of the representation (4.1.2) we use (4.1.3) to find

(n—k)(n+k+o+1)ay, = Banks1, k=n—1,n—2,n—3,...,0, ap,=n!
where ¢ = —a. Hence we obtain

B *n! (=DM n(n o 1) B
(n—k)!(n+k+a+1), (n+o+1), ’

ank =

which leads to

ia k(x—a)k: B " —nnt+o+l  x—a
P S 1 (n+to+1), - B
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forn=0,1,2,...,N
The Rodrigues formula (3.4.8) equals
B
(x—a) %exa

YH(X): (n—i—(x—i—l)n

D" [(x )P Ba}, n=0,1,2,....N.
By using (1.2.1) we find that
< °° B
do :z/ w(x)dxz/ (x—a)% adx =B I(—oc—1) > 0.
a a

Together with (3.1.4), this leads to the orthogonality relation

B (—2n — o — 1) (=21 — ot)n!
I'—n-—a)

[ x—a)e ey (x)yn(x) = Sun

form,n=20,1,2,...,N.

Case IIId. We have ¢ = 1, f> < g and 2¢ = —2N —t with N € {1,2,3,...} and
—1 <t < 1.Inthis case we have @(x) = x> +2fx+g=(x+f)>+g—f>=(x+f+
i) (x+ f—i&) with { = \/g — f2. Then we obtain by using the Pearson differential
equation (4.2.2) for x+ f # +i{

wi(x) _ 2(e—1)(x+f)+y—2fe
w(x) (x+f)?+ &2
_ 2(e=1x+f) . y—2fe n y—2fe
(x+ )2+ 28{C+ilx+ )} 28{f—ix+ 1)}’

which leads to a positive-definite weight function of the form

+f

(D ) el G
= {C+ilx+ N TV —ilx4 1)

with v = (y—2f¢)/2¢ for the pseudo Jacobi polynomials. The boundary conditions

(4.2.4) lead to the interval of orthogonality (—oo,c0). The weight function for the

pseudo Jacobi polynomials is connected to the student’s t-distribution in stochastics.
The differential equation (4.1.1) reads

{2+ 21000+ (2ex+9)y,(x) =n(n—1+2e)ya(x), n=0,1,2,...,N

and the three-term recurrence relation (4.1.5) can be written as

B 2fn(n—142¢)—y(1—¢)
y"“(x)_(” 2(n—T+e)n+e) )y"(x)

n(n—2+2¢) (4(n—1+¢€)*L>+ (y—2f¢€)?)
42n—3+42¢)(n—1+€)*(2n—1+2¢)

Yn—1 (x)
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forn=1,2,3,...,N—1 with yo(x) = 1 and y; (x) = x+ y/2¢.
For the coefficients of the representation (4.1.2) we use (4.1.3) to find

(n—k)(n+k—1 Jr28)an,k =—(2(c—fk+2ec—7) A k+1

fork=n—1,n—2,n—3,...,0,where ¢ —2fc+g=0 <= (c—f)>*+¢*=0.
If we choose ¢ = f +i{, we have

(n—k)(n+k—1+2€)an = (y—2fe =2l (k+€))an+1
fork=n—1,n—2,n—3,...,0 and if we choose ¢ = f —i{, we have

(n—k)(n+k—142€)ay; = (y—2fe+2il(k+€))an i1
fork=n—1,n—2,n—3,...,0. Hence for ¢ = f +i{ we obtain

(200 Mkt et V)i
Gk = =)t k— 11 28) s
(=2i8)"(e+iv)p (—n)x(n—142€);, 1

T (i—1+2e), (etrivie  (2i0)F

which leads to

ia (e fHi0)C  (Z2i0)"(e+iv)n . (—mn—142e x+f+if
P S Y T (ni—1+2e), ° e+iv 2l

forn=0,1,2,...,N and for c = f —i{ we obtain

— (2iC)n_k(k+8_iv)n—k |
Ank = (n—k)!(n+k—1+2£>nfkn.
(2[{)"(57“/)” (7n)k(n*1+28)k 1

T (n—1+2e), (e—iv) (—2i0)F’

which leads to

iank(x—i—f—i@)k ~ig)(e—iv), P (—n,n—1+2£.x+f—ic>

ST T -1t2e), '\ e—iv 0 2i

forn=0,1,2,...,N.
The Rodrigues formula (3.4.8) equals
+f

2 21 1—€ —2varctan “F -
yn(x) — {(x+f) “I‘C } € ¢ D" |:{<x+f)2+cz}n+£le2varctang«f:|

(n—1+42¢),

forn=0,1,2,...,N.
By using the Cauchy integral (1.2.12), we obtain
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doi= [ wi)dx= [ {C+ile+ HYTITE =il £} ax

_ 2rr(l —2€)(2¢)%!

> 0.
IT(1—e+iv)?

Together with (3.1.4), this leads to the orthogonality relation

o ) () d

_2rT(1—2n—2€)T(2—2n—2¢)(2{)* 2 !
r2—n—2¢e)[T(1—n—e+iv)

Omn, myn=0,1,2,... N.
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In this chapter we have proved:

Theorem 4.1. The positive-definite orthogonal polynomial solutions y,(x) of
the differential equation (4.1.1)

(ex® +2fx+g)yy (x) + (2ex+ 1)y, (x) = nle(n — 1) +2€)ya(x)
forn=0,1,2,... consist of three infinite systems
Case 1. Hermite polynomials with orthogonality on (—oe, o) with respect to
w(x):e”zﬂ'x;e:f:O,g:1ande<0

Case II. Laguerre polynomials with orthogonality on (a,c) with respect to
w(x) = (x—a)%e** ;e=0,2f=1,€<0and a > —1

Case Ila. Jacobi polynomials with orthogonality on (a,b) with a < b with

respect to
wx)=@x—a)?(b—x)B;e=1,f>>g€e>0,0>—-1andB > —1

and three finite systems of N + 1 polynomials

Case IIIb. Jacobi polynomials with orthogonality on (b,e) with respect to
wx) = (x—a)®(x—b)P ;a<b e=1, f2>g 26 =—2N—1t withN €
{1,2,3,...}and -1 <t <1, < —2Nand > —1

Case Illc. Bessel polynomials with orthogonality on (a,) with respect
1o wx) = (x—a)%e B/6=a) . ¢ =1, f2 =g 26 =—2N—1 with N €
{1,2,3,..}and —1<t<l,a<—-2N—1land 3 >0

Case II1d. Pseudo Jacobi polynomials with orthogonality on (—eo,o0) with
_ - x+f

respect to w(x {CZ (x+1) }8 le{(y 2f€)/Cyarctan = ce=1, fA<g

2e = —2N—ththNe {1,2,3,...}and -1 <t <1, {=+/g— f*>0.

The finite cases of the Jacobi, Bessel and pseudo Jacobi polynomials were discovered
in 1929 by V. Romanovski in [463].

These six systems constitute the class of continuous classical orthogonal polynomi-
als.






Chapter 5

Orthogonal Polynomial Solutions of Real
Difference Equations

Discrete Classical Orthogonal Polynomials I

5.1 Polynomial Solutions of Real Difference Equations

In the case of the difference operator A = o7} ;, we have to deal with (cf. (2.2.8)):

(ex2+2fx+g) (Azy,l) (x)+(2ex+7y) (Ayy) (x) =n(e(n—1)+2€)y,(x+1) (5.1.1)

forn=0,1,2,... with e, f, g, €,y € R. This difference equation can also be written
in the form (cf. (2.2.16))

(e(x=1)*+2f(x—1) +g) (A (Vyn)) ()
+ (2e(x—1)+7) (Vyn) (x) = nle(n -

or in the form (cf. (2.2.12))

1) +2€)ya(x)

C(x)yn(x+1) ={C(x) +D(x) } yn (x) + D(x)yn(x — 1) = n(e(n — 1) + 2€)yn(x)
forn=0,1,2,..., where (cf. (2.2.13))
C(x)=e(x—12+2f(x—1)+g and D(x)=C(x)—2e(x—1)—7y. (5.12)
We look for monic polynomial solutions of the form (cf. (2.4.14))
n
) = Zan.k<xjf), Gup=nl, n=0,1,2,..., (5.1.3)
k=0

where the coefficients satisfy the two-term recurrence relation (cf. (2.4.15))
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(n—k)(e(n+k—1)+2¢€)a,y
—(etk—1=c)*+2f(k—1—c)+g) a1 =0 (5.1.4)
fork=n—1,n—2,n—3,...,0 provided that c satisfies
e(c+1)?=2f(c+1)+g=—2e(c+1)+7. (5.1.5)

In cases where ¢ cannot be obtained from this equation, we use the representation
(cf. (2.4.16))

x+c+k-—2
Va(x kzob"k< N ) bup=n!, n=0,1,2,..., (5.1.6)
where the coefficients satisfy the two-term recurrence relation (cf. (2.4.17))

(n—k)(e(n+k—1)+2¢€)b,
+ (ek* +2(ec — f+€)k+2ec—y) bygr1 =0 (5.1.7)

fork=n—1,n—2,n—3,...,0, provided that ¢ satisfies ec”> —2fc+g = 0.
In section 2.6 we found that the monic polynomial solutions {y,}_, satisfy the
three-term recurrence relation

Y1 (x) = (x—cp)yn(x) —dpyn—1(x), n=1,2,3,..., (5.1.8)
with initial values yo(x) = 1 and y; (x) = x — ¢, where (cf. (2.6.15))

nle(n—1)+2¢)2(e—f)+¢€)+(e—¢€)(y—2¢)
2(e(n—1)+¢€)(en+e)

, n=0,1,2,...

Cp =

and (cf. (2.6.16))
n(e(n—2)+2e¢)
4(e(2n—3)+2¢)(e(n—1)+¢€)* (e(2n— 1) +2¢)
x{e(n—l) (e(n—1) +2¢)>
+2(n—1)(e(n—1)+2¢)(2eg+2f(e—f) —ey)
+4e(ge—f}/)+ey2}, n=1,23,....

dn:_

In order to rewrite the difference equation (5.1.1) in self-adjoint form, we need
the product rule (3.2.2) withg=1and 0 =1

A(fi(x)fa(x) = filx+ DA fo(x) + fo(x)A f1(x). (5.1.9)

By using (5.1.9) the difference equation (5.1.1) multiplied by w(x+ 1) can be written
in the self-adjoint form (cf. (3.2.5))
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A(wWx)@(x—1)Ayn(x)) = Ayw(x+ L)ya(x+1),
provided that w(x) satisfies the Pearson operator equation (cf. (3.2.6))

Aw)e(x—1)) =wx+1)y(x),

where (cf. (2.2.2)) ¢(x) = ex? +2fx+ g and y(x) = 2ex + 7. This equation can be
rewritten as

w(x+1) (¢(x) = y(x)) = wlx)o(x— 1),
which leads, by using (5.1.2), to the Pearson difference equation
wix) o) -y Dx+1)

w(x—i—l): ex—1)  Ckx) ’ (5-1.10)

where C(x) and D(x) are given by (5.1.2).
The orthogonality relation (3.2.18) reads

N
> WA+ V)ym(A+V)yu(A+v) =0, m#n, mne{0,1,2,...,N} (5.1.11)
v=0

with boundary conditions
wA—1)p(A—2)=0 and wA+N)p(A+N—-1)=0 (5.1.12)

for N € {1,2,3,...} or N — oo. For N — oo we must have that the moments

=

zw(x)x", n=0,1,2,...
x=0

are all finite since we must be able to compute the norms of all polynomials.

5.2 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

Again we use Favard’s theorem (theorem 3.1) to conclude from (5.1.8) that we have
positive-definite orthogonality if ¢, € R foralln =0,1,2,... and d, > 0 forall n =
1,2,3,....

Again we consider three different cases depending on the form of @(x) = ex? +
2fx+g:

Case L. Degree[p] = 0: ¢ = f = 0 and we may choose g = 1. Then we have

2 l)e—
c:w n=0,1,2,... and d,=

n
- =1,2,3,....
n e ) 287 n It ]
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Hence positive-definite orthogonality occurs for 2¢ < 0.

Case IL. Degree[@] = 1: ¢ = 0 and we may choose 2f = 1. Then we have

2n(e—1)+2e—vy
2e ’

Cp =

n=0,12,...

and D(2e—1)+2
g, = M= D@e-D+2ge—y) 55
4g2

Hence we have positive-definite orthogonality for

Case ITa. 2¢ < 1 and 2ge — v < 0. Note that the regularity condition (2.3.3) requires
that 2 # 0.

For 2¢ > 1 we only have a finite orthogonal polynomial system with N 41 polyno-
mials. Note that

28—y
di = —
: 4¢?
2(2e—1) 2ge—v
dy = — 1
: 4¢? < e

21 266 —
dy —M(N—H— i Y)

4g2 2e—1
(N+1)(2e—-1) 20—y
dys = —— T ) (N S22
N 4g2 +28—1
2ge—vy

Hence for 2 > 1 and —N <
and dy41 <0.

21 < —N+1 we have dy,d;,ds,...,dy positive

2 _
Case IIb. 2¢ > 1 and —N < 2g£ 17<—N+1.

Case ITI. Degree[] = 2: we may choose e = 1. Then we have

_ n(n—142¢&)(2(1 - f)+¢&)+ (1 —&)(y—2¢)
N 2(n—1+¢)(n+e)

, n=0,1,2,...

Cn

and
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B n(n—2+2¢)
42n—3+42¢)(n—1+¢€)?(2n—1+2¢)

x{(n—l)z(n—l—i—Ze)z
+2(n—1)(n—1+2¢)2g+2f(e—=f)—7)
+4s(gs—fy)+y2}, n=12.3,....

dy, =

The latter formula can also be rewritten in the form

n(n—2+2¢)

dp=—
" 42n—3+42¢)(n—1+¢€)*(2n—1+2¢)

D,, n=1,2.73,...,

where
Dn:{(n—1+8)2—52—772}2—452 27 n=123,... (2.1
with
8 =(f—€’—g+y and n*=f"—¢

Hence 6 and 1) are either real or pure imaginary. The role of 6 and 1 can be explained
as follows:

(c+1)?=2f(c+1)+g=2e(c+1)+y = (c+1—f+e) =235
and
o(x) :x2+2fx+g: (x+f)27n2.
For € > 0 we have

n(n—2+2¢)
B 0, n=1,273,....
42n—3+2¢e)(n—1+¢€)2(2n—1+2¢) <0, n ,2,3,

From (5.2.1) it follows that
Dy=(n—14+e)*=2(8%+nH)(n—1+&)*+(82—nH? n=1,2,3,.... (522)

Hence for d, > 0 for n = 1,2,3,... we must have D,, < 0 forn =1,2,3,..., which
implies, by using (5.2.1) and (5.2.2), that both § and 11 must be real. In that case we
have forn=1,2,3,...

Dy={(n—1+e?—=(8+n)}{(n—1+&)*—(5-n)*}, (5.2.3)

6=1/(f-€?—g+y and n=+/f"—¢g

Finally, we remark that D,, can also be written in the form

with
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Dy=(n—1+e+6+n)(n—14+e+8-1)
x(n—1+e-6+n)(n—1+e-56-n) (5.2.4)
forn=1,2,3,....

Now we conclude that we have positive-definite orthogonality for

Case ITla. £ > 0 and (6 —N)? < (n—1+¢)% < (8 +1)%. Note that this cannot be
true foralln=1,2,3,.... However, for [§ —n| < gand N—1 <6+ n—¢€ (< N) we
have d, > 0forn=1,2,3,...,N.

Further we also find finite orthogonal polynomial systems in the following cases.
First we define

2¢e=—-2N—t with Ne{1,2,3,...} and —-1<t<1.

Then we have

3 n(n—2+2¢)
42n—3+2¢)(n—1+¢€)?(2n—1+2¢)

>0, n=1,2,3,...,N

and for n = N + 1 this is not longer true. So in that case, for d, > 0 for n =
1,2,3,...,N we must have D, > 0 for n = 1,2,3,...,N. This implies that we have
positive-definite orthogonality in the following two finite cases:

Case ITIb. 52 > 0 and 12 > 0 (the polynomial ¢ has two different real zeros). In that
case we must have (§ +1)% < (n—1+¢)? or (n— 1 +¢€)? < (§ —n)?. Hence

d+n<in—1+g| or |[n—1+¢l<|6—7n]|
t
Sincenfl+£~::nflfoE,thisleadsto1

|] t t
d<15-n|< - — -7l
(2_|6 n| < 64—n<1+2 or N+2<|6 n|

Case ITlc. 52 < 0 and/or n° < 0 (the polynomial ¢ has two equal real zeros or two
nonreal, id est complex conjugate, zeros). In that case we must have § pure imaginary
(including zero) and/or 1 pure imaginary (including zero) and”

et86EN#£0,—1,-2,...,—N+1.

Now we have proved:

! The extra condition |§ — | > |¢|/2 implies that d,, > 0 does no longer hold for n = N -+ 1.
2 This condition prevents that d, = 0 for n € {1,2,3,...,N} in view of (5.2.4).
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Theorem 5.1. For the polynomial solutions y, of the difference equation (5.1.1)
(ex +2fx+8) (A%yn) (x) + (2ex+7) (Ayn) (x) = ne(n—1) +2€)yu(x+ 1)

withe,f,g,€,y € Rand n=0,1,2,... we only have positive-definite orthogonality
in the following cases:

Casel. e = f =0, g=1and 2¢ < 0. An infinite system of orthogonal polynomials.

Casella. e=0,2f =1, 2e < 1and2ge —y < 0. An infinite system of orthogonal
polynomials.

2ge—vy

CaselIlb. e =0,2f=1,2¢ > 1and —N < P

N + 1 orthogonal polynomials.

< —N + 1. A finite system of

Casellla.e=1,€>0, |6 —n|<eand N—1< §+n—¢€ (< N). A finite system
of N + 1 orthogonal polynomials.

Case IIIb. e = 1, 2e = —2N —t with N € {1,2,3,...} and —1 < t < 1. A finite
system of N + 1 orthogonal polynomials if

|t t t
—<l0o—n|< +n<1l4+= + = —n|.
(2 |5 n| 13} < 2 or N <|5 |

Case Illc. ¢ = 1, 26 = —2N —t with N € {1,2,3,...} and -1 <t <1, 8> <0
andfor N> <0and e+8+n #0,—1,-2,...,—N + 1. A finite system of N + 1
orthogonal polynomials.

5.3 Properties of the Positive-Definite Orthogonal Polynomial
Solutions

Case I. We have e = f =0, g = 1 and 2¢ < 0. Then the Pearson difference equation
(5.1.10) reads
w(x)
w(x+1)
In order to get A = 0 (and N — oo) in the boundary conditions (5.1.12), we set Yy =
2¢ + 1, which leads to a positive-definite weight function of the form

=2ex—y+1.

1

W) = 2T 1)

x=0,1,2,..., 2e<0
for the Charlier polynomials. This weight function for the Charlier polynomials is
connected with the Poisson distribution in stochastics.

The difference equation (5.1.1) reads
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(A%y,) (x) + (2e(x+ 1) + 1) (Ay,) (x) = 2ney,(x+1), n=0,1,2,...

or
yu(x+ 1)+ (2ex— 1)y, (x) — 2exy,(x — 1) = 2ney,(x), n=0,1,2,...

and the three-term recurrence relation (5.1.8) can be written as

n

1
Ynt1(x) = <xn+2£> (X)) + 2€yn 1(x), n=1,2,3,...

with yo(x) = 1 and y; (x) =x+1/2¢.
For the coefficients of the representation (5.1.3) we obtain from (5.1.4)

2e(n—k)ayr = angy1, k=n—1,n—-2,n-3,...0

if ¢ satisfies (5.1.5), which means that 1 = —2¢g(c+ 1) + . Since a,, , = n!, this leads

to
n! 1

e kn—k)! _ (2e)
Since Y =2€e + 1, we have ¢ = 0. Hence by using (5.1.3), we obtain for 2e < 0

(—=DF(=n)(2e)%, k=0,1,2,...,n

ank =

1 & X 1 —n,—Xx
() = —D*(=n)(2e)* »F )
) = s 2 ae) () = g (i)
forn=0,1,2,....
The Rodrigues formula (3.4.28) reads
(-1)'T+D) o, I

L (x) = A , =0,1,2,....
) = gy (—2e) " Tx—n+1))" "

Now we have

— — ) — (—2¢&)™* 1
doi= 3 w( ; x+1 _y (22) :exp<_%)>o.

x=0

Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as

.Ym Yn x __ &Xp ( ) n!
Z 2s x! (— 28) O

mn=0,1,2,....
Case IIa. We have e =0, 2f =1, 2e < 1, 2e # 0 and 2ge < y. Now we have to

distinguish between the cases that 2¢ < 0,0 < 2¢ < 1 and 2e = 1.

Case Ilal. For 2¢ < 0 the two-term recurrence relation (5.1.4) can be used. In that
case we have for (5.1.5)
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g§—Y
1-2¢

—(c+1)+g=2e(c+1)+y <= c+1=

The Pearson difference equation (5.1.10) reads

w(x) (1—2£)x—|—g—}/.

w(x+1) x+g—1

In order to get A = 0 (and N — o) in the boundary conditions (5.1.12), we set g =
Y —2€ + 1. This implies that ¢ = 0. With y > 2¢ this leads to a positive-definite
weight function of the form

C(x+y—2e¢)

W(X):m, )C:071,27...

for the Meixner polynomials. This weight function for the Meixner polynomials is
connected with the negative binomial distribution in stochastics.
The difference equation (5.1.1) reads

(x+7v7—2e+1) (Azy,,) (x)+ (2ex+7) (Ayy) (x) =2ney,(x+1), n=0,1,2,...

(et y=28)ya(x+1) = (2(1 —&)x+7—2€) yu(x)
+ (1 —2¢&)xy,(x—1) =2ney,(x), n=0,1,2,...

and the three-term recurrence relation (5.1.8) can be written as

Y1 (¥) = (x— 2n(e - 1>+28_7) () — n(1-2¢)(n—1+y—2e¢)

e 42 ynfl(x)

forn=1,2,3,... with yo(x) = 1 and y; (x) =x— 1 +7/2¢.
For the coefficients of the representation (5.1.3) we obtain from (5.1.4)

2e(n—k)ani = (k+7y—2€)appr1, k=n—1,n—2,n-3,...,0.
Since a,, , = n!, this leads to

(k+7vy—2&)kn!  (y—2€), (—n)i

= = —2e)F, k=0,1,2,...,n.
An .k (28)”71{(}1—/()! (28)" (’}/—28)k( 8) ) yLysyeoynl
Hence
1 X (y—2¢), —n,—Xx
y"(x):];)a"’k<k>zwzFl }/—28;28 , n=0,1,2,.... vy>2e.

The Rodrigues formula (3.4.28) reads
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(1—2&)T(x+1) A”( [(x+7y—2¢) )
(2e)"T(x+v7—2¢) (1-2e)*"T(x—n+1) /)’

yu(x) = n=0,1,2,....

Now we have

oy Foty=2¢) o~ y—2¢ 1
do.—xgO (1 —2)x =T(y—2e¢) 1Fo( T

_ y—2¢
F(y2£)<l 28) > 0.

—2¢

Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as

5"1}’1

< Cx+y—2e 1—2&)" 72 (n+y —2¢)n!
3 L2t = L2y =20
Vx (—2g)2m+r

for2e <0,y>2¢and m,n=0,1,2,....

Case IIa2. For 0 < 2¢€ < 1 the two-term recurrence relation (5.1.4) is still valid with

g§—7
1-2¢’

c+1=

The Pearson difference equation (5.1.10) reads

wx)  (1-2e)x+g—y
wix+1)  x+g—-1

In order to satisfy the boundary conditions (5.1.12), we have to take A — —co. Then
we may choose A + N = 0, which implies that g = 1. With y > 2¢ this leads to a
positive-definite weight function of the form

I'(r—x) yY—2¢
= = =0,—-1,-2,...
O = T2ty T is2e Y OTh2
for the Meixner polynomials. Note that this implies that ¢ = —r.

The difference equation (5.1.1) reads
(x+1) (A%) (x) + (2ex+7) (Ayn) (x) = 2ney,(x+1), n=0,1,2,...
or

xyn(x+1) = (2(1 — €)x+2e — 1) ya(x)
+((1-2&)x+2e—y)yu(x—1) =2ney,(x), n=0,1,2,...

and the three-term recurrence relation (5.1.8) can be written as

2¢e 4g? yn-1()
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forn=1,2,3,... withyo(x) = 1 and y; (x) =x— 1 +7/2¢.
For the coefficients of the representation (5.1.3) we obtain from (5.1.4)

2e(n—k)ayy = (k+r)anx+1, k=n—1,n—2,n-3,...,0.
Since ay,, , = n!, this leads to

B U L G G ) _
k= Qe R (1)1~ 2e) () (—28)f, k=0,1,2,...,n.

Hence by using ¢ = —r, we obtain for r > 0

1 xX—r (F)n —n,r—Xx
= = F ,2 5 20,1,2,....
yn(x) kX(,)%z,k( k ) (28)” 21 , £ n

The Rodrigues formula (3.4.28) reads

(1-2&)T(1—x) n( I(r—x+n)
(—2&)"T'(r—x) (1—2&)*"T(1—x)

yu(x) = ) n=0,1,2,....

Now we have

0 = (1—=28)T(x+r
- § - 0T
=T(r)1F (’ 1 —23) = (Fz(gr)) > 0.

Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as

(1-2&)"T'(n+r)n!
(28)2n+r

i (1—2€)'T(x+7)

x!

Smn

Y (=2)yn(—x) =
x=0
forO0<2e<1,y>2¢and m,n=0,1,2,....
The connection between these Meixner polynomials and those found in the pre-
vious case can be described as follows. If we define

W,y (M —n, =X _
M, (x)_(Zg)"2F1< - ,28), n=0,1,2,...

and

@, (P —n,r—x_ B
M, (x)(zg)nzFl( . ,28), n=0,1,2,...,

then the orthogonality relations for M,gl)(x) and for M,gz)(—x) are equal. Moreover
we have by using (1.7.2)
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—1)"(r) —n,r+x
iy () = E O g (mrtx
( ) n ( x) (28)" 201 r

= een (e ) =l

where

2
2¢* — 28—81 (note that this implies 0 < 26* < 1 <= 2g < 0).

Case I1a3. For 2¢ = 1 the two-term recurrence relation (5.1.4) does not hold. In that
case we use the representation (5.1.6) with ¢ = g. The Pearson difference equation
(5.1.10) reads
wix) _ g—v
wx+1) x4g—1

In order to satisfy the boundary conditions (5.1.12), we have to take A — —oo. Then
we may choose A+ N = 0, which implies that g = 1. With y > 1 this leads to a
positive-definite weight function of the form

1
w(x)zm, x=0,—1,-2,...

for the Charlier polynomials.
The difference equation (5.1.1) reads

(x+1) (A%) (@) + (x+7) (Ayn) (1) = myn(x+1), n=0,1,2,...
or
xu(x+1) = x4+ 1=9)y(x)+ (1 =Py (x—1) =ny,(x), n=0,1,2,...
and the three-term recurrence relation (5.1.8) can be written as
Yur1(x) = (x+n—=14+P)yu(x) +n(1 =7Y)yn—1(x), n=1,2,3,...

with yg(x) =l and y;(x) =x—1+7.
For the coefficients of the representation (5.1.6) we obtain from (5.1.7)

(n—k)bpr=(y—Dbppr1, k=n—1,n—2,n-3,...,0.

Since b, , = n!, this leads to

IR i D 1\
bn,k* (n—k)‘ *(’y 1)( n)k 1—')/ ) k*Oalazv“',n'

Hence by using (5.1.6) with ¢ = 1, we obtain forn =0, 1,2,...
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g (L) (1)

The Rodrigues formula (3.4.28) reads

) = (1= g (L) o

Now we have

do:= Y, wix)= i r=1" =e’ >0

X=—00 x=0

Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as
o ()W )
2 (Y x! ) ym(_x)y"(_x) =e’ 1(}/_ l)nn' 5mn; m,n=0,1,2,....
x=0 :

The connection between these Charlier polynomials and those obtained in Case I
can be described as follows. If we define

1 —n,—Xx
Cr(ll)(x)(zg)nzl’b( B ;28), n=0,1,2,...

and |
CIEZ)(X) = (7_ 1)nZFO <i’x; 1_7) , n=0,1,2,...,

then we simply have (—1)" O (—x) = c? (x), where

1
l—y= % (note that this implies y > 1 <= 2e <0).

2g€ —
Case ITb. We have e = 0, 2f = 1, 26 > 1 and —N < 2g 17< _N+ 1. Again the

two-term recurrence relation (5.1.4) can be used with (cf. (_5. 1.5))

Again we set g =y —2¢€+ 1 in order to get A = 0 in the boundary conditions (5.1.12).
This implies that c = 0 and —N < y—2¢e < —N + 1. The Pearson difference equation
(5.1.10) now reads

w(x) (1-2&)(x+1)

w(x+1) x+y-—2¢
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Now we have to distinguish between two different cases.

Case IIb1. For y—2¢ = —N this leads to a positive-definite weight function of the

form
1

YY) = e T e DTN 1=%)°
for the Krawtchouk polynomials. This weight function for the Krawtchouk polyno-

mials is connected with the binomial distribution in stochastics.
The difference equation (5.1.1) reads

x=0,1,2,...,N

(x—N+1) (Azyn) (x)+ (2e(x+ 1) —N) (Ayn) (x) = 2ney,(x+1)
forn=0,1,2,...,N, or

(x=N)yn(x+1) = (2(1 = €)x = N) yu(x) + (1 = 2&)xy,(x — 1) = 2ney,(x)

forn=0,1,2,...,N, and the three-term recurrence relation (5.1.8) can be written as
2n(e—1)+N n(l—-2&)(n—1—N
i) = (- 2HEZ IR 9 2202120,

forn=1,2,3,...,N— 1 with yo(x) = | and y;(x) =x—N/2¢.
For the coefficients of the representation (5.1.3) we obtain from (5.1.4)

2e(n—k)an, = (k—N)apgy1, k=n—1,n—2,n-3,...,0.
Since ay,, , = n!, this leads to

_ (k=N)yyn!  (=N)u (=n)k _
Qi = (28)”*"(11—1{)! = ()" (_N)k(—2g)k’ k=0,1,2,...,n.

Hence

4 X (=N)n —n,—x
; = =2 HF ;2 s :071,2,...7N.
= () ().

The Rodrigues formula (3.4.28) reads

(2= 1)T(x+ 1IN +1—x)
yi’l(x) - (—28)”

n 1
o ((28— =T —n+ 1IN +1-x)

), n=0,1,2,...,N.

Now we have

1 (2e)V

N
do ::Zo e— 1 (N—x)!  (2e—1)N1
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Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as

& 1 (2e)N 2!

)Z() (2e — l)xx!(N—x)!ym(x)y"(x) - (26 — )N="(N —n)!

8}7’[}’[

for2e >1,y—2¢e =—Nandm,n=0,1,2,...,N.

Case IIb2. In the case that —N < y—2¢& < —N + 1 we were not able to find a solution
for the Pearson difference equation such that the boundary conditions (5.1.12) can
be fulfilled. However, the concept of orthogonality in section 3.2 can be generalized
to an integration on the (possibly deformed) imaginary axis in the complex plane.
Then we must have (cf. (3.2.14))

—ijoo —ioo

oy — o) /iw W@ dx = [ Lsum(®) —sum(x— D} dx  (5.3.1)

where
Snm(X) = w(x) @ (x) {yn(x+ 1)ym(x) —ym(x+1)yn(x)}.

If the regularity condition (2.3.3) holds, id est en+2¢ # 0 forn =0, 1,2, ... then this
leads to an orthogonality relation if the right-hand side of (5.3.1) cancels. Hereby all
moments of the form )
joo
/ w(x)x"dx, n=0,1,2,...

—joo
should exist (this is usually guaranteed by the asymptotic behaviour of the gamma
functions involved). By using Cauchy’s integral theorem it can be shown that the
right-hand side of (5.3.1) cancels. See [375].

With g = y—2¢e 4 1 we obtain a positive-definite weight function of the form

(_1),\,1“(x+ y—2€)'(—x)

wx) = (2e— 1)

for the Krawtchouk polynomials.
Then the Rodrigues formula (3.4.28) reads

(2e —1)* AT <F(x+ y—2&e)['(n—x)

2e)"T(x+7y—2€)(—x) (2e—1)™n )’ n=012,...

yn(x) = (

Now we may use Barnes’ integral representation (1.6.2) to find that

dx

1 /im T(x+7—2€)I(—x)
i) i (26— 1)

:F(y_zg)lFo(?’—_ze' 1 ):F(y-28)<2£_1)72£_

T1-2¢ 2e
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The latter integrand has poles in {0,1,2,...} and {2e —y,2e —y—1,2e —y—2,...}.
Since N — 1 < 2& —y < N, these poles are all separated and the path can be taken as
in (1.6.2) and we have

_ (DY = Dt y—2e)0(—x)
b= i /ﬂ-w 2e_1p @

— (CDMT(y—2e) <2£2; 1)?28

_ (=DVI(y—2e+N) (2 -1\
- () e

If (5.1.11) and (3.1.4) are used, this leads to the orthogonality relation

(=N /iw [(x+7y—2¢e)[(—x)
21 J i (2e—1)*
n! (=1)NT(y—2e +N)(y—2¢), (2e—1\"T7"2%

(20 (%) o

Ym (X)yn(x) dx

form,n=20,1,2,...,N.

Case III. We have e =1, § = \/(f —€)?—g+yand N = \/f2 —g. Then we find

that
()= +2fx+g=(x+f)?—(f*—g) = (x+f)*—n?
=@@+f+max+rf—n)

and

y(x) =2ex+y=2ex+(f—¢€)—g+y—(fP—g)+2f—¢
=2e(x+f)+82—n*—e*=2e(x+f—N)+8>—(n—¢)
=2e(x+f-M)+(6+n—¢€)(6—n+e).

This implies that the difference equation (5.1.1) can be written as

(x+f+mE+f—1) (8%) (x)
+{2e(x+f—1n)+(6+n—¢€)(6—n+e)}Ayu(x)
=nn—142&)y,(x+1), n=0,1,2,....

or equivalently
C)yn(x+1) = {C(x) +D(x) } yu(x) + D(x)yn(x = 1) = n(n — 14 2€)yn(x)

forn=0,1,2,..., where
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Cx)=ox—1)=(x—-1+f+n)(x—1+f-n)
and
D(x) = C(x) —y(x—1)
x—1+f+n)(x—1+f—n)—2e(x—14f) -8 +n*+¢

= (
=(x—1+f)-2e(x—1+f)+e -8 =(x—1+f—g)* - &
=@x—14+f—€e+8)(x—14+f—€-9).

For the hypergeometric representation we use (5.1.3) and (5.1.4) provided that
(cf. (5.1.5))

(c+1)?=2f(c+1)+g=—2e(c+1)+7
— (c+1)?=2(f—¢€)(c+1)+g—y=0.

This implies that

ctl=f—et\/(f—€)?2—g+y=f—€+6.
In that case we have
k—1—c)+2f(k—1—c)+g+(f>—g) —n?
k—1—c+f)*—n?

k=1—c+f+n)k—1—c+f-n)
k+eFo+n)k+eFd—n).

(k=1—c)?+2f(k—1—-c)+g =

o~ o~ o~ o~

Therefore, the two-term recurrence relation (5.1.4) reads
(n—k)(n+k—142€)ay=(k+eFo+n)(k+€FS—N)anit1
fork=n—1,n—-2,n-3,...,0. By using a, , = n!, we obtain

(k+eFd+n)uslk+eF—n)psn!
(n+k—142¢),_1(n—k)!

_ (EFOAma(eFS—1)n  (=ni(n—1+2¢) (D
(n—1+2¢), (eFO+M)i(eFO—M

ank =

fork=0,1,2,...,n, which implies that
n

= x+c (=X —0)
n\X) = an = anp(—1)"————
)= F o (1) = Bam-0

_ (EFo+mu(eFS—1)n . (—nn—l4+2eeFE+1—f—x |
- (n—1+2¢), EFS+N,eFd—1n

forn=0,1,2,.... These polynomials are called Hahn polynomials.
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In order to obtain an orthogonality relation, we use the Pearson difference equa-
tion (5.1.10), which can be written as

wx) _Dlx+1l)  (x+f-e+8)(x+f-e—8) .
wx+1)  C(x) G4/ m—1+f=10)

LD sy

e e B

] 69

:Ef:s:; i;gf:[f, J; 3 (5.3.6)

First we consider positive-definite orthogonality for the Hahn polynomials in the
case that € > 0.

Case IIla. We have € > 0, |6 —n| <eand N —1 < § + 1 —& (< N). In this case we
use (5.3.3) to obtain a solution of the form

Tx—1+f+MT(1+e+6—f—x)

V) = e et TR =T )

for the Pearson difference equation. Now we have to distinguish between two differ-
ent cases.

Case ITIal. We have € > 0 and |0 — 1| < €. In order to get A = 0 in the boundary
conditions (5.1.12), we set f —e+ 0 =1 and 1 — f+n = N. Note that this implies
that 6+n—e=N.

If we make the substitutions

e+6—-nN=o+1 and e-6+n=F+1,

then we have 2e = o+ 3 +2,26 = +N+1,2n = B+ N+ 1 and we obtain that
o(x)=(x+B+2)(x—N+1)and y(x) = (@ +B+2)x—N+1)+ (¢ +1)N=
(¢ +B+2)(x+1)—(B+1)N. We also have C(x) = (x+f + 1)(x—N) and D(x) =
x(x— o — N —1). This implies that the difference equation can be written as

(¥ +B+2)(x=N+1) (A%y,) () + {(o + B +2)(x+1) = (B+ )N} Ayu(x)
=nn+oa+p+1)y,(x+1), n=0,1,2,...

or equivalently
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@+B+DE=N)yalx+1) ={(x+B+Dx—N)+x(x—a—=N—-1)}ya(x)
+x(x—a—N—-1Dy,(x—1)=n(n+a+B+1y,(x), n=0,1,2,....

Further we have

(x) = (B+1Dn(=N)a F —n7n+a+B+l,—X_1 n=0.1.2
n *(n+a+ﬁ+1)n32 ﬁ+1,—N ’ ) — Yy 4y
and the weight function reads
r Hr N+1-
wir) = TEHPH DI NFL=0) oy

Frx+HI(N+1-x)

For positivity we must have ¢+ 1 > 0 and 8 + 1 > 0. This weight function for the
Hahn polynomials is connected with the hypergeometric or Pélya distribution in
stochastics. The Rodrigues formula (3.4.28) can be written as

(—1)"T(x+1)T(N+1—x)
(ntoa+B+1),I(x+B+1)I(x+N+1—x)

A Fx+pB+ DI (a+N+n+1—x) W= 010
I'N+1—-x)T(x—n+1) Lo

Yn(x) =

Now we have

N N x —x
do:=Y w(x) =Y, a +ﬁ+x})(;(f$,]v+l )
x=0 x=0 :
rB+1)(a+N+1) —N,B+1
- e (1)
FB+1I(a+N+1) (a+B+2)y
(N+1) (a+ 1)y

Fa+ )P+ (o+B+N+2)

I'(a+pB+2)N!

> 0.

Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as

N X .y
D [ R

Tnta+)In+B+1)I(n+oa+B+1)I(n+o+B+N+2)n!
B r2n+oa+B+1)T2n+a+p+2)(N—n)!

form,n=20,1,2,...,N

6m n

Case IIIa2. We have € >0, [0 —n| <€and N—1 < §+1n —€ < N. In this case
we were not able to find a solution for the Pearson difference equation such that
the boundary conditions (5.1.12) can be fulfilled. However we might proceed as on
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page 109. By using (5.3.4) we obtain
wx)=Tx—1+f+MTx—14+f-—NT(1+e—-8—f—x)T(1+e+0—f—x)

as a possible solution for the Pearson difference equation. Here we also set f — € +
6 = 1 for simplicity.
Then the Rodrigues formula (3.4.28) reads

A"(T(x+e—06+nN)Tx+e-86—n)T(n—x)(n+26—x))
(n—1+2¢),T(x+e—-6+nN)Tx+e—6—n)'(—x)['(26 —x)

forn=0,1,2,...,N.
Then we may use the Mellin-Barnes integral (1.6.3) again to find that

ya(x) =

L/’m w(x)dx = ﬁ Tt e—8+m)(x+e—8—n)T(—x)T(26 —x)dx

270 J—joo
_T(e+04+n)T(e+6—mT(e—-6+nT(e—-56—n)
B ['(2¢)

Note that the increasing poles are {0,1,2,...} and {26,26 + 1,26 +2,...} and
the decreasing poles are {6 £+ —e,0+n—€e—1,6 £ —¢e—2,...}. Hence for
[6 —n|<eand N—1 < §+1 — € <N these increasing and decreasing poles stay
separated. Since —N < &€—0 — 1N < —N + 1, we have

I'e—6—n+N)

(-D)N[(e—86—1n) = V(e =5 —n)n

> 0.

This implies that

do = % ir(x+e— &+ )T (x+e—6—n)(—x)T(26 —x)dx
(~DNT(e+8+MT(e+6—MT(e—-8+MT(e—-86—n)

- T(2¢) > 0.

If (5.1.11) and (3.1.4) are used, this leads to the orthogonality relation (cf. page 109)

(71)N joo
27w J i
n! (—1)NtT(n+2e —1)
- T(2n+2e—1)I'(2n+2¢)
xTn+e+6+N)T(n+e+0—NTn+e—6+n)T(n+e—356—1n)06um

I'x+e—=0+MT(x+e—0—mT(—x)T'(26 —x)ym(x)yn(x)dx

form,n=20,1,2,...,N.

Now we consider positive-definite orthogonality for the Hahn polynomials in the
case that € < 0.
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Case ITIb. We have 2e = —2N —r with N € {1,2,3,...} and —1 <7 <1 and

t t t
U§|6—77|§ 0+n<l+= or N+=-<|6—T1|
2 2 2
Now we have to distinguish between three different cases.
Case IIIb1. First we consider the case that
It t
7 < [6-n|<)d+n< 1+ and €+8+mn=—N.

In this case we use (5.3.5) to obtain a solution of the form

1
W) = R et TG f—e—oT @ —n— -9t ——%)

for the Pearson difference equation. In order to get A = 0 in the boundary conditions
(5.1.12), we set

f—€+6=1 and 1-Nn—f=N = 6—-nN—€e=N

and we define €+6+n=a+1 and e-6-—-n=0+1

> f—e+8=1 and 1+4n—f=N = &6+n—-€e=N
and we define €é+8-n=0+1 and €—-0+n=PF+1
> f-e-86=1 and 1-n—f=N = -6-n—e=N
and we define €e—0+n=o+1 and e+6—-Nn=p+1
or

f—e—=6=1 and 14nM—f=N =— -6+n-e=N

and we define e—6-nN=0o+1 and e€+6+n=PF+1.

In all cases this implies that 2 = o + 3 + 2. Further we have 26 = o+ N + 1 (first
and second case) or —20 = ot + N + 1 (third and fourth case) and 2n =B+ N+ 1
(second and fourth case) or —21 = B+ N+ 1 (first and third case). In all cases we
find the same difference equation and hypergeometric representation as in Case Illa.
The weight function now reads

1
") = T TV TGN =T (p =)~ b2
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For positivity we must have oo < —N and < —N. The Rodrigues formula (3.4.28)
can be written as

(x) = x4+ 1)I(N+1—-x)['(x—N—0o)T(—f —x)
S (n+a+B+1),

. 1
xA <F(N+ IO —nt DI—n—N— o)l (—B —x))

forn=0,1,2,.... By using Dougall’s bilateral sum (1.5.9), we find that

& 1
:x;ml"(x—l—f—e-l—S)F(x—&—f—s—5)F(2—n—f—x)l"(2+77—f—x)
B I'(1-2¢)

T T(1—e+86-—MT(1—e—-86-—nT(1—e+8+n)(1—e—-5+n)’

provided that 2f —2+ 1 < 2f — 2¢ or equivalently 2¢ < 1. For f —e+ 8§ = 1 and
1+1n — f =N this sum reduces to a finite sum over {0, 1,2,...,N}, id est

Hence with (5.1.11) and (3.1.4), the orthogonality relation can be written as
N 1
Z N X ‘F(X N— OC)F( B _x)ym(x)yn(x)
_ IN—2n—a-B)(—2n—o—B—1)n! s
I(—n—a—PB)(-—n—a)T(-=n—B)I(~—n—N—o—B—1)(N—n)! ™

form,n=20,1,2,...,N

Case IIIb2. Now we consider the case that
t t
(||<|6 77|<>5+77<1+§ and e+6+n#—N.

In this case we use (5.3.5) to obtain a solution of the form

1
M) R e O e ST —n— TR+ —f—¥)
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for the Pearson difference equation. For simplicity we now take f — & — § = 1. Then
we have

1
x+DI(x+26+1)IM(1—e-86-n—-x)F'(1—e—86+n—x)

and the Rodrigues formula (3.4.28) reads

F'x+DT(x+20+DTM(1—e—6—-n—x)T(1—e—=0+1n—x)
(n—1+42¢),
1
F'x—n+1)I'(x—n+20+1)

yu(x) =

><A"<

1
% r(1—e—5—n—x)r(1—s—5+n—x))

forn=0,1,2,...,N. By using Dougall’s bilateral sum (1.5.8), we obtain

1
- Z Tx+26+D)I(1—e—86-n—x)T(1—e—6+1n—x)
B I(1—2e¢)
CT(l—e+8+MIr(1—e+6—nIT(1—e-5+nT(1—e—-5-n)

>0,

and if (5.1.11) and (3.1.4) are used, this leads to the orthogonality relation

= 1
2 Fx+20+1)F(1—e—0-N—x)I'(1—e—56+n—x)
B (1 —2¢—2n)T(2—2¢ —2n)n!
CT2-2-nI(l—-e+8+n-—nIl(1-e—-8—n—n)
1
“T(l—et6-n-—ml(l—€—8+n—n)

Ym (x)yn ()C)

O, mn=0,1,2....N.

Case ITIb3. Further we consider the case that
16— >N+~
n 7

For 6 > n > 0 this implies that 8 — 1) > N +¢/2. In that case we use (5.3.2) to
obtain
w(x) = Fx—14+f+MTx—1+f—1m)
I'x+f—e+0)I(x+f—e—9)

as a possible solution for the Pearson difference equation. Again we take f —e— 8§ =
1 for simplicity. Then the Rodrigues formula (3.4.28) reads
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Cx+D0(x+25+1)
(n—1+2¢),T(x+e+8+n)C(x+e+6—1n)
2 (Tx+e+d+n)x+e+d—n) B
A ( Mr—ntlx—nt25+1) )7 "= 012

Yn(x) =

By using Gauss’s summation formula (1.5.3), we obtain

= S T(x+e+6+n)(x+e+5-n)
do '_x;mW(X)_ng) Fx+1)T(x+28+1)
_ T(1-2e)T(e+8+m)(e+5—1)

1—
I'l—e+8+n)I'(1—e+6—n)

>0,

which, if (5.1.11) and (3.1.4) are used, leads to the orthogonality relation
< Tx+et+8+mMx+e+8—n)
=0 x!F(x+26+ 1) ym(x)yn(x)

 I'(1-2e-2n)I'(2—2e—2n)'(n+e+6+n)I'(n+e+6—n)n!
N r2-2e—nr(l—e+6+n—-nI'(l1—e+6—-n-n)

form,n=20,1,2,...,N
For 1 > & > 0 this implies that n — § > N +¢/2. In that case we use (5.3.6) to
obtain

IMNl+e—-6—f—x)I'(1+e+6—f—x)
r2rn—f—T2-—n—f—)

as a possible solution for the Pearson difference equation. For simplicity we now

take f +n = 1. Then the Rodrigues formula (3.4.28) reads

Il—x)r2n+1-x)
(n—1+2¢),I'(e+6+n—-x)T(e-56+1n—x)
2 (Tn+e+d+n—x)T(n+e—0+n—x)
xA < T(1—0r2n+1—x) )

w(x) =

ya(x) =

forn=0,1,2,...,N. By using Gauss’s summation formula (1.5.3), we obtain

= o S T(x+et+S+nT(x+e—8+n)
dy:= 3, wh)= 3, w Z T(x+ DC(x+2n+1)

F(l 2¢)T (e+6+n)F(£—6+n)>0
 T(l—e+6+mMI(1—e—56+n) ’

which, if (5.1.11) and (3.1.4) are used, leads to the orthogonality relation



5.3 Properties of the Positive-Definite Orthogonal Polynomial Solutions 119

S T(x+e+6+nTC(x+e—56+n)

Ym(=X)yn(=x)

= xIT(x+2n+1)
(1 -2e-2nT(2—2e-2n)'(n+e+6+n)I'(n+e—56+n)n!
r2—2e—nr(l—e+6+n—-nI(l1—e—06+n—n) "

form,n=20,1,2,...,N.

Case ITIc. We have 2e = —2N —¢ with N € {1,2,3,...} and —1 <t < 1 and § pure
imaginary (including zero) and/or 1 pure imaginary (including zero) and

e£864EN#£0,—1,-2,...,—N+1.

In this case we use (5.3.5) to obtain a solution of the form

1
R Py P Sy P31 By By
for the Pearson difference equation.
In this case we may write 6 = &; +i8, and N =1y +in, with 6;8, =0=n 1,

and 61 ) 623 ni, N2 € [0700)
Then the Rodrigues formula (3.4.28) reads

CTx+f—e+0)T(x+f—e-8)F2—n—f—x)TQ+n—f—x)
B (n—1+42¢),

1
Fx—n+f—e+6)(x—n+f—e—9)

Yu(x)

xA”(

1
“T2+n —f—x)F(Z—n—f—x))

forn=0,1,2,...,N. By using Dougall’s bilateral sum (1.5.9), we obtain

B (1 —2¢) 0
S T(l—e4+84+nMT(1—e+86-—MT(1—e—-8+nI(1—e-86-1n)

which, if (5.1.11) with A — —co and N — o and (3.1.4) are used, leads to the orthog-
onality relation
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= 1
x;wr(x+f—£+6)l"(x+f—s—5)
1
“T2-n—f -T2+ —f—x
(1 —2¢—2n)T(2—2¢ —2n)n!
r2-2e-nl’(1-e+6+n-nl(l-e-6-n-n)
1
“T(l—eto6-n-—ml(l—e—8+1—n)

) Ym (x)yn ()C)

Omn, my,n=0,1,2,...,N.

In this chapter we have proved:

Theorem 5.2. The positive-definite orthogonal polynomial solutions y,(x) of
the difference equation (5.1.1)

(e +2x+g) (A%) (3) + (2ex+7) (Ay) () = ne(n—1)+2€)y, (x + 1)

forn=0,1,2,...withe, f,g €7 € R consist of four infinite systems

Case I. Charlier polynomials with orthogonality on {0,1,2,...} with re-
spect to
w(x)=1/(—2e)T(x+1);e=f=0g=12e<0, y=2e+1

Case Ilal. Meixner polynomials with orthogonality on {0,1,2,...} with
respect to

w(x) =T(x+7—26)/(1-26)T(x+1); e=0,2f=1,26<0, g=y—
2e+1and y> 2¢

Case Ila2. Meixner polynomials with orthogonality on {...,—2,—1,0}
with respect to

w(x) =T(r—x)/(1 —2&)*T(1 —x) with r = (y—2¢)/(1 —2¢) ; e =0,
2f=1,0<2e<1,g=1andy>2¢e

Case Ila3. Charlier polynomials with orthogonality on {...,—2,—1,0}
with respect to
wx)=1/(y=1)T(1—-x);e=0,2f=1,2e=1,g=1and y> 1

and eight finite systems of N + 1 polynomials
Case IIb1. Krawtchouk polynomials with orthogonality on {0,1,2,... N}
with respect to w(x) = 1/2e = 1) T(x+ 1)I'(N+1—-x) ; e=0, 2f =1,
2¢e>1,g=y—2e+1landy—2e =—-N
Case IIb2. Krawtchouk polynomials with orthogonality on (—ies,ieo) with
respect to w(x) = (—1)M['(x +y—2e)T(—x)/(2e —1)* ; e =0, 2f = 1,
2e >1, g=7—2e+1land —N<y—2e < —-N+1
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Case Illal. Hahn polynomials with orthogonality on {0,1,2,... N} with
respect tow(x) =T(x+B+1)I'(¢+N+1—x)/T(x+ DI (N+1—x); e=
Le>0a>-1,B>-1,e-6-N=-N(6=\/(f—-€)?—g+yn=
Vfr:—gand2e =0+ +2)

Case I1la2. Hahn polynomials with orthogonality on (—iee,ico) with respect
to

wx)=(—D"T(x+e—-8+n)T(x+e—86—NT(—xX)T(=f—x); e=1,
€>0|0—n|<eand —-N<e—38—-n<-N+1

Case IIIb1. Hahn polynomials with orthogonality on {0,1,2,...,N} with
respect to w(x) = 1/T(x+ D)IT(N+1 —x)T(x—N—a)I'(—B —x) ; e=1,
26 = —2N —t with N € {1,2,3,...} and —1 <t <1, a < —N, 8 < —N,
0+n<l+t/2ande+d+n=—-N

Case IIIb2. Hahn polynomials with orthogonality on {0,1,2,...} with re-
spect to

wx) =1/ Tx+ 1) I'(x+20+1)I'1—e—06—-n—x)['(1—e—86+n—
x); e=1,2e=-2N—¢twithN € {1,23,..} and -1 <t<1,6+1<
l+¢/2ande+6+n #—N

Case IIIb3. Hahn polynomials with orthogonality on {...,—2,—1,0} with
respect to w(x) = T(x+e+6+nNT(x+e+1[6—1n|)/T(x+ HI(x+
2max(6,n)+1); e=1 2e =—2N—t with N € {1,2,3,...} and —1 <
t<land|6—m|>N+t/2

Case Illc. Hahn polynomials with orthogonality on {...,—1,0,1,...} with
respecttow(x) = 1/T(x+ f—e+0)T(x+f—e—0)T2—n—f—x)T(2+
n—f—x), e=12e=-2N—twithN € {1,2,3,...} and —1 <t < ],
E+0+NA£0,—1,-2,...,~N+1, 8 =08 +idy, N =11 +iMn, 88 =0=
NNz and 61,62, M1, M2 € [0, ).






Chapter 6

Orthogonal Polynomial Solutions of Complex
Difference Equations
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6.1 Real Polynomial Solutions of Complex Difference Equations

We consider the difference equation (5.1.1) with complex coefficients, id est
(e +2f248) (A%yn) (2) + (282+7) (Ayn) (2) = n(e(n—1)+2€)yu(z+1) (6.1.1)
forn=20,1,2,.... This difference equation can also be written in the form

(ez—1)*+2f(z—1)+8) (A (V) (2) + (2e(z— 1) +7) (V) (2)
=n(e(n—1)+2€)y,(z)

or in the form

C(2)yn(z+1) ={C(2) + D(2)} yu(2) + D(2)yn(z— 1) = n(e(n— 1) +2€)yn(2)
forn=0,1,2,..., where

Cz)=e(z—1)*+2f(z—1)+g and D(z)=C(z)—2¢e(z—1)—7. (6.1.2)

We look for monic polynomial solutions of the form (cf. (2.4.14))
n
(@) =Y an (“;), c€C, apu=n!, n=0,12,..., (6.1.3)
k=0

where the coefficients satisfy the two-term recurrence relation (cf. (2.4.15))

(n—k)(e(n+k—1)+2¢€)a,y
—(e(k—1—c)*+2f(k—1—c)+g) a1 =0 (6.1.4)
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fork=n—1,n—2,n—3,...,0 provided that ¢ € C satisfies (cf. (5.1.5))
e(c+1)?=2f(c+1)+g=—2e(c+1)+7.

In section 2.6 we found that the monic polynomial solutions {y,}_, satisfy the
three-term recurrence relation

yn+1(Z) = (Z—Cn))’n(Z)_dnyn—l(Z)7 n= 172737"'7 (615)
with initial values yo(z) = 1 and y;(z) = z — co, where (cf. (2.6.15))

nle(n—1)4+2¢)2(e—f)+¢€)+(e—¢€)(y—2¢)
2(e(n—1)+¢€)(en+e)

, n=0,1,2,...

Cp =

and (cf. (2.6.16))
n(e(n—2)+2€)
4(e(2n—3)+2¢) (e(n—1)+¢£)* (e(2n— 1) +2¢)
x{e(n—l) (e(n—1)+2¢)?
+2(n—1)(e(n—1)+2¢)(2eg+2f(e—f) —ey)
+4e(gs—fy)+ey2}, n=12,3,....

dy = —

In order to obtain real polynomial solutions, we set z = a + ix with a € R and
x € R. Then we define

yn(2) = yula+ix) =iy, (x).
Substitution into (6.1.5) leads to

i1 (X) = (x+i(cn—a))yn(x) +dpyu—1(x), n=1,2,3,... (6.1.6)

with yo(x) = 1 and y1(x) = x+i(co — a). Since the coefficients have to be real, we
conclude that ¢, —a must be pure imaginary (including zero) for all n = 0,1,2,...
and d,, must be real for all n = 1,2,3,.... Again we consider three different cases as
in section 5.2.

Case L. Degree[p] = 0: e = f = 0 and we may choose g = 1. Then we have

2(n+1)e—y

. n=0,1,2,... and dy=——-, n=123,....
2¢e

2¢e

Cn =

Since d,, has to be real, we must have € € R. However, it is impossible to choose
Y=n+iy with 71,7 € R such that ¢, — a is pure imaginary for alln =0, 1,2,....

Case IL. Degree[p] = 1: ¢ = 0 and we may choose 2f = 1. Then we have
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2n(e—1)+2e—vy
= 2¢ ’

n=0,1,2,...

and 1)(2 1)+2
d,,:—n((n_ )( € — )+ 88—?’)’ n=1,2.3,....
42
If we set g = g1 +igo, € = &1 +ig and Y=y + iy with g1,82,€1,€,%,% € R, we
find that

211(81 -1 -‘ri&‘z) -‘r2(1 —a)(81 +i€2) — (Yl + iYQ)

cp—a=

2(81 +i€2)
2n(ef +&5) —2n(e1 —iex) +2(1 —a)(ef + &) — (11 +ip) (e —ie2)
2(el +€3) '
Since ¢, —a must be pure imaginary for alln =0, 1,2,..., we conclude that
812+822:81 and 2(1 —a)£1 =MNé& +ne. 6.1.7)

Further we have

n((n—1)(2e; — 14 2ig) +2(g1 +ig2)(e1 +ier) — (11 +ip))

d, = —
" 4(81 —‘ri&‘g)z
_ n(ef—& —2igier)
B 4(ef +€3)2
X ((n—1)(2e1 —1+2igy) +2(g1 +iga)(e1 +igr) — (N +ip)).
Since d, has to be real for all n = 1,2,3,..., we conclude that the imaginary part

must be zero. Hence by using (6.1.7), we find that

0=2(n—1)ey(e? —€3)—2(n—1)e1&,(2e; — 1) +2(e7 —€3)(g162 + g2€1)
—4e18)(g181 — £282) — (7 —€3) +2e181
=2(n—1)e (&1 — & — &) —2g182(ef +€3) +2g2€1 (] +€3)
—p(et +&3)+2pel +2eem
= (e + &) (28281 — 28182 — p) +2& (111 +&272)
= &1 {2(g281 —g1&2) — . +4(1 —a)e}.
Since € # 0 in view of the regularity condition (2.3.3), we have & = €7 + & > 0 and

therefore
r=4(1-a)ex +2(g281 — g182). (6.1.8)

This implies that

_2n&+n& - pE
281

i(cpn—a)= , n=0,1,2,... (6.1.9)

and by using (6.1.7) and (6.1.8), we obtain
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4eld, = 4(e? +€3)%d,
—n{(n—1)(2e1 — 1)(ef — €3) +4(n— )ere3 +2(g161 — g262) (€] — €3)
+e1e(g182+ g261) — N (e — &) —2peae}
—n{2(n—1)ei(ef + &) — (n—1)(ef — &3) +2g1€1 (€] +&3)
+2g262 (el +€3) — 1 (€] + €3 —267) —2peier}
=—n{(n—1)e;+¢& (22181 + 226 — 1) +2& (162 — pr€1)}
—n{(n—1)e; +2g1&1 +2&(g261 —g1&) + 111 —2€1 (V1€ + &)}
= —n{(n—1)e1 +2g1&1 + (1 —2&1)(n & + pe) —4(1 —a)e }
—n{(n—1)e; +2g1&1+2(1 —a)e; —4(1 —a)(ef + &)}
—ner{n—1+42g,—2(1—a)}.

Since €1 > 0, this implies that

n(n+2g1 +2a-73)

dy=—
n 481 9’

n=1,2,3,.... (6.1.10)

Case III. Degree[] = 2: we may choose e = 1. Then we have

nn—142¢e)(2(1—-f)+e)+(1—¢g)(y—2¢)
2(n—1+¢€)(n+e)

, n=0,1,2,...

Cp =

and

n(n—2+2¢)
42n—3+2¢)(n—1+¢€)?(2n—1+2¢)

x{(n—l)z(nflJrZe)z
+2(n—1)(n—1+2¢)2g+2f(e—=f)—7)
+4e(gs—fy)+y2}, n=1273,....

dy = —

The latter formula can also be written in the form

n(n—2+2¢)

d, = — D =1,2,3,..., (6.1.11
"= T dn 3420)n_1tepn_1r2e) o "= hEdes OLD
where
D,={(n—1+¢e)*— } —48°n%, n=1,2,3,...
with
8= (f—e’—g+y and n’=f>—g 6.1.12)

Note that we have
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o 1+ e)nre) 21— f)+e)+(1—e)(y=2fe+€)
n 2(”—1+8)(n+£) ’ =Yy &y

which implies that

(n—1+e)(n+e)2(1—f—a)+e)+(1—g)(y—2fe+¢€?)
2(n—1+e)(n+e)

cp—a=

forn=0,1,2,.... Since € occurs in both ¢, —a and d, in combination with n, we
conclude that ¢, —a can only be pure imaginary foralln =0,1,2,... and d, can only
be real for all n = 1,2,3,... if € is real. If we now set f = fi +if>, g = g1 +ig» and
Y=n+iy with f1, f>,81,82,€,7,7 € R, we obtain

(n—1+&)(nte) 21— fi—a)+e)+(1—€)(n —2fie+£)

nma= 2(n—1+e)(n+e)
_l_z(n—1+s)(n+e)f2— (1—€)(p—2f¢)
2(n—1+¢)(n+e) '
Since ¢, —a must be pure imaginary for alln =0, 1,2,..., we conclude that
e=2fi+2a—2 and (1—g)(y—2fie+€%)=0. (6.1.13)

Then we have

(1-¢)(1n—2f¢)

i(ch—a) =f2—2(n_1+g)(n+e)’

n=0,1,2,....

As before, we may write

D, ={(n—1+e=(8+n’}{(n—1+e)*=(6-n)°} (6.1.14)
= (n—1+&)*—2(8*+n?)(n— 14>+ (6% —n?)? (6.1.15)

forn=1,2,3,.... If we set 6 = 0; +i8, and N = 1M1 +iny with 8;,8,n1,72 € R,
we find that

(8+M)? = (81 +m)* — (& +m)* +2i(8 +m) (& + M)

and
(8= = (8 —m)*— (& —m)*+2i(8 —m)(& —m).
Since d,, must be real for alln=1,2,3, ... this implies, by using (6.1.11) and (6.1.14),
that
(01+m)(62+m2) =0 and (8 —m)(&—mn)=0.

Note that both 6 and 71 are not uniquely determined in view of (6.1.12). Without loss
of generality we may choose 8; +id, = 1y — in, with 6; = n; > 0. Hence & and 1)
are complex conjugates, id est 6 = 7. Then we have
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(6+m)? =48 and (6—1n)>=—46}
Now we use (6.1.12) again to find that

40’ =(f—e) —g+y+f—g=2f~2fe+e’ 2ty
=2(fi+if)* —2(fi+if)e+€>—2(g1 +ig2) + 7 +ip
=272 2f2 _2fie+€2—2g1+Nn+i{dfifo—2fre—2g + P}

and

F—n*=(f—e—g+y—f+g=y—2fe+¢
=n+ip-2(fit+if)e+e’=n—-2fie+e +i(p—2f¢E).

Hence we have
(82 —n?)? = (y1—2fie+ €2 = (pp—2/f28)> +2i(y1 —2f1e+ &%) (1 — 2f2¢).

Since d, must be real for all n = 1,2,3,. .., this implies that, by using (6.1.11) and
(6.1.15)

B=2fHe—4fifr+2¢ and (y—2fie+€>)(pr—2/f€) =0.
For » =2 f>€ we obtain
(82 —n*)?*=(n—2fe+e>)*>0.
On the other hand we also have
82 —n?=(81+i8)* — (8, —i8)* =466, = (8*—n?)?=-166267<0.
Hence d,, can only be real for all n = 1,2,3,... for
N =2fie—€* and P =2fHe—4fifr+2g. (6.1.16)

Combining (6.1.13) and (6.1.16), we conclude, since ¢, —a must be pure imaginary
foralln =0,1,2,... and d,, must be real for all n = 1,2,3,.. ., that we must have

e=2fi+2a-2, y=2fie—e =2¢(l-a)
and 1, =2fe —4f1f2+2g. (6.1.17)

Note that we have
487 —87) = (8+n)+(8—n)>=2(8>+1°) =4f7 —4f; —4a

and
—168758; = (82 —n*)* = —(n—2He)* = —(282—4f1/)*,

which implies that
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SP—87=fl—fi—g1 and 48787 =(g2—2f1fr)*

Finally, we write the difference equation (6.1.1) in a different form. Note that we
have

Ayn(z) = yn(z+1) = yn(2) = yula+ix+1) —yp(a+ix) =i" (Gu(x —i) — Yu(x))
and
(A%y,) (2) = V(2 +2) = 2yu(z+ 1) +y(2) = " (Fn(x — 20) — 290 (x — i) +Pu(x)) -
The difference equation (6.1.1) can be written as
0(2) (A%n) (2) + W(2)Ayn(z) = Auyu(z+1), n=0,1,2,...

which is equivalent to

@(a+ix) (n(x —20) = 2yn(x— i) +yn(x))
+y(a+ix) (n(x i) = Ia(x)) = AnJn(x =)

forn =0,1,2,.... By shifting x to x + i the latter formula can also be written in the
form
CL3e—1) = {€@)+ D) }3u(0) + DTl +1) = (@) (6.1.18)
forn=0,1,2,..., where
C(x)=¢(a+ix—1) and D(x)=C(x)—wla+ix—1). (6.1.19)

Note that the difference equation (6.1.1) can be written in the selfadjoint form
A(w(2)@(z+1)Aya(2)) = Agw(z+ 1)y,(z+ 1),
where
0(z+2)=e? +2fz+g, w(z+1)=2ez+y and A, =n(e(n—1)+2e),
provided that w(z) satisfies the Pearson difference equation
Aw@)e(z+1))=w(z+1)y(z+1).
This implies that the Pearson difference equation (cf. (5.1.10)) can now be written in

the form

wz) e+ -y(z+1)  D(+1)

where C(z) and D(z) are given by (6.1.2).




130 6 Orthogonal Polynomial Solutions of Complex Difference Equations

6.2 Classification of the Real Positive-Definite Orthogonal
Polynomial Solutions

Again we use Favard’s theorem (theorem 3.1) to conclude from (6.1.6) that we have
positive-definite orthogonality if i(c, —a) € R for all n = 0,1,2,... and d, < O for
alln=1,2,3,....

Again we consider three different cases depending on the form of @ (x) = ex? +
2fx+g:

Case I. Degree[@] = 0: ¢ = f = 0 and we may choose g = 1. In this case we do not
have real polynomial solutions and therefore we cannot have orthogonal polynomial
solutions.

Case II. Degree[¢] = 1: e = 0 and we may choose 2f = 1. Further we have (6.1.7),
(6.1.8) and
_n(n+2g1+2a-3)

d, =
" 4e;

, n=1,23....
Hence positive-definite orthogonality occurs for £; = 812 + 822 >0andg; >1—a.

Case IIL. Degree[¢] = 2: we may choose ¢ = 1. Further we have (6.1.17) and

n = 4(2n—3+28’;22—?ii§2)(2n— 1 +28)D"’ n=123,..
where

Dy={(n—1+¢&)? 48} {(n—1+¢&)>+48}, n=1,2.3,...
and

-8 =fl-fi—g and 488 =(g2—2fif2)"
For € > 0 we have

n(n—2+2¢)
- 0, n=123,....
d2n 31280 (n—1tePn_it2e) > "o

This implies that positive-definite orthogonality occurs for
Case IITa. € > 0 and 26; < €.

We also have a finite orthogonal polynomial system in this case. First we define
2e=—-2N—t with Ne{1,2,3,...} and —-1<r<I.

Then we have
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B n(n—2+2¢)
42n—3+2¢)(n—1+¢€)%(2n—1+2¢)

>0, n=1,2,3,...,N

and for n = N + 1 this is not longer true. So in that case we have
d, <0 for n=1,2,3,....N <= D,<0 for n=1,2,3,...,N.

This implies that we have positive-definite orthogonality for

Case IIIb. 26, > —¢.

6.3 Properties of the Positive-Definite Orthogonal Polynomial
Solutions

Case I. We have e = f = 0 and g = 1. In this case we do not have real orthogonal
polynomial solutions.

Case II. We have e =0, 2f =1, & > 0 and g; > 1 —a. From (6.1.7) and (6.1.8) it
follows that

ne =2(l—a)e —pe
=2(1—a)e; —4(1 —a)&; — 28 (2261 — 21€2)
=2(1—a)ey —4(1 —a)(e; — ) —2gr618, + 281 (1 — €2)
= 281 {g1(1 —81) — 826 — (1 —a)(l —281)},

which implies that
)/1:2{g1(1—81)—g2£2—(1—a)(1—281)}. (6.3.1)
The Pearson difference equation (6.1.20) reads

w(z) (1-2¢e)z+g~7

w(z+1) 7+g—1

)

where
z=a+ix, g=g1+ig, €=¢&+ie and y=y+ip

with a,x,g1,82,€1,€,7,7% € R. By using (6.1.8) and (6.3.1), we obtain
g—Y=81+ig2—n—ip
= —g1+2(g181 +8282) +2(1 —a)(1 —2¢)
+i{g2—4(1-a)er —2(g261 —g182)}
(261 —1+2ig){g1 —2(1—a) —iga}. (6.3.2)
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Hence we have

w(a+ ix) (21 —1+2ig){g1+a—2—i(x+g)}

w(a+ix+1) gi+a—1+i(x+g)

Since € = €2 + &7, we have (2¢; — 1)? +4¢€? = 1. Hence we may define ¢ € R such
that

e? =2 —1+2ie, — cosp=2e—1 and sing =2¢.
Then we obtain a positive-definite weight function of the form
w(a+ix) = |T(g1+a—1+i(x+g2))*e? (6.3.3)

for the Meixner-Pollaczek polynomials.
For the difference equation (6.1.18) we obtain

C)5n (v = 1) = {C0x) +D(x) } 30 (x) + DO+ ) = 2n(e1 +ie2)F (v~ ),
where, by using (6.1.19), we get
Cx)=9latix—1)=a+ix—1+g=gi+a—1+i(x+g)

and

o)
=
[
)

(xX)—wyla+ix—1)=a+ix—1+g—2e(a+ix—1)—y
=({1-2¢)(a+ix—1)+g—17.

Hence by using (6.3.2), we obtain
D(x) = (2&; — 1 4+ 2ig2) (g1 +a—1—i(x+g2)).

By using (6.1.9) and (6.1.10), the three-term recurrence relation (6.1.6) reads

(x)

N 2n& + 716 — Ve - nn+2g1+2a—3) .
yn+1(x)=(x— 2T hé yzl)y,,(x)—( 81 )

2¢€) 4g; .

forn=1,2,3,... withyp(x) = 1 and y;(x) =x— (n1&2 — r€1)/2¢€1.
For the coefficients of the representation (6.1.3) we obtain from (6.1.4)

2e(n—k)ayy = (k—1—-c+g)ankr1, k=n—1,n-2,n-3,...,0,
where (1 —2¢)(c+ 1) = g —y. Hence we have
—(281 —1 +2i£2)(c—|— 1) = (281 -1 +2i£2) {g1 —2(1 —a) —igz},

which implies that c = 1 —2a—g; +igr and c+ 1 — g =2(1 —a— g1 ), provided that
2e # 1. However, 2e = 1 (i.e. 2¢; = 1 and & = 0) is impossible since & = 812 + 822.
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Hence we have

2e(n—k)ay ;= (k+2g14+2a—2)ayr1, k=n—1,n—2,n-3,...,0.
Since ay,, , = n!, this leads to

(k+2g1+2a—2),n!  (2g1+2a—2), (—n)i(—2¢)*
(e)ykn—k)! (2e)n (2g1 +2a—2);

ank =

fork=0,1,2,...,n. Hence by using (6.1.3), we obtain

. L atix+1—2a—g;+ig
yn(a+ix) = Ean,k( P g1
k=0

_ (2g1+2a—2), JF —n,g1t+a—1—i(x+gn) e
(2e)" 2¢1+2a—2 ’

forn=0,1,2,....
The Rodrigues formula (3.4.28) forn =0,1,2,... reads

1
(1+ei®)2e9|[ (g1 +a—1+i(x+g))
x A" (r(gl ta—l+ix+g))l(gi+atn—1- i(x+g2))e(p(x+in)) .

yu(a+ix) =

Now we use (1.6.8) to find
1

Y
= I'(2g) +2a—2)e 9 (4g)! 74781 > 0.

do - / ID(g1+a—1+i(x+g))[ e dx

Then using (5.1.11) and (3.1.4) the orthogonality relation can be written as

e . IO
E/_ ID(g1+a—1+i(x+g))[* e T (x)3n(x) dx

=T(2g1 +2a+n—2)e 8?(4g) " 817"n!§,,,, mn=0,1,2,....

Case III. We have e = 1 and (6.1.17). Note that
Px)=x*+2fx+g=(x+f)*+g—f* and y(x)=2ex+7,

which, if (6.1.17) is used, leads to
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platix—1) = {a+fi—1+i(x+ fo) > +g1 +iga— (fi +if2)?
=—@x+p)l +a+fi-1)’+g—fi+f3
+i{2(a+fi—-1D)(x+f2)+g—-2fif2}

2
=~ L+ g = B il )+ 220102}

and

yla+ix—1) =2¢e(a+ix—1)+yn+ip=r—-2e(1—a)+i2ex+7p)
=2i{e(x+f2) +82—-2f1f2}.
This implies that the difference equation (6.1.18) can be written as
CO)(x—i) = {C0) +D(x) } () + D@Tlx +1) = AuFa(x), n=0,1,2,...,
where, by using (6.1.17), we get

Clx) =¢la+ix—1)

2
=t H) g — 2 B i{e(t f) + 82— 2Af)

4
and
D(x) = C(x) — w(a+ix—1)
2
= —(x+f2)2+%+81—f12+f22—i{e(x+f2)+gz—2f1f2}-
Since
. _ (I1-¢)(rn—=2fe) . (1-¢)(g2—-2f1f2) _
N T WS s b iy o s S S S8
and
B n(n—2+2¢) _
b= B3t 2e)n—1teP@n—112ze) 0 "B
where

D,=n—1+e)+4(g1— A+ (n—14+¢€)>—4(g2—2f1f>)* n=12.3,...

the three-term recurrence relation (6.1.6) can be written as



6.3 Properties of the Positive-Definite Orthogonal Polynomial Solutions 135

(1 _8)(g2 _zflfl)) An(x)

(n—1+¢)(n+e)
n(n—2+2¢)
C4(2n—3+2¢e)(n—1+€)2(2n—1+2¢)
x{(n—1+e)* +4(g1 — fi+ 1) (n—1+¢)?
—4(g2—2f1/2)*} 1 (x)

Ynr1(x) = (x+f2 -

forn=1,2,3,... with yo(x) = 1 and 3| (x) = x+ o + (g2 — 2f1.) /€.
For the hypergeometric representation we use (6.1.3) and (6.1.4), provided that

(c+1)>=2f(c+1)+g=—2¢e(c+1)+Y
=  (c+1)2=2(f—€)(c+1)+g—7=0.

Since g —y = (f — &) — &2, this implies that (c 4+ 1 — f +¢&)? = §2. In that case we
have

(k—=1—c)?+2f(k—1—c)+g= (k—1—c)?+2f(k—1—c)+g+(f>—g)—n>
= (k=1—c+f?-n’
=(k—l—ct+f+nmk—1-c+f—n)
= (k+teFo+n)(k+eFd—n).

Therefore, the two-term recurrence relation (6.1.4) reads
(n—k)(n+k—142€)ay;=(k+eFo+n)(k+€FS—N)aniti
fork=n—1,n—2,n—-3,...,0. By using a,, = n!, we obtain

(k+eFx6+M)w(k+eFS—1n)yin!

An k

. (n+k—142€),_x(n—k)!
(EFO+N(eFO—1)n (—nhi(n—1+2¢&);

— (—1)k
(n—1+2¢), (EFO+N)hi(eFS—Mh

for k=0,1,2,...,n, which implies that

. 1 a+ix+c z —a—ix—c
yn(a—|—lx) — Zamk( ) = Zamk(—l)kQ
k=0 k k=0 k!

_ (EF+m)a(eFS—1)n
(n—142¢),
—nn—1+2e,eF6+1—f—a—ix )
X 3 F 01
’ 2( EFS+MeFS—1

forn=0,1,2,.... Since 6 = & +i6, = 1N — i1 =1, we have
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+(8+n)==+(8+8) =428 and +(6—n)==+(6—05)==+2id.
Hence by using (6.1.17), we now obtain

(eF201)n(eF2i62)n . —n,n—l+2£,8/2:F51—i(x+f2:|:52)_1
(n—1+2¢),i" €F20,eF2id ’

forn=0,1,2,.... These polynomials are called continuous Hahn polynomials.
The Pearson difference equation (6.1.20) reads

Yn(x) =

w(z) 242(f—€)z+g—y  (z+f—-€+8)(z+f—€—8)

wetl)  (@—12+2f(c=D+g  (@—1+f+n)z—1+f-n)

Case IIIa. £ > 0 and 28, < €. In this case we use
wi@)=TE—1+f+MTz—14+f—T(1+e—-6—f—2)T(1+e+6—f—2)

as a possible solution for the Pearson difference equation.
First we set z = a+ix and use 11 = 0 and (6.1.17) to obtain

wla+ix) = T(a+ix—1+f+8)T(a+ix—1+f—9)
xT(1+e—6—f—a—ix)I(1+€+6—f—a—ix)
=T(e/24+ 6 +i(x+ fr—&))(e/2— 81 +i(x+ fa+ 62))
xT(e/2—01—i(x+ fo+6))T(e/24 8 —i(x+ f— &)
= |T(e/2+ & +ilx+ fo— &) [T(e/2— 81 +ilx+ f+ &)

This leads to the Rodrigues formula

R |
Yn(x) = m

1
“T(e/2+ 6, +ilx+ fo— )P |T(e/2— 8 +i(x+ o+ 8))
XA"(T(e/2+ 61 +i(x+ fo— &) (/261 +i(x+ fo+ &))
X T(n+e/24 8 —i(x+ fr+ &)
xT(n+€/2—8 —i(x+ fr—&)))

forn=0,1,2,.... Further we obtain by using the Mellin-Barnes integral (1.6.3) that
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1 _ 1
/_mw(a—kzx)dx— %/ w(a+s)ds

2r oo
_T(e=6+MT(e+0+nT(e—0—n)T(e+6—n)
B ['(2¢)
_ T(e+426)(e—26)T(e+2i6)T (e —2id)
B I(2¢) ’

which implies that

[(e426)T (e —26)) |T(e +2i8)|
I'(2¢)

L= .
do ::Elmw(a+lx)dx: >0,

since 0 < 26; < €. This leads to the orthogonality relation

o [ e/2 484Gt - &)
X [T(e/2= 81 +i(x+ fo+ 8))|” ()T (x) dx
C(n—1426)T(n+e+28)T(n+e—28)|T(n+e+2i8)|*n!

— Oy
I'(2n—1+2¢&)T'(2n 4+ 2e¢) o

form,n=20,1,2,....

Case ITIb. We have 26 = —2N —t with N € {1,2,3,...} and —1 <t < 1 and 26; >
—é&. In this case we use

Fz—1+f+Mr(1+e+6—f—2)

() = Fz+f—e4+0)TR24+Nn—f—2)

as a possible solution for the Pearson difference equation.
As before, we set z=a+ix and use 11 = 6 and (6.1.17) to obtain

Ta+ix—1+f+8)T(1+e+86—f—a—ix)
Ta+ix+f—e+8)T(2+8—f—a—ix)

_ T(e/2+81+ix+ /2= &) (/2461 —i(x+ /o — &)
T(1—¢/2+8 +i(x+ fo+6&))T(1 —€/2+ 8 —i(x+ f2+ &)
T(e/2+ 8 +ilx+fr—&)) |

I(1—¢/246 +i(x+ o+ 6&))

w(a+ix) =

This leads to the Rodrigues formula
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(=1 I(l—e/24+ 8 +ilx+ o+ &))
(n—1+42¢),| T(e/2+8 +i(x+f—&))
xA”( T(e/2+ 6 +i(x+f—&))
I'(l—€/24+ 8 —n+i(x+fo—&))
o r(”+3/2+51—i(x+f2—52)>>
F(178/2+517i(x+f2752))

forn=20,1,2,...,N. Now, by using (1.6.9), we obtain

2

Yn(x) =

%[mw(a+ix)dx: %mlimw(a+s)ds
B T(e+8+mn)I(1—2€)
CT(l—e+84+MT(1—e+86—MT(1—e—8+n)
T(e+26,)T(1 —2¢)
T(1—€e+26)C(1 —€+2i6)T(1 —e—2i8)’

which implies that

[(e+268)T(1—2¢)
(1 —e+28)|(1 —e+2i8)*

l o0
do:zﬂ/_ww(aJrix)dx: >0,

since 0 < —¢& < 20;. This leads to the orthogonality relation
1 /w T(e/2+ 8 +ilx+fr—8&)) |
2 ) | T(1—€/2+ 8 +i(x+ o+ &))

[(2—2e—2n)T(1—2e—2n)T(n+e+28)n!
Ir2—2e—n)T'(1—e+286 —n)|T(1 —e—n+2id)|

Y (x)¥n (x) dx

2 mn

form,n=20,1,2,...,N.
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In this chapter we have proved:

Theorem 6.1. The positive-definite orthogonal polynomial solutions y,(x) of
the difference equation (5.1.1)

(e +2fx+8) (A7) (3) + (2€x+7) (Ayn) () = nle(n— 1) +2€)ya(x + 1)

forn=0,1,2,... withe, f,g,€,y € C consist of two infinite systems

Case II. Meixner-Pollaczek polynomials with orthogonality on (—oo, )
with respect to

w(x) = |T(g1 +a—1+i(x+g2)[?e?™ ;e =0,2f=1,€>0,g >1—a
and

2e1 — 1 +2ig, = &P

Case IIla. Continuous Hahn polynomials with orthogonality on (—eo,oo)
with respect to

w(x) = [D(e/24 8 +i(x+ for— 8))(e/2 =8 +ilx+ L+ &) ; e=1,
e>0and?206; < €

and one finite system

Case IIIb. Continuous Hahn polynomials with orthogonality on (—eo,oo)
with respect to

w(x) =|T(e/24 61 +i(x+ fr—8))/T(1—€/2+ 8 +ilx+ fr+&))*; e=
1,2e =—-2N —twithN € {1,2,3,...} and —1 <t < 1 and 26, > —e.






Chapter 7

Orthogonal Polynomial Solutions in x(x+ ) of
Real Difference Equations

Discrete Classical Orthogonal Polynomials 111

7.1 Motivation for Polynomials in x(x + «) Through Duality

In the definition 3.1 we introduced the sequences {x, }izV:O with K, # K, form #n
and {A,}_, with A,, # A, for m # n of eigenvalues and the sequences {y,}\_,
with degree[y,] = n and {z,}_, with degree[z,] = n of polynomials where N €
{1,2,3,...} or N — oo. The polynomials y,(x) and z,(x) are called dual polyno-
mials with respect to the sequences of eigenvalues {K,}"_, and {A,}\_, when
Yn(Km) = zm(Ay) forall m,n =0,1,2,... N.

In section 5.3 we obtained the difference equation

CxX)yn(x+ 1) —{C(x) +D(x) } yu(x) + D(x)yn(x — 1) = A, yn(x) (7.1.1)
forn=0,1,2,...,N— 1 where A, =n(n—1+2¢),

Cx)=@x—1+f+mx—1+f-n)
and D(x)=(x—14+f—e+8)(x—1+f—e—0)

§=1/(f-€?—g+y and n=+/f—¢

for the Hahn polynomials. If the regularity condition (2.3.3) holds, all eigenvalues
are different. This implies because of theorem 3.6 that there exists a sequence of dual
polynomials. In this case we have A, =n(n— 1+ 2¢) and &, = m since g = © = 1
and xo = 0. If the conditions

with

(D(0)=)1—2f+g+2e—y=0 and (C(n)=)(n—1)>+2f(n—1)+g#0

R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their q-Analogues, 141
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DOI 10.1007/978-3-642-05014-5_7, © Springer-Verlag Berlin Heidelberg 2010
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hold, the dual polynomials {zm}m o satisfy the three-term recurrence relation

C(m)zmy1(x) — {C(m) + D(m)} zpn(x) + D(m)zpm—1(x) = x2pm(x) (7.1.2)

form=0,1,2,...,N — 1 with the convention that z_; (x) := 0. If we setx = ,, = m
into (7.1.1), we find that

C(m)yn(m+1) ={C(m) +D(m)} yn(m) + D(m)yn(m—1) = Anya(m) ~ (7.1.3)

forn=0,1,2,...,N— 1. Since y,(&y) = yn(m) = z»(A,) forall m,n=0,1,2,... N
this implies that for the Hahn polynomials there exist dual polynomials with argu-
ment A, = n(n — 1+ 2¢). This motivates the study of orthogonal polynomials in
x(x+ u) with x a real variable and u € R a constant.

7.2 Difference Equations Having Real Polynomial Solutions with
Argument x(x+ u)

In order to build a theory, we must first classify all second-order difference equations
with real coefficients which have real polynomial solutions {y, (x(x+u))}Y_, with
degreely,) =nand N € {1,2,3,...} or N — 0. Therefore we consider the difference
equation

O(x+2)A%y, (x(x+u)) + (x4 1) Ay, (x(x+u))
= (x4 Dyn((¥+ 1) (x4 1 +u)) (7.2.1)

forn=0,1,2,..., where Ay,(x(x+u)) = y,((x+ 1)(x+ 1 +u)) — yp(x(x+u)) and
A%y, (x(x+u)) = A (Ay,(x(x+u))). By replacing x by x — 1, we can write this in the
symmetric form

COa((x+ 1) (x+ 141)) — {C(x) + D)}y el + )
+Dy((r— 1) (x = 1+1)) = Aup(ya(xx 1)) (7.22)

with
Clx)=@(x+1) and D(x) = p(x+1) — w(x).

Now we look for eigenvalues A, and coefficients C(x), D(x) and p(x) so that for
each eigenvalue A, there exists exactly one polynomial solution y, (x(x 4 u)) with
degree[y,] = nin x(x + u) up to a constant factor. Since (x(x+u))" can be expressed
as a linear combination of (x —k+ 1) (x+u); fork =0,1,2,...,n, we set

n k 1
Y (x(x+ 1)) Zankx +k)"‘(x+”)", an #0, n=0,1,2,.... (7.2.3)

Then we have



7.2 Difference Equations Having Real Polynomial Solutions with Argument x(x + u) 143

(x—k+2)1(x+14u)r_q
(k—1)!

n
Ayp(x(x+u)) = 2x+ 14u) Zank

This leads to the first simplification

Clx)=2x—14u)C*(x), D(x)=2x+14u)D*(x)
and p(x)=2x—1+u)2x+1+u)p”(x). (7.2.4)

For the moment we assume that 2x # —u 4 1. Then we have

L X—k+2)—1(x+14+u)i
IS SAETE

00 s G < A it

For a second simplification we note that

(x—=k+2)1(x+ T +u)p1 — (x—k+ 1)1 (x+u)i—1
=(k=1)2x+u)(x—k+2)2(x+1+u)—2

for k =2,3,4,.... Now we define
C*'(x)—D*(x) = 2x+u)B(x) and p*(x)= (2x+u)r(x) (7.2.5)

with the assumption that 2x # —u. Without loss of generality we may choose r(x) = 1
so that we have

L (x—k+ 1)1 (x+u)p— . (x—k+2)pa(x+14+u)i>
+C n,

D ] %00 (k=2)!

i i (x— k—l—i)!k(x—l-u)k (7.2.6)

forn =2,3,4,.... For n = 0 we have yo(x(x+u)) = ago (# 0) which, if (7.2.1) is
used, leads to A9 = 0 (except for the trivial situation that r(x) = 0). For n =1 we
have y; (x(x+u)) = aj 0+ a1,1x(x +u) with a; ; # 0, which leads to

B(x)au = ),1 {a170 +a171x(x+ Lt)} .
Since all eigenvalues must be different, we conclude that A; # 0 (= Ag). Hence
B(x) =v+wx(x+u) with vywweR, w#0. (7.2.7)

This form can be used as a third simplification. For the first term on the left-hand
side of (7.2.6) we obtain
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i wkay, =k }c)!k(x+u)k +§,1 {v+w(k— 1)2}%,C (x_k+(2k)k—11()f+u)kl

L (x—k4+2)r2(x+1+u)i 2

_kg‘z(v—&—wxz)(x—ku)an,k (k—2)!

(7.2.8)

This implies that C*(x) must be of the form

C*(x) = (v+w?) (x+u) + ox(x+u) + tx(x— 1) (x+u)(x+ 14 u)
= (x+u) {v+ox+wd+x(x—)(x+1+u)}, o,T€R. (7.2.9)
This leads to the following theorem.

Theorem 7.1. The difference equation (7.2.1) only has real polynomial solutions
Yn(x(x+u)) with degree[y,] = nin x(x+u) forn=0,1,2,... if the coefficients C(x),
D(x) and p(x) have the form

Clx)=0pkx+1)= (x+u)(2x—1+u){v+6x+wx2+rx(x— D(x+1+u)},

D(x) = ¢(x+1) - y(x)
=x(2x+14u){—v+o(x+u) —wlx4u)?+ 71— 1) (x+u)(x+1 +u)}

and
px)=2x—14u)(2x+u)(2x+1+u)
with u,v,w,0,7 € R and w # 0.
Note that the assumption that 2x ¢ {—u— 1, —u, —u+ 1} can be dropped.

7.3 The Hypergeometric Representation

In order to find the hypergeometric representation of the polynomials in the form
(7.2.3), we use (7.2.7), (7.2.9) and (7.2.8) to obtain from (7.2.6)

$ by A

+ 2 v+ (k—1)(o+ (k—1)w+ (k—2)(u+k)T)}

(x—k+2) 1 (x+u)p_
><an7k ( k= 1)’

< —k+41)
e

k=0

By comparing the coefficients of (x —k + 1) (x+ u); on both sides, we find that
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kiw+ (k—1D)t}tanx+{v+k(c+kw+ (k—1)(u+k+1)7)}apir1 = Anang,

which holds for k = 0,1,2,...,n if we define a, ,+1 := 0. This leads to the eigenval-
ues
M=n((n—1)1+w), n=0,1,2,... (7.3.1)

and the two-term recurrence relation
(n—k){(n+k—1)T+w}anx
={v+k(c+ikw+(k—1)(u+k+1)7)}a, s+ (7.3.2)

for k =n—1,n—2,n—3,...,0. Hence the coefficients {a,};_, in (7.2.3) are
uniquely determined in terms of a,, , # 0 if

(n+k—1)T+w#£0 (7.3.3)

fork=n—1,n—2,n—3,...,0 and n € {1,2,3,...}. This condition holds if the
eigenvalues in (7.3.1) are all different. In the sequel we will always assume that this
holds.

Since w # 0, we only have to consider two different cases.

Case I. 7 =0 and w = 1. Then we write
C'(x) = (x+u) (P +ox+v) = (x+u)(x+x1)(x+x), C=x1+x, v=xx.
Then we use (7.2.5) and (7.2.7) to show that

D*(x) = C*(x) — (2x+u)B(x)
= (x+u)(x+x)(x+x2) — (2x+u) (x1x00 +x(x+u))
= —x(x4+u—x;)(x+u—x).

Hence, if (7.2.4), (7.2.5) and (7.3.1) are used, the difference equation (7.2.1) reads

(1) 2+ 1+u) (x+ 1+x1) (x+ 1+x2) A%, (x(x +u))
H{(x+1+u)2x+ 1T +u)(x+1+x)(x+1+x)
+(x+1)2x+3+u)
X(x+1+u—x)(x+14+u—x2)} Ayn(x(x+u))
=n(2x+14+u)2x+24+u)(2x+3+u)y,((x+ 1) (x+14+u))  (7.3.4)

forn=0,1,2,..., and the symmetric form (7.2.2) reads
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(v (2x— 14 )31 ) (e 2 (o 1) (x4 1+ )
—{(x+u)(2x—1+u)(x+x1)(x+x2)
—x(2x+14u)(x+u—x1)(x+u—x2) tyu(x(x+u))
—x(2x+14u)(x+u—x1)(x+u—x2)y,(x—1)(x— 1 +u))
=n(2x—14+u)2x+u)2x+ 1+ u)y,(x(x+u)), n=0,1,2,.... (7.3.5)

For the two-term recurrence relation (7.3.2) we obtain
(n—k)apy = (k+x1)(k+x2)angy1, k=n—1,n—2,n-3,...,0.
This implies that for the monic polynomials, id est a, , = n!, we have

(k+xl)n—k(k+x2)n—kn| _ (xl)n(XZ)n
(n—k)! o (ak(e2)k

By using (7.2.3) and (—1)¥(x —k+ 1); = (—x);, we obtain the representation

(=D*(=n), k=0,1,2,...,n

ank =

(
yn(x(x+u) xl n X2 i n()k< k(ngf]j'_ u>

—n,—X,X+Uu

= (xl),l(XQ),ﬂFz ( 5 1) s n= 0, 1,2,... (7.3.6)

X1,X2
for the dual Hahn polynomials. This is explained by the observation that the (not
normalized) Hahn polynomials can be written as (cf. section 5.3)

n—1+2ee—86+1—f—x

—n
* — F )
Yn(x) =3 2( g—8+n,e—8-1

;1), n=0,1,2,....

Ifwenowset f—e+06=1,e—0+nN=x1,€—0—N =x, andu=2¢e— 1, then we

obtain
—n,n+u,—x

Vi) = 3P (

For the (not normalized) polynomials in (7.3.6) we have

;1>, n=0,1,2,....
X1,X2

—X,Xx+u

ZZ(X(HM)):an(_”’ ;1), n=0,1,2,....

X1,X2
Apparently we have y (x) = zi(n(n+u)) forn,x =0,1,2,...; {y;(x)} and {z};(x(x+

u)) } are dual with respect to the sequences of eigenvalues {k;, } with k, =n and {4, }
with A, = n(n+u). Note that we also have y, (ko) = z0(An).

Case II. 7 = 1. Then we write

C*(x) = (x+u) {2+ (u+w)x* + (6 —u—1)x+v}
= (x+u)(x+x1)(x+x2)(x+x3)
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where

wW=Xx1+x+x3—u, O0=xXx2+xx3+xx3+u+1 and v=xxx3.
Then we also obtain by using (7.2.5) and (7.2.7)

D*(x) = C*(x) — (2x+u)B(x)
= (o) (o xy) (- 0) (v +x3)
— (2x+u) (x1x0x3 +x(x+ 1) (x] +x2 +x3 —u))
=x(x+u—x;)(x+u—x)(x+u—=x3).

Hence, if (7.2.4), (7.2.5) and (7.3.1) are used, the difference equation (7.2.1) reads

(x+14u)(2x+14u) (x4 14x)) (x+ 1 +x2) (x+ 1 4x3) A2y, (x(x + 1))
+{Ox+14+uw)2x+14+u)(x+1T+x))(x+14+x)(x+1+2x3)
—(x+1)2x+3+u)(x+1+u—x)
X(x+1+u—x)(x+14+u—2x3)} Ay (x(x+u))
=nn—14+x;+x2+x3—u)
X (2x4+14+u)(2x+2+u)(2x+34+u)y,((x+ 1) (x+ 1 4u)) (7.3.7)

and the symmetric form (7.2.2) reads

(x4u)2x—14+u)(x+x1) (x+x2) (x+x3)y.((x+ 1) (x+14u))
—{(x4u)2x—14u)(x+x)(x+x2)(x+x3)
+x(2x+14+u)(x+u—x))(x+u—x2)(x+u—2x3) }yu(x(x+u))
Fx2x+14u)(x+u—x)(x+u—x)(x+u—x3)y,((x—1)(x—14u))
=nn—14+x1+x+x3—u)2x—14+u)2x+u)2x+ L+ u)y,(x(x+u)) (7.3.8)

forn=0,1,2,.... For the two-term recurrence relation (7.3.2) we obtain
(n—k)(n+k—1+x1+x2+x3 —w)ay i = (k+x1)(k+x2)(k+x3)an k11

fork=n—1,n—2,n—3,...,0. This implies that for the monic polynomials, id est
an,, = n!, we have

(k421 ) p—ic (k +x2) i (k + X3 ) n—r

Gk = (n+k—1+x1+x2+x3 —M)nfk(”—k)!n!
_ (x1)n(x2)n (x3)n (n—1+x1+x2+x3 _u)k(il)k(in)
(n—14x1 +x2+x3 — 1), (e )k (3021 (33 ) ¢

fork=0,1,2,...,n.1f (7.2.3) and (—1)*(x —k+ 1); = (—x); are used, this leads for
n=20,1,2,... to the representation
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(xl)n(xZ)n(XZo)n
(n—=14x14+x2+x3—u),
 § el 1450+~ (—r+
k=0 (1) (22 )x (3 ) k!

Ya(x(x+u)) =

(xl)n(XZ)n(x3)n

(n— 14+x14+x+x3 —u)n

—nn—1 oy —
><4F3< non—14x+x+x3—u, x,x+u;1> (73.9)

X1,X2,X3

for the Racah polynomials. These polynomials have a certain symmetry in n and
x which can be seen as follows. The (not normalized) Racah polynomials given by
(7.3.9) can be written as

N —n,n—14+x+x04+x3—u,—x,x+1u
yn(x(x+u)):4F3( PR ;1) (7.3.10)
X1,X2,X3
forn=0,1,2,.... If we replace u by —1 +x; 4+ x> + x3 — u, then we have
Z(x(x—=14x; +x2+x3—u))
_ —xx—1 _
:4F3( nn4u,—x,x—1+x1+x+x3 u;l) (73.11)
X1,X2,X3

forn=0,1,2,.... Now we have y;(x(x+u)) = zf(n(n — 1 +x1 +x2 +x3 —u)) for
n,x=0,1,2,... and {y}(x(x+u))} and {z;(x(x — 1 +x; +x2 +x3 —u))} are dual
polynomial systems with respect to the sequences of eigenvalues {x;,} with K, =
n(n+u) and {A,} with 4, = n(n— 1+ x; +x2 + x3 — u). Note that we also have
v (K0) = 25(As). The polynomials z;, (x(x — 1 4-x1 +x2 +x3 — u)) can be considered
as dual Racah polynomials. This fact will be used in the next section.

7.4 The Three-Term Recurrence Relation

In order to obtain the three-term recurrence relation, we use the concept of duality.
Again we consider the two different cases.

Case 1. For the dual Hahn polynomials we start with the difference equation (7.1.1)
for the Hahn polynomials. The coefficients of this difference equation give us the
coefficients of the three-term recurrence relation for the dual Hahn polynomials. We
have

C)=(x=T1+f+mx—1+f=n) = (+x)(x+x)

and

Dx)=(x—14+f—e4+0)(x—14+f—€e—8)=x(x—14+x1+x—u)
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with
f—e+é6=1, x=f—-14m, xp=f—-1-n and u=2e-1.

This implies that the three-term recurrence relation for the dual Hahn polynomials
z2(Ay) can be written as

(n+x1)(n+x2) 2011 (A) = {(n+x1) (n+x2) +n(n — 1+ x1 +x2 —u) } 20 (Ax)
+nn—14+x14+x—u)zp—1(A&) = Lzn(Ay), n=1,23 ...

with zo(A:) = 1, z1(A) = 14+ A /x1x2 (x1x2 # 0) and A, = x(x + u). For the monic
dual Hahn polynomials y, (x(x + u)) this can be written as
Ynp1 (¥(x+u)) = {x(x+u) + (n+x1) (n+x2)

+n(n—14x;+x —u) b yn(x(x+u))
—nn—14x1)(n—1+x)
X (n—14x1+x2 —u)y,—1(x(x+u)) (7.4.1)

forn=1,2,3,... with yo(x(x+u)) =1 and y; (x(x+u)) = x(x + u) + x1 x3.

Case I1. For the Racah polynomials we start with the difference equation (cf. (7.2.2))
for the (not normalized) Racah polynomials y};(x(x + u)) given by (7.3.10):

C)yn(Ker1) = {C(x) +D(x) } v, (1) + D(x)y;, (K1) = A (X) 3 (1K)

Now we have y;; (k) =z (A4,) with Ky =x(x+u) and A, =n(n— 1 +x1 +x2+x3 —u),
which implies that the difference equation for the dual Racah polynomials z}(4,)
given by (7.3.11) can be written as

Cx)Ze11(An) = {C(x) +D(x)} 25 (An) + D(x) 251 (An) = Aup (X)23(An).-
For the coefficients we now have
Clx)=(x+u)(2x—1+u)(x+x1)(x+x2)(x+x3)

and
D(x)=x(2x+14+u)(x+u—x))(x+u—x2)(x+u—x3)

which leads to the three-term recurrence relation

(n+u)2n—1+u)(n+x1)(n+x2)(n+x3)z; 1 (A)
—{(n+u)2n—1+u)(n+x))(n+x2)(n+x3)
+n2n+1+u)(n+u—x))(n+u—x)(n+u—x3)}z;(A)
+n2n+1+u)(n+u—x))(n+u—x2)(n+u—x3)z;_;(A)
=ALC2n—1+u)2n+u)2n+1+u)z(A), n=1273,...
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with z§(Ay) = 1 and 2} (Ax) = 1+ (u+ 1) A /x1x0x3 (x1x0x3 # 0).

When u is replaced by —1 + x| +x, +x3 —u (= —1 +w), the polynomials z};(A)
given by (7.3.11) change into the polynomials y: (k) given by (7.3.10). This implies
that the three-term recurrence relation for the polynomials y; (k) can be written as

(1= 1) (20— 24+0) 0 30) (1 52) (1)1 ()
—{(n—14w)2n—-2+w)(n+x))(n+x2)(n+x3)
+n2n+w)(n—14+w—x)
x(n—1+w—x2)(n—14+w—2x3)}yi(xy)
+n2n+w)(n—14+w—x))(n—1+w—x)(n—14+w—x3)y;_ (k)
=Kk(2n—2+w)2n—14+w)2n+w)y,(x;), n=1,2.3,...

with y§ () = 1, yi (k) = 1 +wi/x1x0x3 (x1x2x3 # 0) and &, = x(x + u). The con-
nection with the monic Racah polynomials y, (k) is given by

N n—14+w
yn(Kx):(( n yn(Ky), n=0,1,2,....

X1 )n(x2)n (x3)n

Hence the three-term recurrence relation for the monic Racah polynomials y, ()
can be written in the form

Yn+1 (Kx) = (Kx + Cl(’ll) +C£12>) yn(Kx) - C5117)16512)yn71 (Kx)a n=12,3,... (74.2)

with yo(k;) = 1 and y; (x) = K + x1x2x3 /w, where K, = x(x+u) and w = x; +x2 +
x3—uwithw#0,—1,-2,...,

(0 (L w)(ntx)(n+x0)(n +x3)

=0,1,2,... 7.4.3
" @n—Ttw@nsw o "3 (7.4.3)

and

2 nn=1+w—x))(n—=1+w—x)(n—1+w—x3)
= =1,2,3,.... (744
c 2n—2+w)2n—1+w) y n=123,... (744

7.5 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

Favard’s theorem (theorem 3.1) can be extended for monic polynomials y, (x(x + u))
of degree n € {0, 1,2,...} with u € R. The polynomials given by

Y1 (x(x+u)) = {x(x+u) —cutyn(x(x+ 1)) — dpyn—1 (x(x+ 1)) (7.5.1)

forn=1,2,3,... with ¢;,,d, € R, yo(x(x+u)) =1 and y; (x(x+u)) = x(x+u) —co
(co € R) are orthogonal with respect to a positive-definite linear functional A, id est
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n
Alym(x(x+u)yn(x(x+u)) = [ [Tdk | S, mn=0,1,2,..., (7.5.2)
k=0

where Alyo(x(x +u))] = do € R and Aly,(x(x+u))] =0 for n = 1,2,3,... iff
do,dy,dy, . ..,d, are positive. The proof is similar to the proof of theorem 3.1.

Case 1. For the monic dual Hahn polynomials given by (7.3.6) we have the three-
term recurrence relation (7.4.1) with

cn=—m+x)(n+x2)—nn—14+x+x2—u), n=0,1,2,...
and
dy=nn—14+x))(n—14+x2)(n—1+x1+x2—u), n=123,..., uek.

Since u € R, we have ¢, € R for all n =0,1,2,... if x;x» € R and x; +x, € R.
This implies that x1,x; € R or x; and x, are complex conjugates. Positive-definite
orthogonality occurs in six infinite and seven finite cases given by table 7.1, where
x1 and x; can be interchanged because of the symmetry.

|case| conditions | positive
1 x172>0, x1+x—u>0 dy,dp,d,...
2 xip=0azxip (a,p R, B#0),2a0—u>0 di,dr,d3,...
3 x>0, -N<xp<—-N+1,-N<x;+x—u<-—-N+1 di,dy,ds, ...
4 x1 >0, <—=N, -N<xj+x—u<-N+1 dy,dy,ds,....dy
5 x>0, -N<xp<-N+1,x4+x—u<-N dy,dy,d3,....dy
6 x1>0,00<—-N,xij+x—u<—-N

“N—j<xa<-N—j+1,j€{1,2,3,..}
“N—k<xi+x—u<-N—k+1,ke{1,2,3,..}

alj=kwithxy; #—-N—j+landx;+xp—u#-N—j+1 di,dy,d3,...

blj=kwithx, =—N—j+lorxj+x—u=—-N—j+1 dy,dy,ds,...,dyyj

clj#k di,da,d3, - dyymin(jh) -1

—N<xjp<—-N+1Lx1+x—u>0 di,dy,ds, ...
—N<x1<-N+1,x0<-N,xj+x—u>0 dy,dy,d3,....dy
X120 < =N, x1+x—u>0

“N—j<xi<-N—j+1,j€{1,2,3,..}
—N—-k<xx<-N—k+1,ke{l1,2,3,...}

alj=kwithx; #—N—j+1landx; # —N—j+1 dy,dy,ds,. ..

blj=kwithx;=—-N—j+lorxa=—N—j+1 dy,dy,d,...,dyyj

clj#k di,da,d3,. - dyymin(jh)-1

Table 7.1 Case N € {1,2,3,...}.
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Case II. For the monic Racah polynomials given by (7.3.9) we have the three-term
recurrence relation (7.4.2) with

co= —c(()l)7 = —c,(,” —c,(12>, n=1,2,3,...
and

1 @ _ nn—2+w)

dy=c,_ cn

= D, =1,2,3,...
(2n—3+w)(2n—2+w)22n—1+w) " TEheS

and

Dy=n—1+x)(n—14x)(n—14+x3)
X(n—1l4+w—x))(n—1+w—x)(n—14+w—x3) (7.5.3)

forn=1,2,3,..., where w € R. Since w € R, we have ¢, € Rforall n =0,1,2,... if
x1x0x3 € R, x1 + x5 +x3 € R and x1x2 + x1x3 +xx3 € R. This implies that x;,x5,x3 €
R or one is real and the other two are complex conjugates. Note the similarity with
case III in section 4.2 with 2¢ replaced by w. As in section 4.2 we conclude that for
w > 0 we have

nn—2+w)
(2n—3+w)2n—2+w)?2n—1+w)

>0, n=1,23,...

and forw= —2N —¢ with N € {1,2,3,...} and —1 < ¢ < | we have

nn—2+w)
(2n—=3+w)2n—-2+w)2(2n—1+w)

<0, n=1,2,3,....N

and this does no longer hold for n = N + 1. In this case the range —1 < w < 0 must
also be considered since this might also lead to positive-definite orthogonality. For

w = —1 this is impossible since d; is not defined in that case. For —1 <w < 0 we
have (12 w)
nn—2+w
>0, =1,3,4,...
(2n—3+w)2n—24+w)?2n—1+w) "
and forn =2
2w <0
(w+1)(w+2)2(w+3)

Case IIa. w > 0. Then we must have D,, > 0 forn=1,2,3,....

Forw > 0and x; <0fori=1,2,3 we have w—x; > 0 fori=1,2,3. However, w > 0
and w—x; < 0fori=1,2,3 implies that x; > 0 for i = 1,2, 3. Therefore, D can only
be positive if all six factors in (7.5.3) with n = 1 are positive or four are positive and
two are negative. This observation leads to positive-definite orthogonality in eight
infinite and ten finite cases given by table 7.2.
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|case| conditions | positive
1 0<xip3<w dy,dy,d3, ...
2 0<X1<W,xz‘3:0£ilﬂ(a,ﬂ€R,ﬁ7é0) dy,dy,d3,. ..
3 0<x; <w, —N<)C273<—N+1 dy,dy,d3,...
4 O0<xi<w,xp<—N,-N<x3<-N+1 dy,dr,ds,...,dy
5 0<x; <w, x03<—N

N—j<m< N—jil je{l,23..}
“N-k<x3<—-N—k+1,ke{1,2,3,...}

alj=kwithxy #—-N—j+landxs # —N—j+1 dy,dr,d3,. ..

blj=kwithxp=—N—j+lorxz=—N—j+1 d17d27d3,...,d1v+j,1

clj#k di,dy,d3, - dyymingj o) -1

6 0<x; <w, —N<W—x2_’3<—N+1 dy,dy,d3,...
O<xi<w, -N<w—x<-N+1,w—x3<—-N dy,dp,d3,...,dy

8 0<x;<w,w—x23<—N

“N—j<w-xm<-N—j+1,j€{1,23, .}
“N—k<w-x3<-N—k+1,ke{1,2,3,..}

alj=kwithw—x; #—-N—j+landw—x3#—-N—j+1 di,dy,ds,...
blj=kwithw—x;=—-N—j+lorw—x3=—-N—j+1 dy,dy,d3,...,dNyj
cli#k di,da,d3, - dyymin(j ) -1

9 [0<x;<w, - N<xp<—-N+1, -N<w—-x3<—-N+1 dy,dy,d3, ...

10 O<xi<w,x<—N, -N<w—x3<-N+1 dy,dy,d3,....dy

11 O<x;<w, —-N<xp<-N+1L,w—x3<—-N dy,dy,d3,....dy

12 O0<x1<wy,x<-N,w—x3<—-N

N—j<m< N—jtl je{l,23..}
~N-k<w-x3<-N—k+1,ke{1,23,...}

alj=kwithx, #—-N—j+landw—x3# —N—j+1 di,d»,ds,. ..
blj=kwithxy=—N—j+lorw—x3=—-N—j+1 d17d27d3,...,d1v+j,1
clj#k di,dp,d3; .. dyymin(j -1

Table 7.2 Case Ila, N € {1,2,3,...}.

Case IIb. —1 < w < 0. In this case we must have D, < 0 and D, > 0 for n =
1,3,4,....

Forw < 0and x; >0fori=1,2,3 we have w—x; < 0fori=1,2,3. However, w <0
and w—x; > 0 for i = 1,2,3 implies that x; < 0 for i = 1,2,3. Therefore, D; can

|case| conditions I positive I

1 w<x1 <0, 2<xnp<-1,-1l<x3<w |d,dr,d3,...
2 w<x; <0, 2<x<-1,0<x3<w+1 |d,dr,d3,...
3w <0,wH+l<xy<w+2, —1<x3<w|dy,dr,d3,...
4 w<x <0, wH+l<xy<w+2,0<x3<w+1|d},dr,d3,...

Table 7.3 Case IIb.



154 7 Orthogonal Polynomial Solutions in x(x + u) of Real Difference Equations

only be positive if all six factors in (7.5.3) with n = 1 are negative or four factors are
negative and two are positive.

Forw> —1andx; <0 fori=1,2,3 we have w—x; > —1 fori = 1,2,3. However,
w>—land w—ux; < 0fori=1,2,3 implies that x; > —1 fori = 1,2,3. We conclude
that if all six factors in (7.5.3) with n = 1 are negative, then all six factors for n =2
are positive. Therefore, D; can only be negative in the case that four factors in (7.5.3)
with n = 2 are negative and two are positive. Indeed, hereby only one negative pair
(x;,w—x;) with i € {1,2,3} may occur. This observation leads to positive-definite
orthogonality in four infinite cases given by table 7.3.

Case Ilc. w = —2N —¢ with N € {1,2,3,...} and —1 < ¢ < 1. Then we must have
D, <0forn=1,2,3,....

| case | conditions | positive
1 X123 >0 dy,dr,d3,...,dy
2 )C])2>07 x3 < —2N —t dy,dy,d3,....dy
3 x1>07x273:o¢:|:i[3 (a,B R, B#£0) dy,dp,d3,...,dy
4 x1 >0, x2,3<72N7t dy,dy,ds,....dy
5 x1 >0, ~N—t—-1<x3<-N+1 dy,dy,d3,....dy
6 |x] >0, 2N—t<xp<-N-—-t—1,

—N—-t—-1<x3<—-N+1
N—t—j—1<x<-N—t—j,je{1,2,3,... ., N=1}| di,dr,d3,....dy;
7 x1 >0, 2N -t <x3<—-N-—-t—1
“N—-t—j—1<xp<-N-t—j, je{1,2,3,....N—1}
—N—-t—k—1<x3<-N-t—k ke{l,2,3,... . N—1}

alj=kwithx, #—N—t—jandx3 # —N—t—j dy,dy,d3,...,dy
blj=kwithxp=—N—t—jorx3=—-N—t—j d].,dz,djh...,d/v,j
clj#k di,do,ds;s. Ay max(jk)
8 x1>0, -N+1<x3<0
—N+j<xy<-N+j+1,je{l,2,3,....N—1}
—N+k<x3<-N+k+1,ke{1,2,3,....N—1}
a|lj=kwithx, # —N+ jandxz # —N+j dy,dy,d3,....dy
bl|j=kwithx, =—N+jorxz3=—-N-+j d],dz,d3,...,d}v,j
cli#k dy,dy,d3, . .., dy_max(j k)
9 x1 >0, -N+1<x<0, - N—t—1<x3<—-N+1

—N+j<xm<-N+j+1, je{l,2,3,...,N—1} dy,dy,d3,...,dy_;
10| x1>0, - N+1<x<0, 2N—-t<x3<—-N—-r—1
—N+j<xs<-N+j+1,j€{1,2,3,....N—1}
—N—t—k—1<x3<-N-—t—k, ke{1,2,3,....N—1}

a|lj=kwithx, # —N+ jandxz # —N—t—j dy,dr,d3,...,dy
blj=kwithx, =—N+jorxz=—-N—t—j d],dz,d3,...,d}v,j
clj#k di,da,ds,. . dy_max(jn)

Table 7.4 CaseIlcl, N € {1,2,3,...}.
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Forw < —1 and x; > 0 for i = 1,2,3 we have w — x; < —1 for i = 1,2, 3. However,
w< —1 and w—x; > 0 for i = 1,2,3 implies that x; < —1 for i = 1,2,3. There-
fore, Dy can only be negative if three factors in (7.5.3) with n = 1 are negative and
three are positive or one factor is positive and five are negative. This observation
leads to positive-definite orthogonality in four infinite and forty finite cases given by
table 7.4, table 7.5, table 7.6 and table 7.7.

In table 7.4 we list all cases with x; > 0.

| case | conditions | positive
11 X|‘273<—2N—Z dy,dy,d3,....dy
12 x1<-=2N-t,m3=0axif (a,p R, B #£0) dy,dy,d3,....dy
13 X1 <—=2N—t, -=N—t—-1<x3<-N+1 dy,dy,ds,...,dy

14 |x;p<—-2N—t, 2N—t<xs<-N-—-t—1,
—N—-t—1<x3<—-N+1
—N—I—j—l<XZS—N—t—j,j€{1,2,3,...7N—1} d],dz,d3,...,d}v,j
15 X1 < =2N—t, 2N -t <x3 < —-N-—-1t—-1
~N—t—j—1<xp<-N-t—j, je{l,2,3,....N—1}
—N—t—k—1<x3<-N—-t—k, ke{l1,2,3,....N—1}

alj=kwithxy # —N—t—jandxz3 # —N—t—j dy,dy,d3,....dy
blj=kwithx =—-N—t—jorxz3=—-N—t—j dy,dy,ds,...,dy_;
cli#k di,da,d3, - . dy_max(j k)
16 X1 <—=2N—t, -N+1<x3<0
—N+j<xp<-N+j+1,je{l,2,3,....N—1}
“N+k<x3<-N+k+1,ke{l,2,3,....N—1}
a|j=kwithxy # —N+jandx3 # —N+j di,dr,d3,...,dy
blj=kwithx, =—-N+jorx3=—-N+j dy,dy,d3,...,dy_;
clj#k d]7d2»d37-~~7dN7|nax(j7k)
17 [x1 < =2N—t, - N+1<x <0, -N—t—1<x3<—-N+1

—N+j<xp<-N+j+1, je{l,2,3,...,.N—1} dy,dy,d3,....dy_;
18 [xi < —2N—t, -N+1<x <0, 2N—t<x3<-N-t—1
—N+j<xp<-N+j+1,je{l,2,3,....N—1}
—N—-t—k—1<x3<-N-t—k ke{l,2,3,... . N—1}

a|j=kwithxy # —N+jandxz # —N—t—j di,dr,d3,...,dy
blj=kwithxp=—-N+jorxz=—N—t—j d17d2,d3,..‘,d1\1_/‘
clj#k di,da,ds, . dy_max(jk)

Table 7.5 Case IIc2, N € {1,2,3,...}.

In all cases, the condition x; > O can be replaced by the condition x| < —2N —¢.
This leads to the extra cases listed in table 7.5. Even more cases can be obtained
by interchanging the role of x; and w — x| in table 7.5. If we distinguish between
—1<t<0and 0 <t < 1 we have more cases. For —1 <t < 0 we have the cases
listed in table 7.6 and for O < ¢ < 1 we have the cases listed in table 7.7.
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|case | conditions | positive

19 |—t<xj<—t+1, -N—t—1<xp<—-N, -N<x3<-—-N-—t dy,dy,ds,...
20 |[—t<x;<—t+1,-N—t<xp<—-N+1, -N<x3<—-N-—t dy,dy,ds,...
21 0<)C]§—l7 —1\’—1‘—1<)62<—1V7 —N<x3<—-N-—t d],dz,d3,...,d2}v
22 O0<x1<—t, -N—t<xx<—-N+1, -N<x3<—-N-—t dy,dp,ds,...,don
23 x1>—t+1, - N—t—1<xx<—-N,-N<x3<—-N-—t |d,drds,...,don+1
24 x1>—t+1, - N—t<xx<—-N+1, -N<x3<—-N-—t |dy,dp,ds,...,doN+1

Table 7.6 Case IIc3, N € {1,2,3,...} and —1 <7 <O0.

| case | conditions positive

25 |—t+1<x<—t+2, - N-1<xp<-N—-t, -N—t<x3<—N dy,dy,d3,...
26 |[—t+1<x<—t4+2, -N<xy<—-N—t+1, -N—t<x3<—N dy,dy,d,. ..
27 O0<x<—t+1, -N—-1<xx<—-N—t, -N—t<x3<—-N |d,dr,d3,...,dony+1
28 O0<x1<—t+1, -N<xp<—-N—-t+1, -N—t<x3<—-N |dy,dr,d3,...,don+1

29 x1>—t+2, -N—-1<xx<-N—t, -N—t<x3<-—-N dy,dr,d3,...,dons2
30 x1>—t+2, - N<xx<—-N—-t+1, -N—t<x3<—-N dy,dy,d3,...,donso
31 x>0, -N—t+1<xp<-N+1, -N—t<x3<-—N di,dy,d3,...,dyy1
32 x>0, -N—t—-1<xp<—-N-1,-N—t<x3<—N di,dy,d3,...,dyy1

Table 7.7 Case Ilc4, N € {1,2,3,...} and 0 <t < L.

7.6 The Self-Adjoint Difference Equation

The orthogonality relations can be obtained in a similar way as in section 5.3. There-
fore we write the difference equation (7.3.4) for the dual Hahn polynomials and the
difference equation (7.3.7) for the Racah polynomials in the form (cf. (7.2.1))

Q(x+2)A%y, (x(x+u)) + y(x+ 1) Ay, (x(x+u))
=p(x+ 1Dy (x+1)(x+14u)), n=0,1,2,....

If we multiply by w(x+ 1), this can also be written in the self-adjoint form

A{w(x)@(x+1)Ayn(x(x+u))}
=Xp(x+ 1w+ Dy ((x+1)(x+14u)), n=0,1,2,..., (7.6.1)

where w(x) satisfies the Pearson difference equation
A{wx) @+ 1)} = wx+ Dyx+1). (7.6.2)

As before, we multiply the difference equation (7.6.1) by y,,((x+ 1)(x + 1 4+ u)),
subtract the result with m and n interchanged, and finally replace x by x — 1. Then
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we obtain

(A = An) P ()W ()Y (x(x + 10) )yn (x(x + 1)) = Spgn (X) = Spm(x—=1)  (7.6.3)
with

Snm(X) = w(xX)@(x+ 1) {yn((x+ 1) (x+ 1+ 1)) ym(x(x+u))
= ¥m(( D+ T4 u))yn(x(x+u))} (7.6.4)

form,n €{0,1,2,...}. If the eigenvalues given by (7.3.1) are distinct, id est if (7.3.3)
holds, then (7.6.3) and (7.6.4) lead to several different kinds of orthogonality rela-
tions with respect to the weight function w*(x) := p(x)w(x) similar to the case of
chapter 5.

For the dual Hahn polynomials given by (7.3.6) and the Racah polynomials given
by (7.3.9) we obtain an orthogonality relation of the form (cf. (5.1.11))

A+N
W () ym (x(x+u))yn(x(x+ 1)) = 6, Oy, m,n=0,1,2,....N (7.6.5)
x=A
with boundary conditions (cf. (5.1.12))
w(A—1)p(A)=0 and w'(A+N)p(A+N+1)=0. (7.6.6)

Compare with theorem 3.3, where we have @(x+ 1) in (7.6.1) instead of p(x— 1) in
(3.2.5). By using the theorem of Favard (cf. theorem 3.1, (3.1.4), (4.2.5) and (4.2.6)),
we obtain

n A+N
on=[[d, n=0,1,2,....N with dy= ) w*(x) (7.6.7)
k=0 x=A

and dy,d>,ds,...,dy given by the three-term recurrence relation (7.4.1) or (7.4.2).
If the second boundary condition in (7.6.6) cannot be satisfied for N € {1,2,3,...},
then it might be possible to use the condition

limw*(x)x** =0, k=0,1,2,... (7.6.8)

X—o0

instead. In that case all moments of the form
Y wHa)xt, k=0,1,2,... (7.6.9)
x=A

should exist. As a third possibility the sum in (7.6.5) can be replaced by an improper
integral over the (possibly deformed) imaginary axis (cf. page 109):

L Wt (et )

270 ) —ioe
=6,8m, mn=0,1,2,....N. (7.6.10)
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Also in this case all moments of the form

|
—/ w(x)x¥dx, k=0,1,2,... (7.6.11)
270 J oo
should exist. In the latter two cases we may also find infinite orthogonal polynomial
systems.
For positive-definite orthogonality we must have dy > 0.

7.7 Orthogonality Relations for Dual Hahn Polynomials

In the case of the dual Hahn polynomials given by (7.3.6) we obtain by using (7.6.2)
and (7.3.4) for the Pearson equation

wix)  _ p{e+2)—yx+1)}

Wt 1) POt gl + 1)

_ 7(2x+14)(x+1)(x+1+u—x1)(x+1+u7x2)
N 2ttt etm) - D

It will turn out that the seven finite and six infinite cases of table 7.1 for the dual
Hahn polynomials can be treated (with only a few exceptions) by using two weight
functions w7 (x) and w} (x).

The Finite Cases

Note that (7.7.1) can be written in the form

w*(x) Cx+u)(x+D)(x+1+u—x)(x+14+u—x)

wH(x+1) 2x+24u)(x+u)(x+x1)(—x —x2)
which leads (up to a factor of period 1 in x) to the solution

QCx+u)T(x+u)(x+x1)
Tx+DM(x+1+u—x)Tx+1+u—x)0(1—x3—x)

wi(x) =

By using this weight function for the dual Hahn polynomials given by (7.3.6) the
boundary conditions (7.6.6) can be fulfilled if we set A =0 and x, = —N. By using
(1.5.7), we obtain
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1) N
= D wilx)
x=0

_ i 2T (x+u/2+ DT (x +u)T(x+x;)
S XN (N=x)IT(x4u/2)T(x+14+u—x)T(x+1+u+N)

C(L+u)l(x) i (=1 (/2 + D)x () (x1)x (=N)x
(

N'l"(1—|—u x)C(1+u+N) Sx! (u/2)(14u—x1)(1+u+N),

)T(
T(1+u)(x1) u/2+1,u,x1,—N
N'T(14+u—x)T(1+u+N) u/2,14+u— x1,1+u+N
T(14u)T(x) T +u—x)T(1+u+N)
N‘F(1+u x)I'(14+u+N) TA+u)l(1+u—x;+N)
_ l“(xl)
NIT(1+u—x;+N)’

Further we obtain by using (7.4.1) and (7.6.7)

r !
oV = (n+x1)n . n=0,1,2,....N.
I'l+u—x;+N—n)(N—n)!
This leads to the orthogonality relation
Zwl (x(x+u))yn(x (x—&—u)):G,E])Smn, mn=0,1,2,....N (7.7.2)

for the dual Hahn polynomials y, (x(x+ u«)) given by (7.3.6).
In cases where it is not possible to satisfy the second boundary condition in (7.6.6)
because x; # —N, one can try to use infinite sums instead. In that case we have

1y _ ['(n+x)n!

Op = =0,1,2,...,N
g TA+u—x;—x—n)I(1—x;—n)’ TED S

and the orthogonality relation
z Wi () ym(x(x 4+ u))yn (x(x+u)) = on) Spny mn=0,1,2,....N. (1.1.3)

For the convergence of this sum we need the existence of the moments

=3

Y wit)rk, k=0,1,2,...,4N.
x=0

By using the weight function wj(x) for the dual Hahn polynomials, we can treat the
seven finite cases of table 7.1 with only one exception (see the remark below). We
only need the positivity of
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(x1)
T(1—x)T(1+u—x1 —x2)°

ail =

Case I. We study the sign of a’(()l) for the seven finite cases of table 7.1.

In case 4 we have x; >0, x, < —N and —N < x; +x2 —u < —N + 1. This implies
that T'(x;) > 0, T(1 —xp) > 0 and T'(1 +u —x; —x2) > 0. Hence we have d(()l) > 0.

In case 5 we have x; >0, —N <xy < —N+1 and x| +x, —u < —N. This implies
that T'(x;) >0, T(1 —x) > 0 and T'(1 +u —x; —x3) > 0. Hence we have d(()1> > 0.
In this case x, = —N is not possible.

In case 6 we have x; > 0, x, < —N and x; +x; —u < —N. This implies that
I'(x;)>0,T(1 —x2) >0and I'(1 +u —x; —x2) > 0. Hence we have dél) > 0.

In case 8 we have —N < x; < —N+1, x < —N and x| +x, —u > 0. Then the
sign of T'(x) equals (—1)Y and T'(1 —x;) > 0. Further we have 1 +u —x; —x, < 1,
henceif -N—j<l+u—xj—xy<—-N—j+1forje{-N,—-N+1,-N+2,...},
then the sign of T'(1+u—x; —x») equals (—1)¥*/. For the positivity of d(()l) we need
a factor (—1)/.

In case 9 we have x; < —N, x; < —N and x; +xp —u > 0. Then we have T'(1 —
)>0If-N—j<x;<—-N—j+land —-N—k<l+u—x—xx<-N—k+1
for j,k € {1,2,3,...}, then the sign of ['(x1) equals (—1)"¥"/ and the sign of T'(1+
u—x1 —x7) equals (—1)N**, For the positivity of d(()1> we need a factor (—1)/7%,

Remark. The cases where x; € {—N,—N —1,—N —2,...} cannot be treated by using
the weight function w7 (x). A separate treatment of these cases is left out here.

The Infinite Cases

In order to deal with the six infinite cases of table 7.1 for the dual Hahn polynomials,
we write instead of (7.7.1)

wi(x)  (etu/2)(x+1/24u/2)(—x—1)(—x—1—u+x)(—x—1—u+x)

w*(x+1) (—x—1—u/2)(—x—1/2—u/2)(x+u)(x+x1)(x+x2)

which leads (up to a factor of period 1 in x) to the solution

x4+ u)T(x+x1)T(x+x)T(—x)T(xp —u —x)T(xp —u —x)

wh(x) = T(x+u/2)T(x+1/24+u/2)T(—u/2 —x)T(1/2—u/2 —x)

For this weight function it is impossible to satisfy the boundary conditions (7.6.6).
However, the concept of orthogonality of section 3.2 can be generalized to integra-
tion over the (possibly deformed) imaginary axis (cf. page 109). In that case we
need the existence of the required moments, which is in general taken care of by the
asymptotic properties of the gamma functions involved.
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By using (1.6.10), we obtain

joo

2) 1

d(() =2 ) wi(x)dx
B L/i“ T+ u)T(x+x)T(x+x)T(—x)T(x; —u—x)T(xp —u —x) I
C 2w ) ieo T(x+u/2)T(x+1/2+u/2)T(—u/2 —x)T(1/2 —u/2 —x)
= iI“(xl)f’(xg)r(xl +x2—u). (7.7.4)

2r
Further we obtain by using (7.4.1) and (7.6.7)

1
o\ = Er(n+x1)r(n+xz)r(n+xl +x2—un!, n=0,1,2,...,

which leads to the orthogonality relation

o [ et ot )

1
= %F(n +x)T(n+x)T(n+x; +x2 —w)n! 8y, myn=0,1,2,...(7.7.5)

By using the weight function w}(x) for the dual Hahn polynomials, we can treat the
six infinite cases of table 7.1 with only one exception (see the remark below). We
only need the positivity of

1
al? = 5D ()M +xz — w).

Case I. We study the sign of d(()z) for the six infinite cases of table 7.1.
In case 1 we have x; > 0, x; > 0 and x; +x, — u > 0. This implies that T'(x;) > 0,

I'(x2) > 0 and T'(x; +x, —u) > 0. Hence we have d(()z) > 0.

In case 2 we have x1, = a+if3 with o, € Rand 8 # 0 and 20t —u > 0. This
implies that T'(o +iB)T (e —if) = [T(+if)|> > 0 and T'(x; +x2 —u) = T (20 —
u) > 0. Hence we have d((]z) > 0.

Incase 3 wehavex; >0, - N<xy <—-N+1land —-N<x;+x—u<-—-N+1.
This implies that I'(x;) > 0 and the sign of both I'(xp) and I'(x; +x2 — u) equals

(—1)N. Hence we have d(()z) > 0.

In case 6 we have x; > 0, xp < —N and x| +x» —u < —N. This implies that
I'(x;)>0andif —-N—j<xy<—-N—j+land —N—j<xj+x—u<-N—j+1
for je {-N+1,-N+2,—N+3,...} the sign of both I'(xz) and I'(x; +x2 —u)

equals (—1)N*/, Hence we have déz) > 0.
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Incase 7wehave —N <x; < —-N+1,-N<xp < —N-+1and x; +x —u > 0.
This implies that T'(x; +x, —u) > 0 and the sign of both I'(x;) and I'(x2) equals
(—1)N. Hence we have d(()2> > 0.

In case 9 we have x| < —N, xp < —N and x| +x, — u > 0. This implies that T'(x; +
xp—u)>0andif -N—j<xip<-N—j+lforje{-N+1,-N+2,-N+3,...}

then the sign of both I'(x1) and I'(x») equals (—1)N*/. Hence we have d(()z) > 0.

Remark. The cases where x1, € {—N,—N —1,—N —2,...} cannot be treated by
using the weight function wj(x). A separate treatment of these cases is left out.

7.8 Orthogonality Relations for Racah Polynomials

In the case of the Racah polynomials given by (7.3.9), we obtain by using (7.6.2) and
(7.3.7) for the Pearson equation

W) ) {p+2) -yl 1)}
wH(x+1) plx+1De(x+1)
2x+u)(x+1)
(2x+2+u)
" (x+14+u—x))(x+1+u—x)(x+14+u—x3)

(x4u)(x+x1)(x+x2)(x+x3)

. (7.8.1)

It will turn out that the finite and infinite cases of table 7.2 up to table 7.7 for the
Racah polynomials can be treated (with only a few exceptions) by using two weight
functions wj(x) and wj (x).

The Finite Cases

Note that (7.8.1) can be written in the form

w*(x) Cx+u)x+Dx+1+u—x)x+14+u—x2)(x+14+u—x3)

- )

w(x+1) 2x+24u)(x+u)(x+x1)(—x—x2) (—x — x3)

which leads (up to a factor of period 1 in x) to the solution

2T (x+u/2+ 1)I'(x+u)
Fx+u/2)T(x+1+u—x)Tx+14+u—x)T(x+14u—x3)
y T(x+xp)
Cx+1)I(1—x—x) (1 —x3—x)°

w3(x) =
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If this weight function for the Racah polynomials given by (7.3.9) is used, the bound-
ary conditions (7.6.6) can be fulfilled if we set A =0 and x, = —N (or x3 = —N). By
using (1.5.6), we obtain

3 N
F= Y wilx)

x=0
B g“ 2T(x+u/2+ 1) (x +u)
(T(x+u/2)T(x+1+u—x)T(x+1+u+N)T(x+1+u—x3)
" T'(x+x;)
X! (N=x)!IT(1 —x3—x)
2T (u/24+ )T ()T (x1)

T N'TT(u/2)T (1 +u—x))T(1+u+N)T(1+u—x3)0(1 —x3)
% i (=) (/2 4+ 1) (w)x (x1)x (=N)x (x3)x
2 (u/2) (T4 u—x1) (1 +u+N)(1+u—x3)x
B (1 +u)T(x;)
NI +u—x)T(1+u+N)T(1+u—x3)T(1 —x3)
l+u/2,u,x;,—N,x3
><5F4<u/2 l+u—xi,1+u+N,14+u—x3 1)

_ I(1+ )T ()

N T4 u—x)T(1+u+N)T(1+u—x3)T(1 —x3)
F(l+u—x)T(A1+u+N)I'(1+u—x3)T'(1+u—x; —x3+N)
Nl+u)(l+u—x1+N)T(A4+u—x; —x3)T'(1+u—x3+N)

B T'x)T(1+u—x; —x3+N)

CONIT(I+u—x1 +N)T(14+u—x3 +N)T(1+u—x; —x3)T(1 —x3)°

Further we get by using (7.4.2), (7.6.7)and w =x1 —N+x3—u

o _ Tw)I'(1—w)I'(n+w—1)
" F(2n+w)F(2n+w—l)F(1—w+x1—n)F(l—w—N—n)

I'(n+x1)(—1)"n
=0,1,2,...,N.
Tt T —m—m =y "= 0h20
This leads to the orthogonality relation
Zw3 (x(x+u))y ((x—&—u))zO‘,§3)5,n,,7 mn=0,1,2,....N (7.8.2)

for the Racah polynomials y, (x(x +u)) given by (7.3.9).
In cases where it is not possible to satisfy the second boundary condition in (7.6.6)
because x, # —N, one can try to use infinite sums instead. In that case we have
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6(3) _ F(W)r(l —W)r(n-i-w— 1)

" Ir2n4+w)'2n4+w—1I(1—w+x; —n)I'(1 —w+x, —n)
" C(n+x;)(—1)"n!

Tl—w+x3—n)(1—x;—n)T(1 —x3—n)’

n=0,1,2,...,N
with w = x1 +x2 +x3 — u and the orthogonality relation
> w3 () ym (x(x+ 1)) yn (x(x+ u)) = on) Sym, mn=0,1,2,....N. (1.8.3)
x=0

For the convergence of this sum we need the existence of the moments

=

Y wixxk, k=0,1,2,...,4N.
x=0

By using this weight function wj(x) for the Racah polynomials, we can treat almost
all finite cases of table 7.2 and table 7.4 up to table 7.7. We only need the positivity
of
PO Tl (1 —w)
O T (1 —x)T(1—x3)T(1 —w+x)T(1 —w+x)T(1 —w+x3)

Case IIa. In table 7.2 we have w > 0. In all cases we have 0 < x; < w which implies
that T'(x;) > 0, '(w) >0 and I'(w —x;) > 0.
Further we obtain by using (1.2.3)

3) _ T(x))T(w—x1)T(w—x2)T(w —x3)
T(wW)T(1 —x)T(1 —x3)
y sinmt(w —xp ) sinzw(w —xp) sinw(w — x3)

dy

nZsinTw '

In case 4 and case 5 we have x, < 0 and x3 < 0, which implies that we also
have I'(1 —x2) > 0, T(1 —x3) > 0, T(w—2x2) > 0 and T'(w — x3) > 0. In these cases
we need a factor with the same sign as the quotient of sines above. Note that we
sometimes need a special treatment for the cases where w,w — x|, w —xp,w —x3 €
{0,%1,+£2,...}. This will be left out here.

By using (1.2.3), we may also write

@ T )T (xs)T(w —xp) sint(w — x1 ) sin 7wx; sin 7wx3
O T TWIT(1—w+x)T(1—w+x3) n2sinzw '

In case 7 and case 8 we have w —x; < 0 and w — x3 < 0, which implies that
I'(x2)>0,T(x3) >0,T(1-=w+x2) >0and I'(1 —w-+x3) > 0. In these cases we need
a factor with the same sign as the quotient of sines above. Note that we sometimes
need a special treatment for the cases where w,w — x1,x2,x3 € {0,4+1,£2,...}. This
will be left out here.
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Finally, we also obtain by using (1.2.3)

PO L)L) (w—x)T(w—2x2) sinm(w —x;)sin(w —xp) sin7xs
O T TW)T(1 —x)T(1 —w+x3) n2sinzw '

In case 10, case 11 and case 12 we have x, < 0 and w — x3 < 0, which implies that
I'(1—x2)>0,T(x3) >0,T(w—x3) >0and I'(1 —w-+x3) > 0. In these cases we need
a factor with the same sign as the quotient of sines above. Note that we sometimes
need a special treatment for the cases where w,x3,w —x;,w —x € {0,+1,42,...}.
This will be left out here.

Remark. In the cases 7, 8 and 11 it is impossible to take x, = —N.
Case IIb. In table 7.3 we have no finite cases.

Case Ilcl. In table 7.4 we have w = —2N —r < Owith N € {1,2,3,...} and =1 <t <
1, which implies that T'(1 —w) > 0. Further we have x; > 0 and therefore I'(x;) > 0
and T'(1 —w+x1) > 0.

Again we obtain by using (1.2.3)

49— ()T (x2)T(3) (1 — w) sinmxsiny;
0 C(1—w+x)I(1 =w—+x)(1 —w+x3) 2

In case 1 we also have x» > 0 and x3 > 0, which implies that T'(x;) > 0, T'(x3) > 0,
I'(1—=w+x2) >0and I'(1 —w+x3) > 0. In this case we need a factor with the same
sign as the product of sines above. Note that we sometimes need a special treatment
for the cases where x;,x3 € {0,£1,£2,...}. This will be left out here.
By using (1.2.3), we may also write
3) T(x)T()T(w—x3)T(1 —w) sin 7wx; sinw(w — x3)

(3
dy’ = .
O Tl —x3)I(1—w+x)T(1 —w+x2) n2

In case 2 we have x, > 0 and x3 < w < 0, which implies that T'(x;) >0, T'(1 —x3) > 0,
I'(l =w+x2) >0 and T'(w —x3) > 0. In this case we need a factor with the same
sign as the product of sines above. Note that we sometimes need a special treatment
for the cases where xp,w —x3 € {0,+1,42,...}. This will be left out here.

Again we use (1.2.3) to write

L) (w—x2)T(w—x3)I'(1 —w) sinz(w—xz)sinz(w —x3)
T(1—x2)0(1 —x3)0(1—w+x) 2

al’ =

In case 4 we have x; < w < 0 and x3 < w < 0, which implies that T'(1 — x;) > 0,
I'(1 —x3) >0, T(w—x2) >0 and I'(w—x3) > 0. In this case we need a factor with
the same sign as the product of sines above. Note that we sometimes need a special
treatment for the cases where w —xy,w —x3 € {0,4+1,42,...}. This will be left out
here.
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In case 3 we have
I(1—x)T(1—x3) =T(1 —a—if)T(1 — o +if) = |T(1 —a+iB)|* >0
and

Fl—w4+x)T(1—w+x3) =T(1—w+a+iB)I'(1—w+a—iP)
= IT(1 —w+ o +iB)[* > 0.
Hence in case 3 and also in case 5 through case 10 we simply have

PO Tle)0(1 —w)
O T Tl —x)T(1 —x3)T(1—w4x)T(1 — w4 x)T(1 —wHx3)

> 0.

Remark. Only in case 5 it is possible to take x; = —N.

Case IIc2. In table 7.5 we have w = —2N —¢t < O with N € {1,2,3,...} and —1 <
¢t < 1. Further we have x; < w < 0 and therefore T'(1 —x;) > 0, I'(1 —w) > 0 and
T'(w—x1)>0.

Again we obtain by using (1.2.3)

PO T(w—x1)T(w—x)T(w—x3)[(1 —w)
0 (1 —x)T(1 —x)T(1 —x3)
" sinzt(w —xp ) sinzw(w —x;) sinw(w — x3)

m2sin 7rx '
In case 11 we also have x, < w < 0 and x3 < w < 0, which implies that T'(1 —x,) > 0,
I'(1 —x3)>0,T(w—x2) >0and I'(w—x3) > 0. In this case we need a factor with
the same sign as the quotient of sines above. Note that we sometimes need a special
treatment for the cases where xj,w —xj,w —x3,w —x3 € {0,£1,42,...}. This will
be left out here.

For the other cases we use

a® = T(w —x)T(1—w) sinz(w—x)
O Tl —x))T(1 —x2)T(1 —x3)T(1 —w+x2)T(1 —w+2x3) sin x;

In case 12 we have xp 3 = a2 +if3, which implies, as before, that both I'(1 —x2)I'(1 —
x3) >0and T(1 —w+x2)T'(1 —w+x3) > 0. In case 13 through case 18 we have
w < xy < 0and w < x3 < 0, which implies that T'(1 —x;) > 0, T'(1 —x3) > 0, T(1 —
w+x3) >0 and T'(1 —w+x3) > 0. Hence in case 12 through case 18 we need a
factor with the same sign as the quotient of sines above. Note that sometimes we
need a special treatment for the cases where xj,w —x; € {0,+1,42,...}. This will
be left out here.

Remark. Only in case 13 it is possible to take x; = —N.
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Case IIc3. In table 7.6 we have w = —2N —r < Owith N € {1,2,3,...} and -1 <1 <
0. In all finite cases we have I'(x;) > 0, T'(1 —w) > 0, (1 —x2) > 0, (1 —x3) > 0,
I'(1—w+x;)>0,T(1—w+x;) >0and I'(1 —w+x3) > 0, which implies that

PO Tle)0(1 —w)

0 _FU—@WO—@WU—w+mﬁﬂ—w+mﬁﬂ—w+&)>0

Remark. In these cases it is impossible to take x, = —N.

Case Ilc4. In table 7.7 we have w = —2N —¢r <O with N € {1,2,3,...}and 0 <z < 1.
In all finite cases we have T'(x;) >0, T(1 —w) > 0, T'(1 —x) > 0, T'(1 —x3) > 0,
I'1l—w+x;)>0,T(1—w+x3) > 0and T(1 —w-+x3) >0 which implies that

PO L) l(1 —w)

0 _FU—nﬁﬂ—mﬁﬂfw+mﬁﬂ—w+mﬁﬂ—w+m)>O

Remark. In these cases it is impossible to take x; = —N.

The Infinite Cases

In order to deal with the infinite cases of table 7.2 through table 7.7 for the Racah
polynomials, we write instead of (7.8.1)
wi(x)  (+u/2)(x+1/24u/2)
wi(x+1)  (x+u)(x+x))(x+x)(x+x3)
(=x—1)(—x—1—u+x))(—x—1—u+x)(—x—1—u+x3)
X
(=x—1—-u/2)(—x—1/2—u/2)

which leads (up to a factor of period 1 in x) to the solution

T(x+u)T(x+x)T(x+x2)T(x+x3)

TFx+u/2)T(x+1/2+u/2)

N(—x)T(x) —u—x)T(x —u—x)T'(x3 —u—x)
T(—u/2—x)T(1/2—u/2—x) '

wi(x) =

X

For this weight function it is impossible to satisfy the boundary conditions (7.6.6).
However, the concept of orthogonality of section 3.2 can be generalized to integra-
tion over the (possibly deformed) imaginary axis (cf. page 109). In that case we
need the existence of the required moments, which is in general taken care of by the
asymptotic properties of the gamma functions involved.

By using (1.6.6), we have
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4 1=
d(())z%/ wj (x) dx

_ 1 foo Tx+u)l(x; —u—x)T(x —u—x)T(x3 —u—x)
270 J i Tx+u/2)T(x+1/2+u/2)T(—u/2 —x)T(1/2 —u/2 — x)
X T(x+x1)T(x+x2)T(x+x3)T'(—x) dx
_ 1 Te) ()T )F(w —x)T(w —x2) T (w — x3)
2n T'(w) ’

(7.8.4)

where w = x| +x2 +x3 — u. Further we obtain by using (7.4.2) and (7.6.7)
O TFn+x)T(n4+x)T(n+x3)Tn+w—1)
o 2T (2n+w)T(2n—1+w)
xT(n+w—x))T'(n+w—x2)I'(n+w—x3)n!

forn=0,1,2,..., which leads to the orthogonality relation

%/ W () ym (x4 1))y (x(x + 1)) dx = 08 Sy myn=0,1,2,.... (1.8.5)

By using the weight function wj (x) for the Racah polynomials, we can treat almost
all infinite cases of table 7.2 through table 7.7. We only need the positivity of

_ 1 T(x))T ()T (x3)T(w —x1)T(w — x2)T(w — x3)

2n T'(w)

Ny
o=

Case Ila. In table 7.2 we have w > 0. In all cases we have 0 < x; < w and therefore
I'(x;) >0,T(w) >0and T'(w—x;) > 0.

In case 1 we also have 0 < x, < w and 0 < x3 < w, which implies that T'(x;) > 0,
T'(x3) >0,T(w—x;) > 0and I'(w—2x3) > 0. Hence we have d(g4) > 0.

In case 2 we have x» 3 = o £ if3, which implies that both

T(x2)T(x3) = T(et+if)T (ot — i) = [T(ec+if) > > 0
and
T(w—x2)T(w—x3) =T(w—o—if)[(w—o+if) = [T(w—a+iB)* > 0.

Hence we have d((]4) > 0.
In case 3 and case 5 we have x; < 0 and x3 < 0, which implies that ['(w —x;) > 0
andT(w—x3) >0.If =N — j <xp3 < =N — j+ 1 for j € {0,1,2,...} then the sign

of both T'(x2) and I'(x3) equals (—1)V*/. Hence we have dé“) 0.
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In case 6 and case 8 we have w —xy < 0 and w —x3 < 0, which implies that
[(x) >0andM(x3) >0.If -=N—j <w—x3 < —N—j+1for je{0,1,2,...} then
the sign of both T'(w — x2) and T'(w — x3) equals (—1)"*/. Hence we have dé4> > 0.

In case 9 and case 12 we have x, < 0 and w — x3 < 0, which implies that T'(w —
x)>0andT'(x3) >0.If -N—j<xpy<—-N-—j+land -N—j<w—x3 < —-N—
j+1for j€{0,1,2,...} then the sign of both I'(x,) and T'(w — x3) equals (—1)¥*/.

Hence we have dé4) > 0.

Case IIb. In table 7.3 we have —1 < w < 0. In all cases we have w < x; < 0 and
therefore I'(x;) <0, I'(w) <0and I'(w—x;) < 0.

In case 1 we have —2 < xp < —1 and —1 < x3 < w, which implies that I'(x;) > 0,
I'(x3) <0, T(w—2x2) > 0and T'(w—x3) > 0. Hence we have d(()4) > 0.

In case 2 we have —2 < xp < —1 and 0 < x3 < w+ 1, which implies that T'(x;) > 0,
I'(x3) >0, T(w—2x2) > 0and I'(w—2x3) < 0. Hence we have d(()4) > 0.

In case 3 we have w+ 1 <xp <w+2 and —1 < x3 < w, which implies that
I'(x2) >0, T(x3) <0,T(w—x) >0and I'(w—x3) > 0. Hence we have d((,4) > 0.

In case 4 we have w+ 1 < xp <w+2 and 0 < x3 < w+ 1, which implies that

I'(x2) >0, T(x3) >0,T(w—x3) >0and I'(w—x3) < 0. Hence we have d(()4) > 0.
Case Ilcl. In table 7.4 we have no infinite cases.
Case Ilc2. In table 7.5 we have no infinite cases.

Case IIc3. In table 7.6 we have w = —2N —r < Owith N € {1,2,3,...} and -1 <t <
0. In both cases we have I'(w) > 0 and I'(x)T"(x2)T'(x3)'(w — x1)T'(w — x2)T'(w —
x3) > 0, which implies that d") > 0.

Case IIc4. In table 7.7 we have w = —2N —t <O with N € {1,2,3,...} and 0 <7 < 1.
In both cases we have T'(w) < 0 and T"(x; )T (x2)T'(x3) T(w —x1 ) T(w—2x2)T(w—x3) <
0 which implies that d") > 0.
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In this chapter we have proved:

Theorem 7.2. The positive-definite orthogonal polynomial solutions y(x(x +
u)) with x € R and u € R of the difference equation (7.2.1)

O(x+2)A%n (x(x+ 1)) + W(x+ 1) Ayn(x(x+u))
=Apx+ Dy ((x+1)(x+14u)), n=0,1,2,...,

consist of the polynomial solutions of the (real) difference equations (7.3.4)
and (7.3.7). In fact this leads to both infinite and finite systems of

* dual Hahn polynomials and

e Racah polynomials.



Chapter 8

Orthogonal Polynomial Solutions in z(z + u) of
Complex Difference Equations

Discrete Classical Orthogonal Polynomials IV

8.1 Real Polynomial Solutions of Complex Difference Equations

As in chapter 6, the difference equations (7.3.4) for the dual Hahn polynomials and
(7.3.7) for the Racah polynomials can also be considered in the case that the coeffi-
cients are complex. In that case we look for polynomial solutions y, (z(z+ «)) with
z € C and u € R. The three-term recurrence relations (7.4.1) and (7.4.2) still hold
with x replaced by z. Again we set z = a+ix with a € R and x € R. Then we have

2z+u) = (a+ix)(a+ix+u) = ala+u) +i(2a+ u)x — x°.

For u = —2a the imaginary part cancels and we have z(z +u) = —a®> — x>. Now we
define

ya(z(z+u)) = yu(—a* —x*) = (=1)"5,(x?), n=0,1,2,.... (8.1.1)

Case 1. For the (monic) dual Hahn polynomials given by (7.3.6) this leads to the
(monic) continuous dual Hahn polynomials

~ —n,—a—ix,—a-+ix
Fu(¥?) = (=1)"(x1)n(x2)n 3F> ( ; 1) (8.1.2)
X1,X2
for n =0,1,2,.... These continuous dual Hahn polynomials satisfy the three-term

recurrence relation

j/\n+1(x2) = {x2+a2 —(m+x))(n+x)—nn—142a+x +x2)})7,,(x2)
—nn—14x))(n—14+x)(n—14+2a+x —l—xz)f)n,l(xz) (8.1.3)
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forn=1,2,3,... with yp(x?) = 1 and , (x?) = x*> + a®> — x1x2.

Since the coefficients in ¥, (x?) can only be real for x| and x, both real or complex
conjugates, the positive-definite orthogonality can be obtained in a similar way as in
the real case.

Case II. For the (monic) Racah polynomials given by (7.3.9), this leads to the
(monic) Wilson polynomials

-2 0 (D) n(02)n (x3)n —n,n—1+w,—a—ix,—a+ix
= (=1)'——F 01 8.1.4
) =(=1) (n—1+4+w), X1,X2,X3 14
forn=0,1,2,..., where w = 2a + x; 4+ x2 4+ x3. These Wilson polynomials satisfy
the three-term recurrence relation
~ 1 2] ~ ) ()~
Fur1(x?) = {x2 ra el - )}yn(xz) — M 5,1 (2) (8.1.5)

forn=1,2,3,... withyo(x*) = 1, 31 (x?) = x> +a® — x1xox3 /w and V) and ¢ given

by (7.4.3) and (7.4.4) respectively. Note that

~ . 200+ D2+ 1) (a3 +1)
520) = (4 - { ot

)C1XQ)C3()61 + 1)(X2—|— 1)()63 + l)
w+1)(w+2)

—2a—1}(x2+a2)

Since a € R, the coefficients of y,(x?) can only be real if

eR.

1 1 1
X1X2X3 €R, (x1 + )(XZ + )()C3 + ) cR and X1X2X3
w w+2 w—+1

For xjxpx3 # 0 this implies that w € R and therefore x;x;x3 € R and (x; + 1) (x, +
1)(x341) € R. Moreover, d; € Rleads to (w—x;)(w—x2)(w—x3) € R and therefore
X1 +x3 +x3 € R and x;x; +x1x3 + x2x3 € R. Note that x; = 0 for some i € {1,2,3}
or xj = w for some j € {1,2,3} leads to d; = 0. This implies that there are only
two possibilities, id est xj,x2,x3 € R or one is real and the other two are complex
conjugates. In either case both cﬁ,l) given by (7.4.3) and c£,2) given by (7.4.4) are real
for all n = 1,2,3,.... This shows that in contrast with chapter 6, the coefficients in
the difference equation for 3y, (x?) are real except for the powers of a + ix involved.
This implies that the positive-definite orthogonality can be obtained in a similar way
as in the real case.
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8.2 Orthogonality Relations for Continuous Dual Hahn
Polynomials

For the dual Hahn polynomials given by (7.3.6) and the Racah polynomials given
by (7.3.9) we obtained orthogonality relations of the form (7.6.5) with boundary
conditions (7.6.6).

We use the transformation (8.1.1). If we set a + ix = ¢, then we obtain x = i(a —1)
and therefore x> = —(a—1)2. Hence, for the continuous dual Hahn polynomials given
by (8.1.2) and the Wilson polynomials given by (8.1.4) we obtain an orthogonality
relation of the form

A+N
S wH () Im(—(a—1)*)Fu(—(a—1)*) = 6, &, mn=0,1,2,...,N (82.1)
t=A

with the boundary conditions
w(A—1)p(A)=0 and W (A+N)p(A+N+1)=0. (8.2.2)

Then we have

n A+N
on=[ldv. n=0,12,....N with do= Y w(r) (8.2.3)
k=0 1=A
and dy,d>,ds,...,dy are given by the three-term recurrence relation (8.1.3) or

(8.1.5). Also in this case it is possible to use an infinite sum or an improper inte-
gral over the (possibly deformed) imaginary axis instead of the finite sum in (8.2.1).
For positive-definite orthogonality we must have dy > 0.

For the continuous dual Hahn polynomials ¥, (x*) given by (8.1.2), the Pearson equa-
tion (7.7.1) still holds.

The Finite Cases

In order to deal with the seven finite cases in table 7.1, we write instead of (7.7.1)

w*(x) (—x—u/2)(—x—1/2—=u/2)(x+ 1)(—x— 1 —u+x))(x+ 14+ u—2x7)

wi(x+1) (x+14+u/2)(x+1/24u/2)(—x—u)(x+x1)(—x — x2)
which leads (up to a factor of period 1 in x) to the solution

wi(x) =T(x+1+u/2)I(x+1/2+u/2)
" N(l—u/2—x)T(1/2—u/2—x)T'(x; —u—x)T(x+x1)
Fx+1)Ix+14+u—x) (1 —u—x)I(1—xp—x)
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By using Legendre’s duplication formula (1.2.6), we have

Tx+14+u/2)T(x+1/24u/2)T(1 —u/2 —x)T(1/2—u/2 —x)
=al(2x+14+u)[(1 —u—2x)

for 2x+u # +£1,4£2, 43, ..., which implies that

Wi(x) = T (2x+14+u)l(1—u—2x)T(x; —u—x)T(x+x1)
T T+ D)+ 1+ u—x)T(1—u—x)T(1 —xy—x)
If we now replace x by a + ix and u by —2a, we obtain
(1 +2i0)T(x +a+ix) |
IF14+a+ix)I'(1—a—x;+ix)

wila+ix)=nm

In this case the boundary conditions (7.6.6) can be satisfied by taking A = 0 and
xp = —N. By using (1.5.7) and (1.2.6) we obtain

5 _ %
dy = Z w5 (x)
x=0

N
= Y T(x+14u/2)T(x+1/2+u/2)
x=0
N(l—u/2—x)T(1/2—u/2—x)['(x; —u—x)T(x+x1)
xXT(x+1+u+N)T(1—u—x)(N—x)!
F(1+u/2)T(1/24+u/2)T(1 —u/2)T(1/2 —u/2)T (x1)T(x1 — u)
NIT(1—u)T(1 +u+N)
< (=1 (=N)x(1+1/2) ()5 (x1)x
% 2 /2 4 =1+ u kN
T 4+u/2)T(1/2+u/2)T(1 —u/2)T(1/2 — u/2)T (x)T (x1 — u)
N N!'T(1 —u)T(1+u+N)
—N,14+u/2,u,x ‘_1)
u/2,1+u—x;,1+u+N"’
T 4+u/2)T(1/2+u/2)T(1 —u/2)T(1/2 — u/2)T (x1)T(x1 — u)
N N!T(1—u)T(1+u+N)
C(1+u—x)T(1+u+N)
I'l1+u)'(1+u—x;+N)
()T —w)T(1 +u—x1)
B N!T(1+u—x;+N)

X 4F3

Further we obtain by using (8.1.3) and (7.6.7)

5)  ml(n+x)T (e —u)T(1+u—xq)n!
" TU+u—x;+N—n)(N—n)!

n=0,1,2,...,N,

)
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which leads to the orthogonality relation (cf. (8.2.1))

i 1 - 2a +20)T(142a—26)T(x; +2a — )T (x; +1)

=T Il—2a+N+t)I'(1+2a—t)T(1+N—1)

X n(—(a—=1)*)u(~(a—1)?)
~ T(n+x)I'(2a+x)T'(1 —2a—x)n! B
B s o Sy mn=0,1,2,... N.(8.2.4)

If the boundary conditions (8.2.2) cannot be satisfied, one may use infinite sums. In
that case we have
5y wl(n+x)I'(2a+x1)T'(1—2a—x;)n!
T Tl —2a—x1—x—n)T(1—x2—n) ’

n=0,1,2,...,N

which leads to the orthogonality relation (cf. (8.2.1))
i (1 —2a+26)T(1+2a—2:)T(x1 +2a—1)['(x; +1)
STA+0)I(1—2a—x+)(1+2a—1)[(1 —x2 —1)
X In(—(a—1)*)3u(~(a—1)*)

T(n+x)T'2a+x))T(1 —2a—x;)n!
= 0, =0,1,2,...,N. (825
T(1—2a—x —x—n)[(1 —x2—n) mns 1,1 1,2, N ( )

Again we need the existence of the moments involved in order to have convergent
sums.

Table 7.1 also holds for the continuous dual Hahn polynomials ¥, (x?) given by
(8.1.2). The seven finite cases can be treated by using the weight function wZ (x) for
the continuous dual Hahn polynomials with only one exception, as in the preceding
section. The positivity of d(()s) is dealt with in the same way as before. The factor
I'(2a+4x)T(1 —2a—x;) with 2a+x; # 0,41, £2,... determines the sign which is
necessary for positivity.

The Infinite Cases

For the six infinite cases of table 7.1 we may use the weight function w}(x) for the
dual Hahn polynomials again. By using Legendre’s duplication formula (1.2.6), we
have

Tx+u/2)T(x+1/24+u/2)T(—u/2 —x)T(1/2 —u/2 —x)
=4rT(2x+u)T(—u —2x)

for 2x+u # 0,4+1,£2,..., which implies that
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£(x) = Tx+u)T(—x)T(x4+x)T(x) —u—x)T(x+x2)T(x2 —u—x)
A 4T (2x + u)[(—u — 2x) '

If we now replace x by a + ix and u by —2a, we obtain

) 1 |T(=a+ix)T(x; +a+ix)T(x; +a+ix) |
wala+ix) = T(2ix)

In this case the boundary conditions (8.2.2) cannot be satisfied. However, as be-
fore, the concept of orthogonality can be extended to integration over the (possibly
deformed) imaginary axis (cf. page 109). Then we need again the existence of the
required moments which is in general taken care of by the asymptotic properties of

the gamma functions involved. By using z = a + £ with u = —2a, we have
oy T(z=2a)T(=2)T(z+x1)T(x1 +2a —2) (24 x2)T(x2 +2a - 2)
walz) = T(z—a)(z—a+1/2)T(a—2)(1/2+a—2)
T -a)T(-a—§)
[(S)T(=¢)
I +atx)lxi+a— 8T (E+a+x)n+ta—S)

rE+1/2)r(1/2-¢)
Analogous to (7.7.4) we obtain by using (1.6.10)

joo

Wi(at&)dE = T (x)T(x) T +x2 +2a)

27i oo 2r

which, if & = ix is used, leads to
(d(()2> :) [ " wi(aiv) dx = T(x1)T(6) T +x2 +24).
Then by using (8.1.3), we obtain
oY) = Tn+x)T(n+x)T(n+x;+x+2a)n!, n=0,1,2,...
and therefore the orthogonality relation
T(—a+ix)T(x; +a+ix)T(x+a+ix) |*

[ 2o (12

— d

4” Loo F(le) ym(x )yn(x) X
=T(n+x)T(n+x)TC(n+x1 +x2+2a)n! 8y, myn=0,1,2,....(8.2.6)

The six infinite cases of table 7.1 can be treated by using this weight function w} (x)

with only one exception. The positivity of déz) is treated as before.
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8.3 Orthogonality Relations for Wilson Polynomials

For the Wilson polynomials ¥, (x?) given by (8.1.4), the Pearson equation (7.8.1) still
holds.

The Finite Cases

In order to deal with the finite cases in table 7.2 through table 7.7, we write instead
of (7.8.1)

w*(x) _ (=x—u/2)(—x—1/2—u/2)(x+1)(—x—1—u+x))
wH(x+1) (x4+1+u/2)(x+1/2+u/2)(—x—u)(x+x1)
(x+1+u—x)(x+1+u—x;3)

(—x—x2)(—x—x3)

which leads (up to a factor of period 1 in x) to the solution

Fx+14u/2)T(x+1/24+u/2)T(1 —u/2—x)T(1/2 —u/2 —x)
I'x+1DHI'(1 —u—x)
" Tl —u—x)T(x+x)
F(1—x;—x)T(1—x3 —x)T(x+1+u—x)C(x+1+u—x3)

we(x) =

By using Legendre’s duplication formula (1.2.6) we obtain

Fx+14u/2)T(x+1/24+u/2)T(1 —u/2—x)T(1/2 —u/2 —x)
=al(2x+14+u)T(1 —u—2x)
for 2x+u # £1,4£2,43,..., which implies that
Wi(x) = al(2x+14+u)I(1 —u—2x)
oV I'x+1DI'(1—u—x)

y T(x; —u—x)T(x+x)
T(1—x—x)T(1—x3 —x)T(x+14+u—x)T(x+1+u—x3)

If we now replace x by a + ix and u by —2a then we obtain

(14 2ix)T(x; +a+ ix)
I'l+a+ix)T'(1—a—x+ix)I'(1 —a—x3+ix)

welat+ix)=rx

In this case the boundary conditions (7.6.6) can be satisfied by taking A = 0 and
x» = —N. By using (1.5.6) and (1.2.6) we obtain
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6 N
)=Z%w

Tx+14+u/2)T(x+1/24+u/2)T(1 —u/2—x)T(1/2—u/2 —x)
N z I'x+1DHI'(1 —u—x)
" T(x; —u—x)T(x+x)
F1+N—-x)T(1-x3—x)I'(x+1+u+N)T(x+14+u—x3)
T(14+u/2)T(1/24u/2)T(1 —u/2)T(1/2 —u/2)T (x)T(x; — u)
N'T(A—u)T(14+u+N)T(1 —x3)T(1 +u—x3)
" i (=D (=N)x(1+u/2)a(u)(x1)(63)s
2 (u/2) (T4 u—x1) (1 +u+N)(1 +u—x3)x
T(1+u/2)T(1/24u/2)T(1 —u/2)T(1/2 —u/2)T(x)T(x; — u)
NIT(1—u)T(1+u+N)T(1 —x3)[(1 +u—x3)
L+u/2,u,x1,—N,x3
X5F4( /2,1 +u—x1,1+u+N,14+u—x3 1>
T(14+u/2)T(1/24u/2)T(1 —u/2)T(1/2 —u/2)T (x1)T(x; — u)
NIT(1—u)T(1+u+N)T'(1 —x3)['(1 +u—x3)
XF(l+u—x1)F(l+u+N)F(l+u—x3)F(1+u—x1—X3+N)
F14+u)T(1+u—x;+N)T(1+u—x; —x3)T(1+u—x3+N)
B al(x)C(x —u)T(1+u—x)T(1—w)
NI T —x3)T(14+x; —w)T(14+x3 —w)T(1 —w—N)’

where w = x; — N + x3 — u. Further we get by using (8.1.5) and (7.6.7)

6(6) _ aT(W)I(1—w)T(w—14+n)T(x; —u)[ (1 +u—x;)
! T(2n+w)I'(2n—14+w)[(1 —x3—n)

« T(n+x1)(—1)"n!
Fd+x—w=—n)I(1-N-w—n)[(14+x3—w—n)(N—n)!

forn=0,1,2,...,N, which leads to the orthogonality relation (cf. (8.2.1))

Nor(1 - 2a+2z)r(1 +2a—21)T(x1 +2a—1)T(x; +1)
; +0)I(14+2a—t)I(1+N—6)I'(1 —x3 —1)

1 oS ~
“T(I—2a+N+0)[(1—2a—x; +t)ym<_(a_t)z)y”(_(“—t)z)

1
= 50,56) S, mn=0,1,2,...,N. (8.3.1)

If the boundary conditions (8.2.2) cannot be satisfied, one may use infinite sums. In
that case we have w = x| + x> +x3 — u and
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((,)_nl"(w)l"(l—w)l“(w—1+n) (x1 —u)T(1+u—xp)
T TrAw)T (20— 1+ w)T(1 —x3 —n)T(1 —x3 —n)
" T(n+x1)(—1)"n!
F(l+x—w—n)(l+x—w—n)(14+x3—w—n)

forn=0,1,2,...,N, which leads to the orthogonality relation (cf. (8.2.1))

S (1 —2a+26)T(14+2a—26)T(x) +2a — )T (x) +1)
zo T(1+0O)T(1+2a—)T(1—x,—)I(1 —x3—1)
1

X IN(l—-2a—x+1)T(1—2a—x3 +t)57\r;1(—(61—t)2))/)\n(—(a—t)Z)

1
- ;0,56>5mn, mn=0,1,2,...,N. (8.3.2)

Again we need the existence of the moments involved in order to have convergent
sums.
Table 7.2 through table 7.7 also hold for the Wilson polynomials y,,(x?) given by

(8.1.4). Almost all finite cases can be treated by using the weight function w¢ (x) for

the Wilson polynomials. The positivity of dé6> is dealt with in the same way as in the

preceding section. The factor I'(2a+x1)T'(1 — 2a —x;) with 2a+x; #0,+1,+£2,...
determines the sign which is necessary for positivity.

The Infinite Cases

The infinite cases of table 7.2 through table 7.7 can be treated by using the weight
function wj(x) for the Racah polynomials again. By using Legendre’s duplication
formula (1.2.6), we obtain

Tx+u/2)T(x+1/24+u/2)T(—u/2 —x)T(1/2 —u/2 —x)
=4rT(2x+u)T(—u —2x)

for 2x+u #0,4+1,£2,..., which implies that

Tx+u)T(—x)T(x+x1)T(x] —u—x)
4nT(2x 4 u)T'(—u — 2x)
X T(x4x2)T(xp —u—x)T(x 4+ x3)T (3 — u — x)

wi(x) =

If we now replace x by a + ix and u by —2a, then we obtain

wiladix) = 1| D(=a+x)C(x +a+ix)T(x+a+ix)D(x +a+ix) |

4w I'(2ix)




180 8 Orthogonal Polynomial Solutions in z(z +u) of Complex Difference Equations

In this case the boundary conditions (8.2.2) cannot be satisfied. However, as be-
fore, the concept of orthogonality can be extended to integration over the (possibly
deformed) imaginary axis (cf. page 109). Then we need again the existence of the
required moments which is in general taken care of by the asymptotic properties of
the gamma functions involved. By using z = a+ £ with u = —2a, we obtain

e T(z—=2a)T(=2)T(z+x1)T(x1 +2a—72)
YA = e T —at 12T a—2)T(1/2+a—2)
X T(z+x)T(x2 +2a — 2)T(z+x3)T(x3 +2a — z)
T —a)l(—a—&)T(E +at+x)l(x1 +a—§)
T(ET(E+1/2)T(=E)T(1/2-§)
xT(E+a+x)T(x+a—ET(E+a+x3)T(x3+a—E&).

Analogous to (7.7.4) we obtain by using (1.6.6)

ZLm' [;wj(a +&)dE = r(xl)F(XZ)F(X3>F(;VE})E£;(W —x)I'(w—x3)

which, if & = ix is used, leads to

(dé4) :> /:OWZ{(aJrix) dr— r(xl)F(X2)F(X3)F(WF—(:‘C}1))F(W—)CQ)F(W—X3).

Then we obtain by using (8.1.5)

@ Fn—14+w)T'(n+x)T(n+x)T(n+x3)
" T2n+w)l(2n—1+w)
xTn+w—x))I(n+w—x2)T(n+w—x3)n!

forn=20,1,2,... and therefore the orthogonality relation
1 /= |T(—a+ix)T(x; +a+ix)T(x; +a+ix)T(xs +a+ix) > I s D
il - d
an /_m T(2ix) S ()3 () dx

=6\ 8, mn=0,1,2,.... (8.3.3)

Almost all infinite cases of table 7.2 through table 7.7 can be treated by using this

weight function wj (x). The positivity of d(<)4) is treated as before.
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In this chapter we have proved:

Theorem 8.1. The positive-definite orthogonal polynomial solutions y(z(z +
u)) with z € C and u € R of the difference equation (7.2.1)

0(z+2)A%,(2(z+ 1)) + W(z+ D) Aya(z(z+u))
=Xp(z+ Dya((z+1)(z+1+u)), n=0,1,2,...,

consist of the polynomial solutions of the (real) difference equations (7.3.4)
and (7.3.7). In fact this leads to both infinite and finite systems of

e continuous dual Hahn polynomials and

»  Wilson polynomials.
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Chapter 9
Hypergeometric Orthogonal Polynomials

In this chapter we deal with all families of hypergeometric orthogonal polynomials
appearing in the Askey scheme on page 183. For each family of orthogonal poly-
nomials we state the most important properties such as a representation as a hyper-
geometric function, orthogonality relation(s), the three-term recurrence relation, the
second-order differential or difference equation, the forward shift (or degree lower-
ing) and backward shift (or degree raising) operator, a Rodrigues-type formula and
some generating functions. In each case we use the notation which seems to be most
common in the literature. Moreover, in each case we mention the connection be-
tween various families by stating the appropriate limit relations. See also [500] for
an algebraic approach of this Askey scheme and [498] for a view from asymptotic
analysis. For notations the reader is referred to chapter 1.

9.1 Wilson
Hypergeometric Representation

‘/Vn(-xz;aab7c7d)
(a+Db)pla+c)p(a+d),

—n,n+a+b+c+d—1,a+ix,a—ix
=4F3 ’ ’ ’ 5 1]). (911)
a+b,a+c,a+d
R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their q-Analogues, 185

Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-05014-5_9, © Springer-Verlag Berlin Heidelberg 2010
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Orthogonality Relation

If Re(a,b,c,d) > 0 and non-real parameters occur in conjugate pairs, then
T(a+ ix)T(b+ ix)T(c + ix)[(d + ix) |

1 =

E/ '(2ix)

X W (x? abcd) W(xa,b,c,d)dx

~ I'(n+a+b)---T'(n+c+d)
I'2n+a+b+c+d)

(n+a+b+c+d—1),n 8, (9.1.2)

where

I'n+a+b)---T(n+c+d)
=T(n+a+b)T(n+a+c)T(n+a+d)T'(n+b+c)l(n+b+d)T(n+c+d).

If a <0anda+b, a+c, a+d are positive or a pair of complex conjugates occur
with positive real parts, then
I'(2ix)

1
7!
X Wy (x%:a,b,c,d)W,(x*;a,b,c,d) dx
+F(a+b)1"(a+c)l“(a+d) (b—a)(c—a)l'(d—a)
I'(—2a)
(2a)(a+ Di(a+b)i(a+c)(a+d)x

) k=0%‘,2..‘ (@)i(a—b+1)(a—c+1)i(a—d+1)ik!

a+k<0

[(a+ ix)T(b+ix)T(c + ix)[(d + ix) |

X Wm(f(a+k)2;a,b,c,d)Wn(f(a+k)2;a,b,c,d)
_I(n+a+b)---T(nt+c+d)

b d—1),n! 8. 9.13
T(2n+a+b+c+d) (ntatbtctd=1)um!dm ©.1.3)

Recurrence Relation

— (@ +23P) Wy () = AW 1 () — (A + Co) W (F) + G (22),  (9.1.4)

where
W, (xz;a, b,c,d)

(a+b)p(a+c)ula+d),

W, (x?) := W, (x*;a,b,¢,d) =

and
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(nt+a+b+c+d—1)(n+a+b)(n+a+c)(n+a+d)

A =
8 (2n+a+b+c+d—1)2n+a+b+c+d)

_ n(n+b+tc—1)(n+b+d—1)(n+c+d—1)
" (2n+a+b+c+d-2)2n+a+b+c+d—1)

Normalized Recurrence Relation

pa(x) = i1 (x) + (An +Co = @) pu(x) + Ap1 Capa1 (), ©.1.5)
where
Wo(x%a,b,¢,d) = (—1)"(n+a+b+c+d—1),pa(x?).
Difference Equation
nn+a+b+c+d—1)y(x)
= B(x)y(x+1i) = [B(x) + D(x)] y(x) + D(x)y(x — i), (9.1.6)
where
y(x) = W, (x*;a,b,c¢,d)
e (a—ix)(b— i) (e — ix)(d— )
a—1x — X))\ C—IX — X
Blx) = 2ix(2ix—1)
_ (a+ix)(b+ix)(c+ix)(d +ix)
D(x) = 2ix(2ix+ 1) '
Forward Shift Operator

W, ((x+3i)%a,b,c,d) — W, ((x— i)%a,b,c,d)
= 2inx(n+a+b+c+d—1)W,_(x3a+%,b+3,c+1.d+1) 9.1.7)

or equivalently

W, (x*;a,b,c,d)
Sx2
=-n(n+ta+bt+c+d—1)W,1(x;a+3,b+3c+1.d+1). (9.1.8)
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Backward Shift Operator

(a—L1—ix)(b—% —ix)(c— 5 —ix
—(a—3+ix)(b—

= 2ixWp1 (Fsa— %,b 2,
or equivalently
8 [w(x;a,b,c,d)Wy(x*;a,b,c,d)]
6x2
=oxa—3b—1c-1
where
1
o(x;a,b,c,d) =

2ix

Rodrigues-Type Formula

)(d

9 Hypergeometric Orthogonal Polynomials

— 2 —ix)W,((x+
l+m@—%+mmﬁg+umwu—-)abc@
—1.d-

3)

d— %)WnJrl(xz;a* %7177

T(a+ ix)T(b+ ix)T(c+ ix)T(d + ix) |*

I'(2ix)

o(x;a,b,c,d)W,(x*;a,b,c,d)

522

19

Generating Functions

2F <
2 F <

2F <

a+ix,b+ix
a+b

a+ix, c+1x
a+tc

a+ix,d+ix
+d

Y

)
(-

n
2) [w(x;a—l— %mb—i— %n,c—l— %n,d—i— %n)] )

W, (x*;a,b,c,d)t"

Li)%a,b,c,d)

+b)u(c+d)un!”

W, (x*;a,b,c,d)t"

Yn(b+d)un!”

(x*;a,b,c,d)t"

—ix,d —ix >
) =
c+d ) rgb(a
ix,d—ix -
b+d ) ;6(
ix,c—ix_t> B i W,
b+c¢ = (a

+d)u(b+c)un!”

9.1.9)

3:¢—3,d—3), 9.1.10)

9.1.11)

(9.1.12)

(9.1.13)

(9.1.14)
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(1 _ t) l-a—b—c—d

% oFs Ha+b+c+d-— ),%(a—i—b—i—c—i—d),a—i—ix,a—ix__ 4t
a+b,a+c,a+d T (1—1)?
- b d—1
:Z (atbterd=Un y 2, 0 g (9.1.15)

“ (a+b)y(a+c)n(a+d)n!

Limit Relations

Wilson — Continuous Dual Hahn

The continuous dual Hahn polynomials given by (9.3.1) can be found from the Wil-
son polynomials by dividing by (a+d), and letting d — eo:

th(x sa,b,c,d)

2.
b 11
m ara),  Sabe). ©-1.16)

Wilson — Continuous Hahn

The continuous Hahn polynomials given by (9.4.1) are obtained from the Wilson
polynomials by the substitutions a — a—it,b — b—it,c — c+it,d — d+it and
x — x+t and the limit # — oo in the following way:

T Wo((x+1)%a—it,b—it,c+it, d+lt)
im
t—eo (=2¢)"n!

pn(x;a,b,c,d). (9.1.17)

Wilson — Jacobi

The Jacobi polynomials given by (9.8. 1) can be found from the Wilson polynomials
by substituting a =b = (o +1), c = 3(B+1)+it,d = 3(B+1)—it and x —

5(1 —x) in the definition (9.1.1) of the Wilson polynomials and taking the limit
t — oo, In fact we have
- Wo(3(1=x)% 3o+ 1), 3 (a+ 1), 5(B+1) +it, 3(B+1) —ir)
f—so0 21!

P,Ea’ﬁ)(x). (9.1.18)
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Remarks

Note that for £ < n we have

(a+b)(a+c)ula+d),
(a+b)(a+c)(a+d)

=(a+b+k)latc+k)rla+d+k)u_i,

which implies that the Wilson polynomials defined by (9.1.1) can also be seen as
polynomials in the parameters a, b, ¢ and d.
If we set

and
ix—x+i(y+8+1)
in
Wn(‘xz;a7bﬁc7d)

W 2; Db) 7d - b
n(x%5a,b,¢,d) (@+b)n(atlatd,

given by (9.1.1) and take
o+1=-N or B+6+1=—-N or y+1=-N

with N a nonnegative integer, we obtain the Racah polynomials given by (9.2.1).

References

[51], [71], [72], [80], [277], [278], [281], [282], [339], [340], [387], [401], [407],
[410], [503], [512], [513].

9.2 Racah

Hypergeometric Representation

Ry(A(x);0t,B,7,6)
—nn+o+B+1,—xx+y+6+1
= 4F 01 =0,1,2,....,N,(9.2.1
43( (x+1,ﬁ+5—|—1,7+1 ’>7 n s Ly 2y ) 7(9 )

where
Alx) =x(x+v7+5+1)
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and
a+1=—-N or B+6+1=—-N or y+1=-N

with N a nonnegative integer.

Orthogonality Relation

& (1) (B+8+ DY+ Da(y+ 8+ Da((¥+643)/2)s
S (oY O+ 1) (=B+y+1)((Y+0+1)/2):(6 +1)x!
X Rin(A(x)) R (A (x))
(n+o+B+1)u(a+B—v+1)u(a—8+1),(B+1),n!

(+B+2)(a+1)(B+6+1)u(y+1)n

=M

where
Ry(A(x)) :=Ru(A(x); 0, B,7,6)
and
(=B)n(y+6+2)n
(=B+y+Dn(6+ 1)

(—o+8)n(y+6+2)wN
(*(X+Y+5+ 1)N(6+ I)N
(a+B+2)v(—0)n
(@a=6+1n(B+1)n

if a+1=-N

if B+8+1=-N

if y+1=—N.

Recurrence Relation

AX)Ru(A(x)) = AnRp 11 (A (x)) = (An +Co) Ru(A (%)) + CaRp 1 (A (),

where
Ry(A(x)) := Ru(A(x): 0, B,7,0)
nd W o o B ) (n+ B8+ )ty 1)
" 2n+o+B+1)2n+o+p+2)
c - nn+o+pB—7y)(n+o—38)(n+p)
8 (2n+o+B)2n+a+p+1)

hence

191

S, (9.2.2)

(9.2.3)
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(n+B—-N)(n+B+0+1)(n+y+1)(n—N)
(2n+B—-N)2n+B—-N+1)

(n+o+1)(n+a+B+1)(n+y+1)(n—N)

if a+1=-N

if B+6+1=-N

2n+a+B+1)2n+a+pB+2)
e ot BN IS
and
n(n+ﬁ()2(nn:ﬁﬁ—_]\7f/:]1v)(_2yll)-ﬁ(-nﬁ—_5]v—)]v_ D =N
| R s
e S o,
Normalized Recurrence Relation
xpn(x) = Pt (x) = (An + Cp) pu(x) + Ay 1 Gy -1 (x), 9.2.4)
where
BnlH)ienB.1,0) = (a+lg’:(;i;%?@1),/’"(“”)'
Difference Equation

n(n+a+B+1)y(x) =B(x)y(x+1) — [B(x) + D(x)] y(x) + D(x)y(x — 1), (9.2.5)
where
y(x) = Rﬂ()‘(x);a7ﬁ7%5)

and (xt+o+D)x+B+6+1)(x+y+1)(x+y+6+1)

(2x+y+6+1)(2x+7+6+2)

D(x) = x(x—a+y+8)(x—B+7y)(x+0)
(Y8 (2x+y+S8+1)

B(x) =
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Forward Shift Operator

Ry(A(x+1):0,B,7,6) = Ru(A(x): . B,7,6)
nn+o+p+1)
(@a+1D)(B+5+1)(r+1)
X (2L 2)R (A o+ 1L+ 1Ly +1,8)  (9.2.6)

or equivalently

AR, (A(x);t,B,7,6)
AA(x)
n(n+o+p+1)

- (a_|_1)([3+5+1)(,},+1)R"—1(;{’(x);a+1,ﬁ+1,')/+1,5). 9.2.7)

Backward Shift Operator

(x+o)(x+B+6)(x+7)(x+7+6)R(A(x);t, B, 7. 6)
—x(x=B+Y)(x—a+y+6)(x+6)R,(A(x—1);,B,7,0)
= aY(ﬁ +5)(2x+’)/+ S)RnJrl()L(x);a_ lvﬁ - lay_ 175) (928)

or equivalently

Vio(x; o, B,7,6)Ru(A(x); . B, 7,6)]
VA (x)

1
= H—a(})(x,(x—l,ﬁ— 1,'}/— 1,5)Rn+1()~()€);a— I,B— 1,'}/— 1,6), 9.2.9)

where

— 0+ Y+0+ 1) (=B+y+1)(6+1)x!”

w(X;a7ﬁ7%6):(

Rodrigues-Type Formula

(D('X;Ohﬁ?’%S)Rn(a’ (x)§a»ﬁ7% 6)
=(y+6+1), (V)" [o(x; 00 +n,B+n,7+n,8)], (9.2.10)

where
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Generating Functions

Forx=0,1,2,...,N we have
- 0 o+1 1
N rto—y— 1) SF x+B+0+1,x+7+ .
o+1 B+1

N B+S+1)(y+1),
ngb (B+1)un!

Rﬂ(z’('x);aaﬂa/%a)tna

if B+6+1=—N or y+1=-N. (9.2.11)
P —x,—x—&—ﬁ—y.t x—l—a—!—l,x—{—y—&—l't
I B4s+1 7)) a-8+1
& (a4 Da(y+1Da
= —Rnl SO, P, 76 n7
> s B s B 6
if o+l=-N or y+l=—N. (9.2.12)
—x,—x— & x+o+1x+B+6+1 )
Fi it ) o F ot
U 41 )2 '( o+p—y+1

(e D)a(B+8+1), . )
L i Byt Dt FaA 0B 8"

if o+1=-N or B+8+1=—N. (92.13)

(1-r)- P!

o (@B S (@ B2yl 4
4y PRSI R N S/,
N
zzggﬂﬁiﬁ&uuﬁmﬂwﬁﬂ (9.2.14)
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Limit Relations

Racah — Hahn

The Hahn polynomials given by (9.5.1) can be obtained from the Racah polynomials
by taking Y+ 1 = —N and letting § — oo:

(Slim Ry(A(x);0,B,—N—1,8) = Qn(x;, B,N). (9.2.15)
The Hahn polynomials given by (9.5.1) can also be obtained from the Racah poly-
nomials by taking 6 = —f3 — N — | and letting y — oo:

lim R, (A (x); 00, B8,7,—B —N—1) = On(x; 2, B,N). (9.2.16)

Y—oo0

Another way to do this is to take ¢ +1 = —N and § — B+ Y+ N+ 1 and then take
the limit § — oo. In that case we obtain the Hahn polynomials given by (9.5.1) in the
following way:

Shm Rn(l(x);fo 17B+Y+N+ 1)7/75) = Qn(X;’}/aﬁvN)' (9.2.17)

Racah — Dual Hahn

The dual Hahn polynomials given by (9.6.1) are obtained from the Racah polynomi-
als if we take ¢+ 1 = —N and let § — oo:

l}im Ry(A(x);—N—1,B,v,8) = R,(A(x);7,8,N). (9.2.18)

The dual Hahn polynomials given by (9.6.1) are also obtained from the Racah poly-
nomials if we take B = —6 — N — 1 and let o0 — oo:

Dl(im R,(A(x);0,—8 —N —1,7,8) = Ry(A(x);7,0,N). (9.2.19)

Finally, the dual Hahn polynomials given by (9.6.1) are also obtained from the Racah
polynomials if we take y+ 1 = —N and § — ot + 6 + N + 1 and take the limit § — oo:

Jim Ry(A(x);0 B, —N =1, @+8-+N+1) = Ra(A(x)it.8,N). (9220)
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Remark

Ifwesetao=a+b—1,B=c+d—1,y=a+d—1,6 =a—dandx — —a+ix
in the definition (9.2.1) of the Racah polynomials we obtain the Wilson polynomials
given by (9.1.1):

Ry(A(—a+ix);a+b—1,c+d—1,a+d—1,a—d)
W, (x%;a,b,c,d)

:Wn 2; b7 7d = .
("sa,b,¢,d) (@t b)n(atnlatdn

References
[51], [70], [72], [80], [82], [187], [340], [376], [381], [387], [416], [417], [426],
[437], [439], [512].

9.3 Continuous Dual Hahn

Hypergeometric Representation

Sy(x%;a,b,c) 2(—n,a+ix7a—ix_1). ©3.1)

(a+b)n(a+c)n:3 at+bat+c

Orthogonality Relation

If a, b and c are positive except possibly for a pair of complex conjugates with posi-

tive real parts, then
1 /°° I'(a+ix)T'(b+ix)I'(c+ ix)
27 Jo F(Zix)
=T(n+a+b)T(n+a+c)T'(n+b+c)n! . 9.3.2)

2
Sm(x*;a,b,¢)Sy(x*;a,b,¢) dx

If a < 0 and a+ b, a+ c are positive or a pair of complex conjugates with positive
real parts, then
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1 /w T(a+ ix)T(b+ ix)T(c+ix) |°
27 Jo '(2ix)
Ta+b)T(a+c)T(b—a)T(c—a)
+ T(—2a)
> (2a)k(a+ D)i(a+b)r(a+c)x

— _ 1
=0,1,2... (@)i(a—b+1)(a—c+1)ik!

a+k<0
X Sp(—(a+k)*a,b,¢)S,(—(a+k);a,b,c)
=T(n+a+b)T'(n+a+c)T'(n+b+c)n! . (9.3.3)

Sm(x*:a,b,¢)S,(x*;a,b,c)dx

(=1

X

Recurrence Relation

- (a2 +x2) S,(x%) = ApSui 1 () — (A +C) S, (x*) + G, 1 (62), 9.3.4)
where 2 )
~ ~ Sn(x7a,b,c
2 2 n s 6y Uy
= ;a,b,c) = —————
Sp(x7) :=8,(x%5a,b,¢) @+ bhn(aton

and
{An =m+a+b)(n+ta+c)

Ch=nn+b+c—1).

Normalized Recurrence Relation

XPn (x) = Pn+l1 (x) + (An +C,— az)pn (x) +An—1Cypn—1 ()C), (9.3.5)
where
Sn(xz;a,b,c) = (—1)"pn(x2).
Difference Equation
ny(x) = B(x)y(x +1i) — [B(x) + D(x)] y(x) + D(x)y(x — i), (9.3.6)
where

y(x) - Sn(xz;a7bac)

and
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_ (a—ix)(b—ix)(c—ix)

B = ——nen—n
_ (a+ix)(b+ix)(c+ix)
DO = a1
Forward Shift Operator

Sa((x+ 3i)%;a,b,¢) — Su((x— %i)%a,b,c)
= —2inxS,_1 (Fia+3,b+3,c+3) 9.3.7)

or equivalently

88, (x*;a,b,¢)

53 = nS(at bt et ). (9.3.8)

Backward Shift Operator

(a— % —ix)(b— % —ix)(c— % —ix)Sy((x+ %i)z;a,b,c)
—(a— % +ix)(b— % +ix)(c— % +ix)S, ((x— %i)z;a,b,c)
= —2ixSy1(xa—4,b—1,c— 1) (9.3.9)

or equivalently

1) [w(x;a,b,c)Sn(xz;a,b,c)]
ox2
=o(xa— %,b— %,c— %)Snﬂ(xz;a— %,b— %,c— %), (9.3.10)

where
1
U.) 5 7b7 - A
(x;,b.¢) 2ix

T(a+ ix)T(b+ix)T(c +ix) |*
I(2ix)

Rodrigues-Type Formula

n
co(x;a,b,c)Sn(xz;a,b,C)(55XZ> [o(x;a+inb+inc+in)]. (9311
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Generating Functions

< Sn('xz;a7b7c)

’t) 2t B
)

: a+ix,c+ix
1—¢ —b+ix F ot
( ) 2 1< a+c

n

(1= 1), <a+1x b+ix

o Sn(x%3a,b,c)
:Z W(x%5a "

n=0 ,,I’l'

b—&-ix,c—!—ix;t _ i Sn(x2;a,b,c)t,,.
b+c (b+c)pn!

n=0

(1 _ t)*(/H’l'szl <

=

o (a—i—ix,a—ix;t) -3 Su(x*:a,b,c) o
a+ba+tc = (a+Db)u(a+c)un!

_ v,a+ix,a—ix t
1—1)773F ; ——
( ) 2( a+b,a+c tl)
< b
2 (%5,b,¢) ",y arbitrary.

= ( a+b Jn(a+c)nn!

Limit Relations

Wilson — Continuous Dual Hahn

199

(9.3.12)

(9.3.13)

(9.3.14)

(9.3.15)

(9.3.16)

The continuous dual Hahn polynomials can be found from the Wilson polynomials

given by (9.1.1) by dividing by (a +d), and letting d — eo:

2.
fim W, (x*;a,b,c,d)

=S,(x*:a,b,c).
i atd), w(x73a,b,¢)

Continuous Dual Hahn — Meixner-Pollaczek

The Meixner-Pollaczek polynomials given by (9.7.1) can be obtained from the con-
tinuous dual Hahn polynomials by the substitutions x — x—f,a =A +it,b=A — it

and ¢ = tcot ¢ and the limit t — oo:

lim

Su((x—0)% A +it, A —it,rcotg) P (x;9)

- t"n! ~ (sing)"

(9.3.17)
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Remark

Since we have for k < n

(a+b)y(a+c)y

(a+b)i(a+c)i = (@tb+knilatet bt

the continuous dual Hahn polynomials defined by (9.3.1) can also be seen as poly-
nomials in the parameters a, b and c.

References

[72], [280], [339], [340], [378], [380], [381], [388], [389], [410], [415], [503].

9.4 Continuous Hahn

Hypergeometric Representation

pn(X;avbvcad)
= p O Dy (mrnta bt d Thati ) g
n! a+c,a+d

Orthogonality Relation
If Re(a,b,c,d) >0, c = aand d = b, then

1 oo
> / T(a+ix)T(b+ix)T(c — ix)T(d — ix) pm(x;a,b,¢,d) pn(x;a,b,c,d) dx
I'n+a+c)T(n+a+d)T(n+b+c)I'(n+b+d)

= Omn- 94.2
(2n+a+b+c+d—1I(n+a+b+c+d—1)n! ™ ( )

Recurrence Relation
(a + ix)ﬁn (x) =AnPn+1 (X) - (An + Cn) Pn ()C) +CupPn—1 ()C)7 (9.4.3)

where
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n!

o7 N 7 N ; 7b7 ’d
i"(a+c)n(a+d)np"(x a,b,c,d)

Pu(x) := pulx;a,b,c,d) =

and
(n+a+b+c+d—1)(n+a+c)(nt+a+d)

2n+a+b+c+d—1)2n+a+b+c+d)

nn+b+c—1)(n+b+d-1)
(2n+a+b+c+d—-2)2n+a+b+c+d—1)

An=—

Cn=

Normalized Recurrence Relation

XPn (x) = Pn+l1 (x) + i(An +Cp+ a)pn (x) —Ap—1Gipn—1 (-x)7 9.4.4)
where
palsiabye,d) = ST :Icﬂl —Dn )
Difference Equation
nn+a+b+c+d—1)y(x)
= B(x)y(x+1i) = [B(x) + D(x)] y(x) + D(x)y(x — i), (9.4.5)
where
¥(x) = pa(x;a,b,c,d)
and
B(x) = (¢ —ix)(d —ix)
D(x) = (a+ix)(b+ix).
Forward Shift Operator

pu(x+ %i;a,b,c,d) — pulx— %i;a,b,c,d)
=i(n+ta+b+c+d—1)p,_i(xat+ib+ic+id+l)  (9.4.6)

or equivalently

Opn(x;a,b,c,d)

=~ =(n+a+b+c+d—1)p,1(x;a+ib+3.c+id+1). 94.7)
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Backward Shift Operator

(e~ 4= in)d 3~ (e bisabic.d)
—(a—3+ix)(b— % +ix)pa(x— 3isa,b,c,d)

n—|—1
- anrl( %ab_iac_%7d_%)

or equivalently

5 [(x)(x;a,b,c,d)pn(x;a,b,c,d)}
ox
=—(n+Noxa—Ltb—3c—%d-13)

1
) 2

. 1 1 1 1
Xpn+1(-x7a_ fab_ §7C_§7d_§)7

where
o(x;a,b,c,d) =T (a+ix)T'(b+ix)['(c — ix)['(d — ix).

Rodrigues-Type Formula

(D(x;a,b,c,d)pn(x;a,b,c,d)

n! X

"/ §\"
= (6_> [o(ca+nb+in.ctgnd+5n)].

Generating Functions
atix . d—ix . < pu(xa,be,d)
F; s —it )| 1 F Vit ) = —_— 1.
! '<a+c ’)' ‘<b+d ’) Zg)(aﬂ),,(md)n
a+ix . c—ix | < pu(xa,bye,d)
F; s —it ) 1 F Vit ) = 7 T
1 1<a+d l>1 1(b+c ) 2 lardnbron

()b, Ha+b+c+d—1), a+b+c+d),a+ix
a+c,a+d ’
i (a+b+c+d—1),

;7b7 7dtn
= (a+c)p(a+d),i" pn(x;a,b,c,d)

(9.4.8)

(9.4.9)

(9.4.10)

9.4.11)

(9.4.12)

)

(9.4.13)
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Limit Relations

Wilson — Continuous Hahn

The continuous Hahn polynomials are obtained from the Wilson polynomials given
by (9.1.1) by the substitution a — a—it, b — b—it,c — c+it,d — d+it and
x — x+t and the limit # — oo in the following way:

lim Wo((x+1)%a—it,b—it,c+it,d+it)
1= (=2¢t)"n!

=pn(x;a7b7c,d).

Continuous Hahn — Meixner-Pollaczek

The Meixner-Pollaczek polynomials given by (9.7.1) can be obtained from the
continuous Hahn polynomials by setting x — x+¢, a = A —it, c = A + it and
b =d =ttan @ and taking the limit ¢ — oo:

lim pu(x+t;A —it,ttand, A +it, ttangp) P,EM(x;q))

lim tn = ooy (9.4.14)

Continuous Hahn — Jacobi

The Jacobi polynomials given by (9.8.1) follow from the continuous Hahn polynomi-
als by the substitutionx — Sxt,a=1(o+1—it),b=1(B+1+it),c = (o + 1 +it)
andd = %(ﬁ + 1 —it), division by " and the limit  — oo:

lim Pn(%xﬂ%((x-‘rl—if)7%(ﬁ+1+it),%((x+1+it)7%(ﬂ_~_1_it))
[—00 tn

_ P (), (9.4.15)

Continuous Hahn — Pseudo Jacobi

The pseudo Jacobi polynomials given by (9.9.1) follow from the continuous Hahn
polynomials by the substitution x — xt, a = $(—N+iv —2t), b= 3 (—N —iv +21),
¢=3(-N—iv—2t)and d = }(—N+iv +2t), division by ¢" and the limit # — co:

- pn(xt; (=N +iv —2t), 5 (=N —iv+2t), 5 (=N +iv —2t), (=N —iv +21))
[—00 tn

—2N-—1
_ (22N Unp v, (9.4.16)

n!
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Remark

Since we have for k < n

(a+b)y(a+c)y

(a+b)i(a+c)i = (@tb+knilatet bt

the continuous Hahn polynomials defined by (9.4.1) can also be seen as polynomials
in the parameters a, b and c.
References

[48], [511, [80], [811, [89], [258], [327], [340], [378], [381], [383].

9.5 Hahn

Hypergeometric Representation

—nn+o+B+1,—x

Qn(x;a,[i,N):ng( 1N ,1), n=0,1,2,...,N. (9.5.1)

Orthogonality Relation

For oo > —1and > —1, or for « < —N and § < —N, we have

5 (“”) (’”N"‘) O (x: 0, B,N)Qn (3 0, B,N)

o\ x N—x
(=D)'n+o+B+1)y1(B+1)n!
 (2n+a+B+1)(a+1),(—N),N! O ©-5.2)
Recurrence Relation
_xQn(x) = AnQn+1 (x) - (An + Cn) Qn(x) +CQn-1 (x)7 (9.5.3)

where

Qn(x) = Qn(X;avﬁvN)
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and | _(n+a+B+1)(n+o+1)(N—n)
" @ntatB1)2ntotB+2)
o n(n+o+B+N+1)(n+B)
" (ntoa+p)2nta+p+1)

Normalized Recurrence Relation

XPn (x) = Pn+1 (x) + (An + Cn) Pn ()C) +An—1Cnpn—l ()C)7 9.54)
where ( Bi)
_ _(nta+Btl),
Qn(x’aaﬁaN) - (OC+ l)n(_N)n Pn(x)-
Difference Equation

n(n+a+pB+1)y(x) =Bx)y(x+1) — [B(x) + D(x)]y(x) + D(x)y(x — 1), (9.5.5)
where
y(x) = On(x;0,B,N)

and

{B(x) =(x+a+1)(x—N)

D(x)=x(x—B—-N-—1).
Forward Shift Operator

Qn(x+l;avﬁaN)_Qn(X;aaﬁvN)
_ nnto+p+1)

TN OQu1(x;0+1,B+1,N—1) (9.5.6)

or equivalently

nn+o+p+1)

AQH(X;a7B7N):_ (OC+1)N

O i(io+1,+1,N—=1). (957
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Backward Shift Operator

(x+a)(N+1—x)0y(x;a,B,N)—x(B+N+1—x)0y(x—1;0,,N)
= a(N+1)Qpi1 (00— 1,8 —1,N+1) (9.5.8)

or equivalently

Vio(x o, B,N)Qx(x; 0, B,N)]

B
o ()5)

Rodrigues-Type Formula

where

o(x;o,B,N)On(x; 0, B,N)

_ (_1)n(ﬁ+1)n n X n n —n
- V' o(x;a+n,B+n,N—n)]. (9.5.10)

Generating Functions

Forx=0,1,2,...,N we have

- : N & (_N)n . n
1F1<a+1’ >1Fl<;3+1 t) nzoan(x,a,ﬁ,N)t. (9.5.11)

2Fo

—x+B+N+1 ) (x—N7x+OH-1>
2Fo it

N
=2 —‘Hl) Qn(x; 0, B, N )", (9.5.12)
n=0
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o Hoa+B+1), (a+B+2),—x 4
(1—1)~F 131'72(2 oc+2l,—N ’_WHN

N
Z ‘Hﬁﬂ) On(x; 0, B,N)". (9.5.13)

n=0

Limit Relations

Racah — Hahn

If we take y+ 1 = —N and let § — oo in the definition (9.2.1) of the Racah polyno-
mials, we obtain the Hahn polynomials. Hence

Jim Ry(A(x);0,B,—N —1,8) = Qu(x; 0, B,N).

And if we take § = —f8 — N — 1 and let ¥ — oo in the definition (9.2.1) of the Racah
polynomials, we also obtain the Hahn polynomials:

}}i_IEQRn(A(X);avﬁv% _B —N— 1) = Qn(X;a’ﬁJv)‘

Another way to do this is to take ¢+ 1= —N and § — B+ v+ N+ 1 in the definition
(9.2.1) of the Racah polynomials and then take the limit 0 — . In that case we
obtain the Hahn polynomials in the following way:

Jim Ry(A(x); =N = 1,B+y+N+1,7,8) = 0u(x:7,B,N).

Hahn — Jacobi

To find the Jacobi polynomials given by (9.8.1) from the Hahn polynomials we take
x — Nx and let N — oo. In fact we have

PP (1 2x)

,Ea’ﬁ)( ) (9.5.14)

lim 0, (Nx: o, B,N) =
Hahn — Meixner

The Meixner polynomials given by (9.10.1) can be obtained from the Hahn polyno-
mials by taking & =b— 1, B = N(1 —c)c™! and letting N — oo:

lim Q,(x:b— LN(1—c)e \N) = My (x:b,c). (9.5.15)
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Hahn — Krawtchouk

The Krawtchouk polynomials given by (9.11.1) are obtained from the Hahn polyno-
mials if we take oo = pr and B = (1 — p)r and let t — oo:

tlim On(x;pt, (1 = p)t,N) = K, (x; p,N). (9.5.16)

Remark

If we interchange the role of x and n in (9.5.1) we obtain the dual Hahn polynomials
given by (9.6.1).
Since

On(x;00,B,N) =R (A(n); x, B,N)

we obtain the dual orthogonality relation for the Hahn polynomials from the orthog-
onality relation (9.6.2) of the dual Hahn polynomials:

& (2n+ o+ B+1)(a+1),(=N),N!
S (=D (nt o+ B+ D1 (B+1)an!
Sy

(0

References

On(x;00,B,N)Qu(y; 00, B,N)

x,y€{0,1,2,...,N}.

[16], [34], [39], [46], [51], [54], [59], [72], [80], [82], [146], [152], [155], [164],
[184], [185], [226], [228], [265], [268], [277], [308], [337], [340], [363], [364],
[367]1, [372], [374], [375], [377], [381], [391], [415], [416], [417], [432], [434],
[435], [440], [465], [488], [489], [512], [515], [521].

9.6 Dual Hahn

Hypergeometric Representation

—n,—x,x+y7+6+1

Ry(A(x);7,8,N) = 3F 1), n=0,1,2,....N, (9.6.1
(A(x);7,6,N) %2( JELN ) n=0 N, (9.6.1)

where
Alx) =x(x+y+0+1).



9.6 Dual Hahn 209

Orthogonality Relation
Fory> —1land 6 > —1, or for y < —N and 6 < —N, we have

N (2x+y+8+1)(y+1)x(—N)N! . .
2 e 78+ Dy (35 Dt T 0N L:7.5.)

= O 9.6.2)

CCE")

Recurrence Relation

AX)Ru(A (X)) = ARyt (A (X)) = (A + Co) Ru(A (X)) + CuRu1 (A(x)),  (9.6.3)

where

Ra(A(x)) := Ra(A(x):7,8,N)

and

{An =n+y+1)(n—N)

Ch=nn—6-N-1).

Normalized Recurrence Relation

XPn (x) = Pn+1 (x) - (An + Cn)Pn (x) +An—1Cipn—1 (x)a (9.6.4)
where
1
Ry(A(x);7,6,N) = ml’n(l(x»
Difference Equation
—ny(x) = B(x)y(x+1) — [B(x) + D(x)]y(x) + D(x)y(x — 1), (9.6.5)
where

and
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(x+7+1)(x+7+06+1)(N—x)

B(x) =

2x+7+06+1)(2x+y+6+2)
D(x) = x(x+y+0+N+1)(x+0)
(24 y+8)2x+y+S+1)
Forward Shift Operator

Ru(A(x+1);7,8,N) = Ru(A(x);7,6,N)

n(2x+y+6+2)
=———— R (A(x);y+ 1,6, N1
(y+1)N H(A(x); 7+ )
or equivalently
ARy(A(x):7,6,N) _ n _ )
AL (x) = T Gron 1 A+ LN =1,

Backward Shift Operator

(x+7)(x+7+0)(N+1-x)Ry(A(x);7,0,N)
(74 84N+ 1) (x4 8)Ra(A(x—1):7,8,N)
=yYN+1)2x+y+8)Ry1(A(x);y—1,0,N+1)

or equivalently

V(o(x;7,8,N)Ry(A(x);7,8,N)]
VA (x)

1
= mw(X;y_ 1757N+ I)RnHM(X);V— leaN—’_ 1)3

where
(_1>x(,},+ l)x(’Y‘f' 0+ 1)x<_N>x

o(x;Y,0,N) = (Y+8+N+2),(6+1),x!

(9.6.6)

(9.6.7)

(9.6.8)

(9.6.9)
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Rodrigues-Type Formula

®(x;7,8,N)Ru(A(x);7,8,N) = (y+8+1)x (V)" [@(x;y+n,8,N —n)], (9.6.10)

where

Generating Functions

Forx=0,1,2,...,N we have

— J— — N —
(l—t)Nszl( H ;z>:z( N)"Rn(l(x);}/,&N)t". (9.6.11)

|
—0

—N,x+7+1
(l—f)szl(x _;_13,/ ;)
N o (y+ 1D)u(=N),
Z WR,,()L (x);7,8,N)t". (9.6.12)
. —xx+y+8+1 Y Ru(A(x);7.8.N) ,
[e 2F2< SLN I)]N—nza—n! . (9.6.13)

(1-1)%3F 8,—x,x—|—y—|—5+1; t
Y+1,-N t—1/1y

S (&)n
=y R, (A(x);7,8,N)t", & arbitrary. (9.6.14)

Limit Relations

Racah — Dual Hahn

If we take ot + 1 = —N and let B — o in the definition (9.2.1) of the Racah polyno-
mials, then we obtain the dual Hahn polynomials:

l}im Ry(A(x); =N —1,B,7,0) = Ru(A(x);7,8,N).
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And if we take B = —6 — N — 1 and let o¢ — < in the definition (9.2.1) of the Racah
polynomials, then we also obtain the dual Hahn polynomials:

lim Ry(A(x); 0, —8 —N —1,7,8) = Ro(A(x); 7,8, N).

o—o0

Finally, if we take y+ 1= —N and § — o+ 6 + N + 1 in the definition (9.2.1) of the
Racah polynomials and take the limit § — oo we find the dual Hahn polynomials in
the following way:

Jim Ro(2.06)300B, =N = 1,00+ 8+ N +1) = Ra(A(x); 0,3, N).

Dual Hahn — Meixner

The Meixner polynomials given by (9.10.1) are obtained from the dual Hahn poly-
nomials if we take y = — 1 and § = N(1 —c)c™! and let N — oo

Jim Ry(A(x); 8 — 1N (1 —¢)c LN =M, (x;B,¢). (9.6.15)

Dual Hahn — Krawtchouk

The Krawtchouk polynomials given by (9.11.1) can be obtained from the dual Hahn
polynomials by setting ¥ = pt, § = (1 — p)t and letting ¢ — eo:
lim R, (A (x); pt, (1 — p)t,N) = K,(x; p,N). (9.6.16)

—00

Remark

If we interchange the role of x and » in the definition (9.6.1) of the dual Hahn poly-
nomials we obtain the Hahn polynomials given by (9.5.1).
Since

Rn(l(x);%(i]\o = Qx(n;%5>N)

we obtain the dual orthogonality relation for the dual Hahn polynomials from the
orthogonality relation (9.5.2) for the Hahn polynomials:

5 (””) (5+N‘”)Rn<7t<x>;y,&N)Rn(uy);y,&zv)

=\ n N—n

(=D y A+ D1 (8 +1)x!
= @ity ) et 0 B 02N,
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References

[541, [72], [80], [82], [277], [308], [337], [340], [376], [377], [380], [381], [416],
[417], [439], [488], [512].

9.7 Meixner-Pollaczek

Hypergeometric Representation

Wy Q) ing —n,A+ix —2i¢
P (x;0) = Te 2 Fy 1 ;l—e . 9.7.1)

Orthogonality Relation

1

o /m 20 N4 +ix) 2 P (x:.0) P (o, 0) dix

- % S, A>0 and 0<¢ <. 9.7.2)

Recurrence Relation

(n+1)P%), (x:0) =2 [xsing + (n+A) cos ] P (x; 9)
+(n+24 - 1P (x;0) =0. (9.7.3)

Normalized Recurrence Relation

A A —
240 = pues) = (s ) o) + 5y, 07
where ) )
PV 9y = 25O )

n!



214 9 Hypergeometric Orthogonal Polynomials

Difference Equation

e (A —ix)y(x+i) +2i[xcos ¢ — (n+A)sin ] y(x)
—e P tinyr—)=0. y@)=B"(x0).

Forward Shift Operator

A . A . ; _i +1)
PP (x4 i) — PM (e — Lis9) = (0 —e0) PP T2 (x;9)
or equivalently

5P (x10)

1
ST = 25ing P (x19).

Backward Shift Operator

"7’(), 2 —ix)P, ()(x—i— ld))—l—e’“”(l—%—i—ix)P,EM(x—%"

— 1+ 1P (x:9)

or equivalently

5 w(x;l,¢)1’,5’”(x;¢)}
ox B

where

o(x;1,¢) = T(A +ix)T(A — ix)e~mx,

Rodrigues-Type Formula

oir 0 u0) = S (5] [ota+ o).

— (Do —1e)P* P ),

9.7.5)

(9.7.6)

9.7.7)

(9.7.8)

9.7.9)

(9.7.10)
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Generating Functions

(1—er) 2+ (1 —e )2 = 3 pM (x;9)1". (9.7.11)
=0
e 11 o e _,,,:07(2/1%6""‘1) . .

oy YA +ix (1—e 20
(=1 2F‘( 24 7 -1
P (x:9)

Wt’ﬂ Y arbitrary. (9.7.13)

N (V)n
N ZO (22)

n

Limit Relations

Continuous Dual Hahn — Meixner-Pollaczek

The Meixner-Pollaczek polynomials can be obtained from the continuous dual Hahn
polynomials given by (9.3.1) by the substitutions x —» x—f, a = A +it, b = A — it
and ¢ = tcot ¢ and the limit t — oo:

 Su((—0)ZA+it, A —it,trcotd) PV (x19)
lim = - .
1o 'n! (sing)”

Continuous Hahn — Meixner-Pollaczek

By setting x > x+t,a=A—it,c=A+it and b = d = ttan¢ in the definition
(9.4.1) of the continuous Hahn polynomials and taking the limit # — e we obtain the
Meixner-Pollaczek polynomials:

i Prx 1A it ttand, A + it rtang) PM (x:9)

tve0 t"n! (cosg)
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Meixner-Pollaczek — Laguerre

The Laguerre polynomials given by (9.12.1) can be obtained from the Meixner-
Pollaczek polynomials by the substitution A = %( o+1),x— —%d)’ Ix and the limit
¢ —O:

ql)iE})Pﬁ“%)(—%w‘x;q)) =L\ (x). (9.7.14)

Meixner-Pollaczek — Hermite

The Hermite polynomials given by (9.15.1) are obtained from the Meixner-Pollaczek
polynomials if we substitute x — (sin¢) ' (xv/A — A cos ¢) and then let A — oo

lim A~ 2R ((sing) " (xVA — Acos); ) = Halx).

A—o0 n!

(9.7.15)

Remark

Since we have for k < n

(2A),
(22 )«

the Meixner-Pollaczek polynomials defined by (9.7.1) can also be seen as polynomi-
als in the parameter A.

= (2), + k)nfka

References

[16], [20], [34], [36], [37], [511, [72], [80], [82], [135], [138], [146], [270], [273],
[277], [283], [295], [317], [340], [342], [363], [364], [381], [392], [406], [416],
[434], [512], [517].

9.8 Jacobi

Hypergeometric Representation

(a.,B) _(oc—H)n —n,n—l—(x-l-ﬁ—i—l.l—x
P, (x)= P 2 F o+l ) 9.8.1)
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Orthogonality Relation

For o« > —1 and 3 > —1 we have

L 11 (1-0)%(1 +x)P PP () PP (x) dx

204B+1 T+ o4+ 1)T(n+B+1)

— Snn- 9.8.2
2n+o+B+1 T(n+oa+p+1)n! ©8.2)

Fora+B <—-2N—1,8>—landm,n € {0,1,2,...,N} we also have

/ T )%= DEREP) () PP () dx
J1

2048+ T(cn—a—B)T(n+o+B+1)

- _2n+06—|—[3 +1 I'(—n—o)n! O ©.8.3)
Recurrence Relation
(a,B) B 2n+ 1) (n+a+p+1) (a,B)
B = G et BrDntatpra) i ®
B> -’ (o.B)
T Gnra+Pntaiprnt W
2(n+a)(n+ﬁ) P(Oﬂﬁ)(x) (984)

n+a+B)2n+a+B+1) "1

Normalized Recurrence Relation

BZ_a2

xpn(x) = pn+l(x)+ (2n+a+ﬁ)(2n+a+ﬁ+2)p"(x)
4n(n+a)(n+B)(n+ o+ p)
(2”+0‘+l3*1)(2n+06+ﬂ)2(2n+a+/3+1)p”—1(x)’ (9.8.5)
where
PP (yy = 1FOEBH D,

2"'n!



218 9 Hypergeometric Orthogonal Polynomials

Differential Equation

(1 =)y () +[B =0 = (o + B +2)a]y (x)
+n(n+a+B+1)yx)=0, ykx)= P,Ea’m(x).

Forward Shift Operator
@ pfe) ) = EOT P L ey

Backward Shift Operator

(1) LB () (B ) — (o + )] P )
=2+ DR

or equivalently

(1= (14+0P PP ()

Sl

= 2(n+1)(1—x)* (1 +x)P 1P P (),

Rodrigues-Type Formula

d

(1-x)%(1 —|—x)ﬁP,Ea’l3)(x) — ﬂ (_)" [(1 —x)rte(l +x)n+ﬁ .

2'n! \dx

Generating Functions

2a+ﬂ _ S P(O‘aﬁ) n R= 1—-2 2
RO+R—1)%(1+R+1)P _,ZO T R= V=2t

(9.8.6)

(9.8.7)

(9.8.8)

(9.8.9)

(9.8.10)

(9.8.11)
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SLL . — (9.8.12)

U—n‘xﬁlﬂq(5“+ﬁ+1%%a+ﬁ+%.ﬂx—ﬂj

o+1 T (1-1)?
_w (@t B+Dn p@p),
=2 G, (x) (9.8.13)
o 1 ) 2) 2(x+ 1)t
(1+[) a—f 12Fl(2(a+ﬁ+ ) 2(a+ﬁ+ : )
B+1 (1+41)2
i (4t L plech) ) (9.8.14)

= (B, b

v,a+B+1—y 1-R—t v,a+B+1—y 1—R+t
s ——=— | 2 ;
o+1 2 B+1 2
i OC+[3+1 Yn (0.,B)
L p,* ", R=+/1-2xt+1? 9.8.15

Z;) (o + DB+ 1), () o ( )
with y arbitrary.
Limit Relations

Wilson — Jacobi

The Jacobi polynomials can be found from the Wilson polynomials given by (9.1.1)
by substituting a =b = (o +1), c = 3(B+1)+it,d = 3(B+1)—it and x —
ty/ i(l —x) in the definition (9.1.1) of the Wilson polynomials and taking the limit

t — oo, In fact we have

Wl =9 o 1), Ho ) JB+ D+ i 3B+ —in)
t—o0 12np!

(O!ﬁ()
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Continuous Hahn — Jacobi

The Jacobi polynomials follow from the continuous Hahn polynomials given by
(9.4.1) by using the substitution x — Ixt, a = Y(a+1—it), b= (B + 1 +it),
c=%(a+1+it)andd = J(B+1—it) in (9.4.1), division by " and the limit f — oo

i (3t S(o+1—it), L (B+1+it), S (a+1+it), L (B+1—it))

{—ro0 th

= PP ().

Hahn — Jacobi

To find the Jacobi polynomials from the Hahn polynomials given by (9.5.1) we take
x — Nxin (9.5.1) and let N — o<. In fact we have

PP (1 - 2x)

lim Q,(Nx; 0, ,N) =
N—soco0 P,Ea’ﬁ)(l)

Jacobi — Laguerre

The Laguerre polynomials given by (9.12.1) can be obtained from the Jacobi poly-
nomials by setting x — 1 — 2~ 'x and then the limit f — oo:

Jim PP (12 x) = L% (x). (9.8.16)

Jacobi — Bessel

The Bessel polynomials given by (9.13.1) are obtained from the Jacobi polynomials
if we take B = a— ot and let o0 — —oo:

(a,a—ar)
N 1+ ox
al_l)n_lwp(m+)(l)) :yn(x;a). (9817)

Jacobi — Hermite

The Hermite polynomials given by (9.15.1) follow from the Jacobi polynomials by
taking B = o and letting @ — oo in the following way:

. —Inploa), —1
dim o2 BT (o) = S

(9.8.18)
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Remarks

The definition (9.8.1) of the Jacobi polynomials can also be written as:
aﬂ __J; “

= g

In this way the Jacobi polynomials can also be seen as polynomials in the parameters
o and . Therefore they can be defined for all & and 3. Then we have the following
connection with the Meixner polynomials given by (9.10.1):

1—x

S+ a+ B+ Di(a+k+1), g <T>k

Bhrpg .. = BP0 (2 - e7),

n!

The Jacobi polynomials are related to the pseudo Jacobi polynomials defined by
(9.9.1) in the following way:

_27\n! . .

The Jacobi polynomials are also related to the Gegenbauer (or ultraspherical) poly-
nomials given by (9.8.19) by the quadratic transformations:

1 1
Céfl')(x) — (A)”Prgz’_i”r_f)(zxz _ 1)

(3)n
and Y .
0= e e ),
(2)n+1
References

(2], [4], [91, [111, [15], [19], [34], [35], [41], [42], [43], [44], [45], [46], [47], [51],
[541, [55], [56], [57], [58], [69], [72], [91], [109], [117], [130], [132], [137], [146],
[149], [152], [155], [165], [166], [167], [171], [172], [173], [175], [178], [187],
[193], [196], [198], [202], [216], [219], [220], [221], [222], [223], [224], [225],
[226], [227], [228], [229], [239], [241], [242], [243], [244], [247], [251], [253],
[262], [264], [266], [267], [268], [274], [277], [283], [287], [314], [316], [317],
[327], [330], [331], [332], [334], [335], [336], [339], [340], [357], [358], [363],
[364], [367], [381], [382], [393], [394], [397], [399], [400], [403], [405], [408],
[412], [416], [417], [424], [428], [430], [431], [433], [438], [450], [456], [464],
[470], [477], [479], [480], [483], [485], [489], [493], [496], [505], [516], [518],
[519], [521], [522].
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Special Cases
9.8.1 Gegenbauer / Ultraspherical

Hypergeometric Representation

The Gegenbauer (or ultraspherical) polynomials are Jacobi polynomials with o =

B=A— % and another normalization:

2A), _1la_1
g
(2— + §)n

(2A)n F —n,n+22 1-x
U+l 2

M (x) =

n!
Orthogonality Relation

1
/ (1 —xz)}“%C,(nM (x)C,(ll)(x) dx
-1

_ al(n+22)2!72*
TP (n+2A)n!

Recurrence Relation

2(n+ M (x) = (n+ DEM, () + (n+ 24 — 1™, (x).

Normalized Recurrence Relation

n(n+21—1)
n+A—-1)(n+A

Xpn(X) :pn+1(x)+4< )pnfl(x)a

where
2"(A)n

n!

M (x) = Pal).

). 220

Omns l>—% and A #0.

(9.8.19)

(9.8.20)

(9.8.21)

(9.8.22)
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Differential Equation

(1=x2)y"(x) — A+ Dxy' (x) +n(n+20)y(x) =0, y(x) = C,(ll)(x). (9.8.23)

Forward Shift Operator

dic,ﬁl) (x) =22 (), (9.8.24)
X

Backward Shift Operator

n+1)2A+n— I)C(k_
2(1_1) n+l1

(1)L () 4 (1= 226 () = D(x) (9.8.25)

dx

or equivalently

__(n+ 12)((}2»7“:)” “D (1 —y- 2% (). (9.8.26)

Rodrigues-Type Formula

2A),, (=" (d\" nol
(11— =2 (x) = % (E) [(1 ) 5} . 9.827)
2/n :
Generating Functions
(1—2a+2) 4 =3 M (). (9.8.28)
n=0
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oF) ()L_ 1? (x—l)t> oF (/1_ . (x+1)t> :ni %tn. (9.8.30)

+5 2 +5 2 0 (2A)n(A + )n
2 2 o ~(A)
xt S Gl VL > n(x)
e oF, < s ) = 1. (9.8.31)
"\a+1 4 % (2A)n
F Y,2A—y 1-R—t F Y,2A—y 1—-R+t
2 A+ T2 2 A+3 T2
-y Mcﬁ“(m", R=+/1—2x+12, yarbitrary. (9.8.32)
n=0 2A)n(A +3)n
1. 1 1 > 2
- V¥t (1)
(1-at) 2F’< A+l (=)
< (Mn ) .
= Gy ()", arbitrary. (9.8.33)
ZE)(M)M (x)e",
Limit Relation

Gegenbauer / Ultraspherical — Hermite

The Hermite polynomials given by (9.15.1) follow from the Gegenbauer (or ultras-
pherical) polynomials by taking A = o + % and letting o¢ — oo in the following way:
(OH%)(af%x) _ Hy(x) )

. _1
lim o~ 2"C,
O—00 n!

(9.8.34)

Remarks

The case A = 0 needs another normalization. In that case we have the Chebyshev
polynomials of the first kind described in the next subsection.

The Gegenbauer (or ultraspherical) polynomials are related to the Jacobi polynomi-
als given by (9.8.1) by the quadratic transformations:

(An pia-b-4
@

i) = ‘2 -1)

and
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Chh () = EM”“

P

=
=

22 —1).

)n+1

N—

References

[2], [5], [35], [38], [40], [45], [46], [51], [55], [66], [99], [104], [107], [109], [110],
[117], [119], [120], [121], [123], [124], [130], [146], [154], [156], [163], [167],
[168], [169], [170], [174], [183], [190], [191], [194], [198], [200], [219], [225],
[231], [253], [267], [277], [317], [340], [366], [390], [398], [403], [413], [416],
[417], [450], [456], [458], [467], [479], [493], [496], [508], [522].

9.8.2 Chebyshev

Hypergeometric Representation

The Chebyshev polynomials of the first kind can be obtained from the Jacobi poly-

nomials by taking o = 8 = —l.

(-3:-3)
P, X —n,n 1—x
T(x) = I 71)( ) =2k < 1 ,T> (9.8.35)
P 3

and the Chebyshev polynomials of the second kind can be obtained from the Jacobi
polynomials by taking o = f§ = %

(3:3)
Un(x) = (n+1)P”T(X) = (n+1),F ( ZH, ) . (9.8.36)
P (1) 2
Orthogonality Relation
1 1 ) mn, 1 7é 0
/ (1=x%) " 2T (x) T (x) dx = (9.8.37)
- T Omn, n=0

1 1
/ (1 =32 U (U (x)dx = 5 . (9.8.38)
—1
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Recurrence Relations

2Ty (x) = Tip1(x) + Th—1(x), To(x)=1 and Ti(x)=x.

2xUy, (x) = Ups1(x) +Up—1(x), Up(x)=1 and U;(x)=2x.

Normalized Recurrence Relations

1
XPn(X) = Put1 () + 3 Pu-1(x),
where

Tilx)=pi(x)=x and T,(x)=2"p,(x), n#l.

%pa() = Pt () + 3 pu1 (3,

where

Differential Equations
(1 =2 () =0/ (x) +n°y(x) = 0, y(x) = T(x).

(1—=x)y"(x) = 3xy' (x) +n(n+2)y(x) =0, y(x) = Up(x).

Forward Shift Operator

ET,, (x) = nU,—1 (x).

Backward Shift Operator

(1=22) 9 0,(0) —xUp() = ~(n+ 1) T2 (2

or equivalently

(9.8.39)

(9.8.40)

(9.8.41)

(9.8.42)

(9.8.43)

(9.8.44)

(9.8.45)

(9.8.46)
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% {(1 —xz)%Un(X)} =—(n+1)(1-2) 2Ty (x). (9.8.47)

Rodrigues-Type Formulas

o 2\-1 _ (=" i " _ 2\n—14
(1-22)"2T,(x) = R (dx [(1 2) z}. (9.8.48)
ol _ D)D" AN T st
(1—22)2U,(x) = T \& [(1 2) z]. (9.8.49)
Generating Functions
1—xt -
=¥ T,(x)t". (9.8.50)
1 —2xt+12 ,EO
—1 1 < (%)n n
R 5(1+R—xt): > L, R=V1-2xt+12. (9.8.51)
n=0 n:
- (x—l)t) ( (x—|—1)t) & Th(x)
F ; F ; = t". 9.8.52
01<% > oF ! > ngb(%),,”! ( )
2 1\2 oo
e oF ( i (x 41)t ) = T”('x) . (9.8.53)
2 n=0 n.
2Fl (%_y I_R_t> »F (%1_’}/ 1_R+t)
1 ’ )
2 2 2 2
-y (Y()fg_y')"Tn(x)t”, R=+/1-2x+1, yamitary. (9.8.54)
n=0 2),1
1, 1 1 5 2
oy R e G
(1—xt) 2F1< % e
-y D (yem bi 9.8.55
- ST,y arbitrary. (9.8.55)
n=0 '
1 . n

n=0
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1 = (3)
= U, (x)t", R=+/1-—2xt+1% (9.8.57)

S (1)

(9.8.58)

Un®) in. (9.8.59)

2k ;
3 2 ;
- n 2 n .
-y (Z) =Py . R /T—2 412, yarbitrary. (9.8.60)
n=0 (E)n (I’l—|— l)‘
1., 1 1 5 2
B 53Y:5Y+ 3 (x —l)t
(1—xt)"",F (2 ; —
% (1—xt)?
= i (V) U,(x)t", vy arbitrary. (9.8.61)
= (n+1)!
Remarks

The Chebyshev polynomials can also be written as:

T.(x) =cos(nB), x=cosb
and in(n+1)8
sin(n +
U,(x) = —ng 0 T cos 6.
Further we have |
Un(x) = CiV (%)
where C,(/l)(x) denotes the Gegenbauer (or ultraspherical) polynomial given by

(9.8.19) in the preceding subsection.
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References
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[2], [55], [60], [61], [94], [146], [156], [168], [198], [253], [264], [277], [317], [399],
[403], [416], [417], [456], [457], [459], [466], [493], [496], [514], [522], [525],

[526].

9.8.3 Legendre / Spherical

Hypergeometric Representation

The Legendre (or spherical) polynomials are Jacobi polynomials with oo = § = 0:

P =2 = (A
Orthogonality Relation
' 2
/ Bl 4% = oy O

Recurrence Relation

(214 1)xBy () = (n+ 1Pyt (1) + 1Py (x).

Normalized Recurrence Relation

2

(zn_ ])(2n+ l)pnfl(x)a

no) = () oo

xpn(x) = pus1(x) +

where

Differential Equation

(1=2%)y"(x) =20/ (x) +n(n+1)y(x) =0, y(x) = Py(x).

(9.8.62)

(9.8.63)

(9.8.64)

(9.8.65)

(9.8.66)
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Rodrigues-Type Formula

P,(x) = (*1)'}1 (i)n [(1—x)"]. (9.8.67)

— =) P,(x)t". 9.8.68
V1 —2xt +12 ,ZE) ®) ( )
— (x—=1D) — (x+ 1Dt < P(x) ,
F ; F ; = . .8.
01(1, 5 oLl ) ngb(”!)ﬂ (9.8.69)
2 2 o
xt 7.(x 71)1‘ _ Py x)n
e oFl(l ; 2 >n§) Pl (9.8.70)
F Y, 1—y 1-R—t Y, 1—y 1—-R+t
21 T ) 1 T 5
- n 1 - n .
= Z (}/)((#Y)Pn(x)t”7 R=+/1-2xt+12, vyarbitrary. (9.8.71)
n=0 n
1., 1 1 2 2
R V3Vt (-
(1-x) ZFI( 1 (1)
= pYRL , Y arbitrary. (9.8.72)
n=0 .
References

[2], [6], [16], [103], [109], [127], [146], [156], [158], [168], [195], [198], [253],
[403], [416], [417], [424], [456], [493], [496], [522].
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9.9 Pseudo Jacobi

Hypergeometric Representation

P,(x;v,N) =

(=2i)"(=N+iv), JFi (—n,n—2N— 11 —ix> 9.9.1)

(n—2N-1), —N+iv 2
-n,N+1—n—iv 2

= N F, —_— =0,1,2,...,N.
(X+l) 2 1< IN+2—2n s l—ix)’ n s Ly 4y )

Orthogonality Relation

1

E/ (l—|—x2)7N7162vama“"Pm(x;v,N)Pn(x;v,N)dx

T(2N + 1 —2n)T(2N +2 —2n)22—2N=1p)

_ — S (9.9.2)
TQN+2—n)|[T(N+1—n+iv)|
Recurrence Relation
P VN = Pyt (v N) 4 —NEDV ey )
Xp( X5V, = Ip+1 X5V, (anfl)(an) n\XsV,
n(n—2N —2)

(2n—2N-3)(n—N—-1)2(2n—2N—1)
$ (n—N—1—iv)(n—N—1+iv)Pu1(x;V,N).(9.9.3)

Normalized Recurrence Relation

(N+1)v
—N—l)(an)p”(x)

nn—2N-2)(n—N—-1—-iv)(n—N—-1+iv)
 (2n—-2N-3)(n—N—1)2(2n—2N—1)

XPn ()C) = p11+1(x) + (l’l

Pn—1 (x)a (994)

where
Pu(x;v,N) = pn(x).
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Differential Equation

(1+x2)y"(x) +2 (v —Nx)y'(x) —n(n—2N — 1)y(x) = 0,

where
y(x) = P, (x; v,N).

Forward Shift Operator

d
EPn(x;wN) =nP_1(x;v,N—1).

Backward Shift Operator

(1 +x2)%Pn(x;v,N) +2[v—(N+1)x]P,(x;V,N)
=m—2N-2)P11(x;v,N+1)

or equivalently

d
E [(1 +x2)7Nfle2varctanxPn(x; V,N)]

= (n—2N —2)(1 +x2)"N"22varctanxp  (xy N1 1).

Rodrigues-Type Formula

Py(x;v,N) =

(1 +x2)N+1672varctanx d
dx

(n—2N-1),

Generating Function

(o)),

(n—2N-1),

N
- ZZ) (=N+iv)p(=N—iv),n!

P, (x;v,N)t".

_)” [(1 +x2)n7N7162varctanx] )

(9.9.5)

(9.9.6)

9.9.7)

(9.9.8)

(9.9.9)

(9.9.10)
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Limit Relation

Continuous Hahn — Pseudo Jacobi

The pseudo Jacobi polynomials follow from the continuous Hahn polynomials given
by (9.4.1) by the substitutions x — xt, a = 2(—=N +iv —2t), b= (=N —iv +21),
¢=3(—N—iv—2t)andd = }(—N+iv+2t), division by ¢" and the limit # — co:

pn(xt; 5 (=N +iv—2t),3(—N —iv +2t), 5 (=N +iv —2t), (=N —iv +21))

lim
f—o0 mh
—2N —1
_ 2N =D oy N,
n!
Remarks

Since we have for k < n

(=N+iv),

m = (—N+iv+k)n,]<,

the pseudo Jacobi polynomials given by (9.9.1) can also be seen as polynomials in
the parameter v.
The weight function for the pseudo Jacobi polynomials can be written as

(1 +x2)7NfleZVarctanx — (1 +ix)7N717iv(1 _ ix)7N71+iv.

The pseudo Jacobi polynomials are related to the Jacobi polynomials defined by
(9.8.1) in the following way:

=2i)"'n!  (CN—1tiv,-N-1-iv) .
(=2i)"n! (“N—1tiv,-N-1 Y (i),

P v.N) = Sy T B
n

If we set x — vx in the definition (9.9.1) of the pseudo Jacobi polynomials and take
the limit v — oo we obtain a special case of the Bessel polynomials given by (9.13.1)
in the following way:

P,(vx;v,N) 2"

I - LN —2).
T nan =1, )

References

[50], [108], [382].
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9.10 Meixner

Hypergeometric Representation

My (x;B,¢) = »Fi <”[’5x; 1—%). (9.10.1)

Orthogonality Relation

oo

z @HMm(x;ﬁ,c)Mn(x;ﬂ,c)

|
—0 X

¢ "n!

:m&m, B>0 and O<c<l. (9.10.2)

Recurrence Relation

(c—1)xM,(x;B,¢) = c(n+ B)My11(x; B,¢)
—[n+ (n+B)c] My (x; B, c) + nMy_1 (x; B,¢). (9.10.3)

Normalized Recurrence Relation

Xpn(X) = puy1(x) + w;», (x)+ an_l (x), (9.10.4)
where . Y
M) = 57 (S5 ) o)
Difference Equation

nlc—Dyx) =clx+B)y(x+1) =[x+ (x+ B)c]y(x) +xy(x— 1), (9.10.5)

where



9.10 Meixner 235

Forward Shift Operator
My(x+1:B,¢) — My(x:B,¢) = % (c: 1) My 1 (x,B+1,¢) (9.10.6)
or equivalently
AM,,(x;ﬁ,c)z%(C:l)Mn1(x;[3+1,c). (9.10.7)

Backward Shift Operator

c(B+x—1)M,(x;B,¢) —xM,(x—1;B,¢) =c(B— D)Mpy1(x;  —1,¢) (9.10.8)

or equivalently

o[Bre

. Mn(x;ﬁ,c)} (Bt

x!

My (B —1,0). (9.10.9)

Rodrigues-Type Formula

C My (x:Boc) = V" {(BJF?)’CCX] (9.10.10)
X! X!
Generating Functions

(1 _ E)x(l ,t)—X—ﬁ — i (B')"Mn(x;ﬁ7c)tn. (9.10.11)

=0 n.
—x (l-c o Mu(x:Bc) ,
e\ F ( 5 ( . )t) _,E()Tt . (9.10.12)
()

M,(x;B,c)t", vy arbitrary. (9.10.13)



236 9 Hypergeometric Orthogonal Polynomials

Limit Relations

Hahn — Meixner

If we take @ = b — 1, B = N(1 —c)c~! in the definition (9.5.1) of the Hahn polyno-
mials and let N — oo we find the Meixner polynomials:

Al’irn Ou(x;b—1,N(1—c)c™ ' ,N) = M, (x:b,c).

Dual Hahn — Meixner
To obtain the Meixner polynomials from the dual Hahn polynomials we have to take

y=pB—1and § =N(1—c)c~" in the definition (9.6.1) of the dual Hahn polynomials
and let N — oo:

Jlim Ry (2(x):p — LN(1 =)', N) = My(x:B.c).

Meixner — Laguerre

The Laguerre polynomials given by (9.12.1) are obtained from the Meixner polyno-
mials if we take B = &+ 1 and x — (1 —¢) !xand let ¢ — I:

lim M, ((1 —o) lma+le)= (9.10.14)
CcC—

Meixner — Charlier

The Charlier polynomials given by (9.14.1) are obtained from the Meixner polyno-
mials if we take ¢ = (a+ ) '@ and let B — oo:

éim My (x; B, (a+B)'a) = Cy(x;a). (9.10.15)

Remarks

The Meixner polynomials are related to the Jacobi polynomials given by (9.8.1) in
the following way:

Byt (2:8.0) = BE B9 (2 — ) ).

n!
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The Meixner polynomials are also related to the Krawtchouk polynomials given by
(9.11.1) in the following way:

Kn(X;va):M (X - ( 71) )

References

(71, [11], [16], [20], [22], [29], [34], [39], [46], [51], [54], [59], [61], [72], [80], [82],
[96], [97], [125], [146], [155], [198], [215], [217], [218], [226], [228], [265], [277],
[279], [283], [289], [295], [303], [307], [317], [340], [363], [364], [375], [377],
[381], [391], [406], [416], [417], [434], [503], [506], [521], [523].

9.11 Krawtchouk

Hypergeometric Representation

—n,—x 1
Kn<x;p,N>=zFl( f’Nx;;>, n=0,1,2,....N. (9.11.1)

Orthogonality Relation

N N Ny
> <x>px(l—p) T K (x5 p,N)Kn (x;p,N)
x=0

:((_113,”)"! <1_Tp> O, O0<p<L (9.11.2)

Recurrence Relation

—xK,(x;p,N) = p(N —n)Ky+1(x; p,N)
—[p(N —n) +n(1 — p)| Ky(x; p,N)
+n(1—p)K,—1(x;p,N). (9.11.3)
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Normalized Recurrence Relation

xpn(x) = pay1 () + [p(N —n) +n(1 = p)] pa(x)

+np(1=p)(N+1—n)pp_1(x), (9.11.4)
where 1
Ku(x;p,N) = N Pn(x).
Difference Equation
—ny(x) = p(N—x)y(x+1)
= [p(N=x) +x(1 = p)]y(x) +x(1 = p)y(x = 1), (9.11.5)
where
y(x) = Ku(x;p, N).
Forward Shift Operator
Ky(x+1;p,N) = Ky(x;p,N) = _NLpKn—l()ﬁPaN_ 1) (9.11.6)
or equivalently
AR (5p.N) = = Ka1 (5 p.N = 1) ©.11.7)

Backward Shift Operator

1—
(N+1—-x)K,(x;p,N) —x (Tp) K.(x—1;p,N)

= (N+ D)Kps1(x;p,N+1) (9.11.8)

or equivalently

\v [(Z) (%)xKn(x;p,N)} - (N;H> (%)XK,,H(x;p,N—H). (9.11.9)
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Rodrigues-Type Formula

() (55) wesom=v| () (55) |

Generating Functions

Forx=0,1,2,...,N we have

<1 - (I_Tp)t>x(l + )N = i <JZ> K, (x;p,N)t".

n=0

N
— t K,(x;p,N) ,
|:Ct1Fl< x;__):| :EMt'
—N N

p n=0 n!

Limit Relations

Hahn — Krawtchouk

239

(9.11.10)

.11.11)

9.11.12)

(9.11.13)

If we take o2 = pt and B = (1 — p)t in the definition (9.5.1) of the Hahn polynomials

and let r — o we obtain the Krawtchouk polynomials:

}Lr?an(x;pt, (1—p)t,N) =K, (x;p,N).

Dual Hahn — Krawtchouk

The Krawtchouk polynomials follow from the dual Hahn polynomials given by

9.6.1)if weset y=pt, d = (1 — p)t and let t — oo

lim R, (A (x); pt, (1 — p)t,N) = K, (x; p,N).

f—o0
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Krawtchouk — Charlier

The Charlier polynomials given by (9.14.1) can be found from the Krawtchouk poly-
nomials by taking p = N~!a and letting N — oo:

Jim K,(x:N"'a,N) = C,(x:a). (9.11.14)

Krawtchouk — Hermite

The Hermite polynomials given by (9.15.1) follow from the Krawtchouk polynomi-
als by setting x — pN +x1/2p(1 — p)N and then letting N — oo:

im | (VYK (0N + /2T )N poN) = )
AIHM\/@K(pN—I— (1= p)N: p.N) m

Remarks

(9.11.15)

The Krawtchouk polynomials are self-dual, which means that
K. (x;p,N) =K, (n;p,N), n,x€{0,1,2,...,N}.

By using this relation we easily obtain the so-called dual orthogonality relation from
the orthogonality relation (9.11.2):

N

5r)
2 (N) P"(1=p)" K p,N) K35 p,N) = =Rl

XY 5
n=0 N
X
where 0 < p<1land x,y € {0,1,2,...,N}.
The Krawtchouk polynomials are related to the Meixner polynomials given by
(9.10.1) in the following way:

Kn(X;va) :MVI('X; =N, (p_ 1)7117)'

References

[16], [34], [39], [46], [51], [59], [72], [80], [125], [141], [146], [164], [182], [184],
[187], [188], [198], [203], [226], [228], [265], [277], [307], [338], [340], [363],
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[364], [372], [375], [377], [381], [391], [416], [417], [429], [434], [436], [488],

[489], [493], [521], [523].

9.12 Laguerre

Hypergeometric Representation

L;(za)(x) = (a:l)n 1F1 ( " ) .

Orthogonality Relation

/m efxx“LEna) (x)Lf,a) (x)dx= M Omn, o> —1.

0 n!

Recurrence Relation

(n+ DLY (x) — 2n+ o+ 1 =)L (x) + (n+ )LL), (x) = 0.

Normalized Recurrence Relation

5Pa(¥) = a1 (¥) 4 (20 -+ 0+ 1) pa(x) + (0 -+ 02) oy (3),

where

Differential Equation

(0 + (a4 1—2)y () +ny(x) =0, y(x) =L ().

(9.12.1)

(9.12.2)

(9.12.3)

(9.12.4)

(9.12.5)
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Forward Shift Operator

d 1
b0 =5,

Backward Shift Operator

d —
x L0 0+ (@=L (@) = (n+ DL (@)

or equivalently

d [ —x ay@ —x_a—1y(a—1)
e x*Ly (x)}:(n—&—])e ¥ (x).

Rodrigues-Type Formula

efxxocL’(lw) (x) = i (_) [efxxnﬂx] )

Generating Functions

(1t)‘71F1< v )z (1) Lgla)(x)t", y arbitrary.

a+l’t—=1) “S(a+1),

Limit Relations

Meixner-Pollaczek — Laguerre

(9.12.6)

(9.12.7)

(9.12.8)

(9.12.9)

(9.12.10)

9.12.11)

9.12.12)

The Laguerre polynomials can be obtained from the Meixner-Pollaczek polynomials
given by (9.7.1) by the substitution A = 3 (ot + 1), x — — ¢ ~'x and the limit ¢ — 0:
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Lo )
%in})P,EzaJrz)(—%(b*lx; 0) = L\ (x).
Jacobi — Laguerre

The Laguerre polynomials are obtained from the Jacobi polynomials given by (9.8.1)
if we set x — 1 — 23~ 'x and then take the limit f — oo:

Jim PPl (12871 = L\ (x).

Meixner — Laguerre

If we take B = o+ 1 and x — (1 — )~ 'x in the definition (9.10.1) of the Meixner
polynomials and let ¢ — 1 we obtain the Laguerre polynomials:

lim M, ((1 —o) lma+l,e)=
CcC—

Laguerre — Hermite

The Hermite polynomials given by (9.15.1) can be obtained from the Laguerre poly-
nomials by taking the limit @ — oo in the following way:

Of—o0 o

lim (3)2 L (o) 1x+a) = <_1)nH,,(x). (9.12.13)

Remarks

The definition (9.12.1) of the Laguerre polynomials can also be written as:

@=L (;’;)k

- (o +k+1),_x*.

1

o~
Il M:
=]

In this way the Laguerre polynomials can also be seen as polynomials in the param-
eter o. Therefore they can be defined for all o.

The Laguerre polynomials are related to the Bessel polynomials given by (9.13.1) in
the following way:
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The Laguerre polynomials are related to the Charlier polynomials given by (9.14.1)
in the following way:

The Laguerre polynomials and the Hermite polynomials given by (9.15.1) are also
connected by the following quadratic transformations:

_1
Hon(x) = (—1)"n122L5 2 ()

and 1
Hay1 (x) = (—1)"n1 22 L (62,

In combinatorics the Laguerre polynomials with ¢ = 0 are often called Rook poly-
nomials.

References

(11, [2], [4], [7], (101, [11], [15], [16], [19], [20], [34], [35], [41], [46], [51], [54],
[58], [59], [61], [65], [72], [93], [95], [109], [111], [112], [117], [123], [124], [128],
[129], [130], [131], [133], [136], [137], [144], [146], [153], [155], [158], [165],
[166], [170], [176], [192], [197], [198], [201], [202], [227], [229], [240], [245],
[246], [248], [249], [251], [253], [263], [267], [268], [277], [279], [283], [287],
[289], [295], [297], [300], [307], [313], [315], [317], [333], [335], [339], [340],
[354], [356], [359], [360], [363], [364], [365], [368], [369], [370], [381], [382],
[390], [397], [403], [406], [416], [417], [424], [425], [427], [456], [466], [475],
[476], [477], [478], [479], [493], [496], [501], [502], [506].

9.13 Bessel

Hypergeometric Representation

—nn+a+1 x) 9.13.1)

yn(x;a) —2Fo< - =5
—n 2

X n
- 1,(—) F 2}, n=0,1,2,....N.
(n+at1), 2) ! l(—Zn—a x) "
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Orthogonality Relation

/0 x%e” %ym (x;a)yn(x;a)dx
2a+1

= _mr(—n—a)n! Omn, a<—2N-—1.

Recurrence Relation

2(n+a+1)2n+a)yn+1(x;a)
=(2n+a+1)2a+ 2n+a)(2n+a+2)x|y,(x;a)
+2n(2n+a+2)y,—1(x;a).

Normalized Recurrence Relation

2a
Xpn(X) = pn+1(x) - (2n+a)(2n—|—a+2)pn(x)
3 4n(n+a) (
2n+a—1)2n+a)*(2n+a—+ 1)Pn—1 %),
where |
e = CHEED )
Differential Equation

Y (%) 4+ [(a+2)x+2]y (x) —n(n+a+1)y(x) =0, y(x) = ya(x;a).

Forward Shift Operator
d 1
ayn(x;a) = %Ynfl (x;a+2).

245

(9.13.2)

(9.13.3)

(9.13.4)

(9.13.5)

(9.13.6)
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Backward Shift Operator

d
x? o (x;a) + (ax+2)yn(x;a) = 2yp+1 (x50 —2) (9.13.7)
or equivalently
d a.,—2 a—2 2
o 1¥e xyn(x;a)} =2x"""e xypq1(xsa—2). (9.13.8)
X

Rodrigues-Type Formula

yu(x;a) = 2y dei Dt (xz”“e*%) ) (9.13.9)

Generating Function

(1—2xt)"2 L) - iyn(x;a);—r;. (9.13.10)

2 a
S E— X
(1+\/1—2xt) p(l—l-\/l—th =

Limit Relation

Jacobi — Bessel

If we take B = a — o in the definition (9.8.1) of the Jacobi polynomials and let
o — —oo we find the Bessel polynomials:

(o,a—or)
. B 1+ ax)
A P<—(> =n(x0).
n (1)

Remarks

The following notations are also used for the Bessel polynomials:
yu(x;a,b) = y,(2b~'x;a) and  6,(x;a,b) = X"y, (x"';a,b).

However, the Bessel polynomials essentially depend on only one parameter.
The Bessel polynomials are related to the Laguerre polynomials given by (9.12.1) in
the following way:
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_ A\
L,(la)(x) = ﬂyn(bf1 ;—2n—o—1).

The special case a = —2N — 2 of the Bessel polynomials can be obtained from the
pseudo Jacobi polynomials by setting x — vx in the definition (9.9.1) of the pseudo
Jacobi polynomials and taking the limit v — oo in the following way:

P,(vx;v,N) 2"

li = (X —2N —2).
LT (n—2N—1),” (x )

References

[32], [102], [126], [159], [179], [181], [255], [277], [352], [384], [417].

9.14 Charlier

Hypergeometric Representation

a

Co(x;a) = 2Fp <_"’_x; —1) (9.14.1)

Orthogonality Relation

a*
Y —Cu(x:a)Cy(x;a) =a "e“n! &y, a>0. (9.14.2)

Recurrence Relation

—xCp(x;a) = aCyy1(x;a) — (n+a)Cy(x;a) +nCu_1 (x;a). (9.14.3)

Normalized Recurrence Relation

xpn(X) = pnt1(x) + (n+a) pu(x) +napy—1 (x), (9.14.4)

where
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Giwa) = (-1 puto

Difference Equation

—ny(x) =ay(x+1) — (x+a)y(x) +xy(x—1), y(x)=Cp(x;a). (9.14.5)

Forward Shift Operator

C,,(x—f—l;a)—Cn(x;a):—Z w—1(x;a) (9.14.6)

or equivalently
AC,(x;a) = —Z o1 (x1a). (9.14.7)

Backward Shift Operator

Calx:0) = Gy (r— 1:a) = Gy (x:a) 9.14.8)
or equivalently
a* a*
\% {;Cn(x;a)} = ;C,,H(x;a). (9.14.9)

Rodrigues-Type Formula

Z—TCn(x;a) =V {a—x} ) (9.14.10)

Generating Function

NN & Gilxsa) ,
¢ (177) :’ZO " (9.14.11)
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Limit Relations

Meixner — Charlier

If we take ¢ = (a+ )~ 'a in the definition (9.10.1) of the Meixner polynomials and
let B — oo we find the Charlier polynomials:

im M, (B, (a+ B)'a) = C,(x:a).

Krawtchouk — Charlier

The Charlier polynomials can be found from the Krawtchouk polynomials given by
(9.11.1) by taking p = N~ 'a and letting N — oo:

Al/im K,(x;N~'a,N) = C,(x;).

Charlier — Hermite

The Hermite polynomials given by (9.15.1) are obtained from the Charlier polyno-
mials if we set x — (2a)'/2x+a and let a — oo. In fact we have

lim (2a)2"C, ((2a) 2x+ aza) = (—1)"H, (x). (9.14.12)

a—oo

Remark

The Charlier polynomials are related to the Laguerre polynomials given by (9.12.1)
in the following way:
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9.15 Hermite

Hypergeometric Representation

y(a) = @ay'ap (TR

n/2,(n1)/2._i>'

Orthogonality Relation

1 < 5
ﬁ/%f: " Hpy (x)Hy (x) dx = 2"n! 8y

Recurrence Relation

Hy11(x) — 2xH, (x) 4+ 2nH,_ (x) = 0.

Normalized Recurrence Relation

xPu(x) = et (¥) + 5 puy (3),

2
where
Hy,(x) =2"pp(x).
Differential Equation
Y'(x) = 2xy'(x) +2ny(x) = 0, y(x) = Ha(x).
Forward Shift Operator

d
L H,(x) =2nH, |(x).
™ (x) = 2nH,—1(x)

(9.15.1)

(9.15.2)

(9.15.3)

(9.15.4)

(9.15.5)

(9.15.6)
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Backward Shift Operator

or equivalently

Generating Functions

exp (2xt —1?) = i H,(x) "

= n!
e’ cos(2xv/1) = Z H2n t"
n=0 '
of o
——sin(2xv/1) = z H2,,+1 (x)e".
\/Z n:O

= (2n4-1)!

—2 _ S Hzn(x) 2n
e " cosh(2xt) = ,Zo an)t t
= H,
e sinh(2xt) = Y 2;l(x)tz’”r'.
Y

with vy arbitrary.

1+ 2xt + 412 4x*t? < Hy(x)
E 7)=2
(1+412)2 1+4

T &

where |n/2| denotes the largest integer smaller than or equal to n/2.

251

(9.15.7)

(9.15.8)

(9.15.9)

(9.15.10)

(9.15.11)

(9.15.12)

(9.15.13)

(9.15.14)
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Limit Relations

Meixner-Pollaczek — Hermite

If we take x — (sin¢)~'(xv/A — A cos @) in the definition (9.7.1) of the Meixner-
Pollaczek polynomials and then let A — oo we obtain the Hermite polynomials:

lim 472 ((sing) ™! (/A — Acos9);9) = ).

oo n!

Jacobi — Hermite

The Hermite polynomials follow from the Jacobi polynomials given by (9.8.1) by
taking B = o and letting oz — o in the following way:

. _1 _1 H,(x
Olcl_r}}oo‘ ZnP,Ea’a)(OC Zx): 2715’!)'

Gegenbauer / Ultraspherical — Hermite

The Hermite polynomials follow from the Gegenbauer (or ultraspherical) polyno-
mials given by (9.8.19) by taking A = o + % and letting o — oo in the following
way:

(0t3) ! H,(x)

lim o~ 2"Cy" " (o 3x) =
o0 n!

Krawtchouk — Hermite

The Hermite polynomials follow from the Krawtchouk polynomials given by (9.11.1)
by setting x — pN +x+/2p(1 — p)N and then letting N — co:

Aim \/@Kn(pN+x 2p(1—p)N;p,N) = %

Laguerre — Hermite

The Hermite polynomials can be obtained from the Laguerre polynomials given by
(9.12.1) by taking the limit &t — o in the following way:
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Charlier — Hermite

If we set x — (2a)'/%x +a in the definition (9.14.1) of the Charlier polynomials and
let a — oo we find the Hermite polynomials. In fact we have

lim (2a)2"C, ((2a) 2x+ aza) = (—1)"Hy (x).

a—»oo

Remarks

The Hermite polynomials can also be written as:

Hn(x) B [n/2] (_1)k(2x)n72k
k!(n—2k)1

n! =
where |n/2| denotes the largest integer smaller than or equal to n/2.

The Hermite polynomials and the Laguerre polynomials given by (9.12.1) are also
connected by the following quadratic transformations:

1
(—1)'n122°Ly 2 (2)

H>, (x)

and 1
Hons1 (x) = (= 1)1 22+ 2 (42,
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Part 11

Classical g-Orthogonal Polynomials






Chapter 10

Orthogonal Polynomial Solutions of g-Difference
Equations

Classical g-Orthogonal Polynomials I

10.1 Polynomial Solutions of g-Difference Equations

In the case of the g-derivative operator ¥, := 47, o, we have to deal with (cf. (2.2.7)):

(ex® +2fx+8) (Zgyn) (x) + (26x+7) (Zgyn) (x)
_ [

—q—n(e[n—1]+28)yn(qx), (10.1.1)
forn=0,1,2,... and ¢ € R\ {—1,0,1}. In the symmetric form (cf. (2.2.12)) this
reads

Cx)yalgx) —{C(x) +D(x)} yu(x) +D(x)yalg ™ 'x)

with (cf. (2.2.13))

2 2 2
T T
q(g—1)%x
2e(1—q)}x*+{2 1- 2
and  D(x) = let2e(l—g)}r +{2/ +y(1—q)}gx+gq”
(g—1)%x

Hence
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(ex? +2fqx +gq*) yu(qx)
— ({e(1+q)+2eq(1—q)}x°
+{2f(1+q) +7vq(1—q)} gx+gq*(1+ q)) yu(x)
+(fe+2e(1- )} +{2f +7v(1 —q)} gx +£4%) qya(q ' ¥)
=@ "-D{e(l-q"")+2e(1-q)} gPyu(x), n=0,1,2,.... (10.1.2)

The regularity condition (2.3.3) implies that € # 0.
It will turn out to be convenient to introduce

o:=e+2e(l—q) and PB:=2f+7y(1—q). (10.1.3)
Then (10.1.2) can be written as
(ex® +2fqx+2q") yu(gx) — { (e + aq)x® + (2f + Bq)gx+ &4 (1+q) } yu(x)

+ (ax® + Bax+8q%) qya(q ™ 'x)
=(g "= 1) (e—eq" ") gPya(x), n=0,1,2,... (10.1.4)

with e, f, g, a, B € C. Note that, in view of the homogeneity, one of the coefficients
can be chosen arbitrarily. Furthermore, without loss of generality we may assume
that e € R. In section 10.4 we will see that this implies that all coefficients e, f, g, o
and f3 must be real.

10.2 The Basic Hypergeometric Representation

Since w = 0, we have (cf. (2.4.2))

X, cC X;c x—ﬁ—chl
=1 d = — k=1,2,3,....
o] [ ke

Now we have

k i—1 k —1 i1 ~1.
x+cq l+cx g —cx” 3 q)k
H — _q)kxk — ( ) (1 _q)kxk.

P I el (4:9)x

Therefore we try to find polynomial solutions of the form (cf. (2.4.3))

1
Za,,k )(1f) g, #£0, n=0,1,2,.... (10.2.1)
(qq)k

Substitution of (10.2.1) into (10.1.4) leads to a three-term recurrence relation for the
coefficients {a, i }7_, (cf. (2.4.4)). If ¢ satisfies the relation (cf. (2.4.5))
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ac’ —Bgc+gq* =0 (10.2.2)

the recurrence relation reduces to the two-term recurrence relation (cf. (2.4.6))

[n— k| (a — eq””“l) ang=— {C(a —eq”™) —q(B - 2qu)} 7" appn

fork=n—1,n—2,n—3,...,0. For ¢ =0 (and therefore g = 0) this can be written
as

k] (= eq"* ) ans = (B=2f4") 4" Fanss (10.23)
fork=n—1,n—2,n—3,...,0, and for ¢ # 0O this can be written as
[n—k| (a —eq"*kil) Clpj = (qukfz 2 2qu 1c—|—g) q" g, k1 (10.2.4)
fork=n—1,n—2,n—3,...,0. Now we have by using (10.1.3)

n

o—eq
|

eln]+2¢e = n=0,1,2,....

The regularity condition (2.3.3) holds if and only if all eigenvalues in (2.2.6) are
different. In that case we have ot — eq" ™%~ % 0 which implies that the coefficients
{ani};_, are determined uniquely in terms of a,, # 0.

Now we will distinguish between two different cases: g = 0 and g # 0 (cf. [385]).

For g = 0 the condition (10.2.2) can be satisfied for ¢ = 0. Then the representation
(10.2.1) reads

( ) i (liq)k k i xk 7&0 0.1.2
YulX) = Ank—F——~ X = ayk—, a} 5 n=uv,l1,2,....

Note that this is equivalent to the second approach (2.4.12). In that case the coeffi-
cients {an}}_, satisfy the two-term recurrence relation (10.2.3). Hence the coeffi-
cients {a, «};_, are determined uniquely in terms of a,, , 7 0. In fact we have

n—k i -2 n—i
an,k:<Hf](ﬁ—fq')>an,n, k:O,1,2,...,n—1.

i=1 [l] (OC - eqznilil)

Now we have ;
ﬁqi _ U5 2 glnRekn)2

i=1
and by using (1.8.16)

_ l (1—g)"*  (g™q)k vk ik () ok
1;[[ (@Dt (GO (=D (1 =g g~ (10.2.5)
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In order to find monic polynomials we choose a,, = [n]! = (¢;¢),/(1 —¢)". Then
we have from (10.2.1)

iy =gy @ Gk <Hﬂ zﬁcfn,:)(x)k (102.6)

k=0 i=1

forn=0,1,2,....

Casel.g=0, =0and oo = 0. Since 3 =0 we have f # 0 and since oc = 0 we have
e # 0. Hence by using (10.2.6), this leads to the basic hypergeometric representation

D E)n —n(n-3)/2 (4”;61)k(—eq”‘X)k
(59 <e I ,Zo (¢:9) 2f

2f —n(n—3)/2 q—n eqn—lx
i q, — , n=0,1,2,....
<e> 19| g 27 n

The g-polynomials in this class have, besides ¢, in fact only one free parameter e/ f
or f/e. Later we will see that there are no orthogonal polynomial solutions in this
case.

Case IL. g =0, B =0 and a # 0. Since B = 0 we have f # 0. Hence by using
(10.2.6), this leads to the basic hypergeometric representation

WD () = (_qu")"( ! 3 (" ahlea g ) () (g)"

o eoa g Y9), 5 (4:9)k 2f
2fq" 1 g " eo g ox
-7 T Ty 2% 1G5
o (ea™1q" 1:q)n - 2f
forn=0,1,2,.... The g-polynomials in this class have, besides ¢, two free param-

eters e/o and f/o. A special case of g-polynomials in this class is the family of
Stieltjes-Wigert polynomials without free parameters.

Case III. g =0, B # 0 and o = 0. Since oo = 0 we have e # 0. Hence by using
(10.2.6), this leads to the basic hypergeometric representation

n

R <€> R ; zfﬁ ;)q)( )kq(§)<€6];1x>k

:<_€>” 2 rp! )n1¢1<2ﬂ3n1’ #)

forn=0,1,2,.... The g-polynomials in this class have, besides g, two free param-
eters ¢/ and f/B. A special case of g-polynomials in this class is the family of
g-Laguerre polynomials with only one free parameter.
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Another special case of g-polynomials in this class is again the family of Stieltjes-
Wigert polynomials without free parameters. Sometimes families of g-orthogonal
polynomials belong to different classes for 0 < g < 1 or ¢ > 1. For instance, in the
case of the Stieltjes-Wigert polynomials we have by using (1.8.7): if

1 q" 1
Sn(x:q) = 1¢1< ;q,q”+x>, 0<g<l,
(v:4) (4:9)n 0
then B
- _1)gnt (G 1.0
Su(x;q 1)=(),qz¢o(q 34, —X>7 g>1
(q’Q)n -

Case IV. g =0, B # 0 and o # 0. By using (10.2.6), this leads to the basic hyperge-
ometric representation

" 2 71; n
ysllV)(x;q) _ (g) qn(n+l)/2 (g(af?qnlq;il)n
L (g "l g g (_@)k
& B L9)k(a )k B

B\ iy (2B g "ea g ox
= <a> q Cea g g0, )”24’1 2/B-! 34 B

forn=0,1,2,.... The g-polynomials in this class have, besides ¢, three free param-
eters e/a, f/B and B/o. Special cases of g-polynomials in this class are the little
g-Jacobi polynomials with two free parameters and the little g-Laguerre and the
g-Bessel polynomials with only one free parameter.

X

If g # 0 we cannot use (10.2.2) in the case that both o« =0 and 3 = 0. In that case we
use the second approach (2.4.12). Since @ = 0, we have v = ¢(1 — ¢), and therefore
(cf. (2.4.11))

xic+[k—2vg? ] Hx+c+[k—i—1]vq

Hence, the representation (2.4.12) reads

n 12—k,
ankw(l—q)kxk, bun #0, n=0,1,2,....

ynlx) = Par (4:9)x
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Since o = 0 we have e # 0, which implies that
ecz—2fc—|—g=O (10.2.7)

can be solved for ¢ # 0. This implies that we have the two-term recurrence relation
(cf. (2.4.13))

In K] (el k = 1]+ 28) by + { (elk] +28) ([ + 1}g™* = D)v
+ (2[k](ec — f)+2ec =V} ¢ *bpii1 =0, k=n—1,n—2,n—-3,...,0.
Now we use (10.1.3) and the fact that @ =0, B = 0 and v = ¢(1 — g) to obtain
eqd" N1 =" MVbur = 2f —ec)(1 = q)q"bpsr1, k=n—1,n—2,n—-3,...,0
or equivalently, by using (10.2.7),
ech71(1 —q”fk)b,,yk =g(1—q)bpk+1, k=n—1,n—2,n-3,...,0.
This implies that

g n—k n—k 1
b :(_) —— \bpp, k=0,1,2,....,n—1.
n.k ec <1_II [i]qnfzfl mn n

1

Now we have as before by using (1.8.16)

'ﬁ 1 qf<n71><nfk)'ﬁcq_" "
i lilgn—it it 1]

(1 _ q)nfkq(nfk)(nkarl)/Z
(q;‘I)nfk

_ (?nﬂgl)k (_1>k<1 _q)nfkqfn(n73)/2+(nfl)k.
q:9)n

In order to find monic polynomials we choose b, , = (¢;9),/(1 — ¢q)". Hence we
have

g\ * (g "9k k, —n(n—3)/2+(n—1)k
=(= —— (-1 =0,1,2,...,n.
bnk (€C> (1_q)k ( ) q ) k 07 Id) N

By using (1.8.14) this leads to the representation

o) = (L) g

ec

. —1,,—1. W [ec2q"\*
. (¢ a)k(=c'xq I’Q)k(_l)kq*(z) (%) (10.2.8)

forn=0,1,2,....
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Case V. g #0, a =0and 8 = 0. Since oc = 0 we have e # 0. We also have ¢ # 0 and
by using (10.2.8) this leads to the basic hypergeometric representation

-1, -1 2 N\ k
V) (e — —n(n-3)/2 Di(—c'xqg" 59k k(%) <ec q )
n \X%q) = \— —1 2
yn ' (x:q) (ec) § @ (—1)q P
no_ ¢~ x —1 €C2 n
:(é) q n(n 3)/22¢0<q q .4, q )7 n=012,....
ec — g

The g-polynomials in this class have, besides g, two free parameters g/e (or e/g)
and c( 0), a solution of (10.2.7). A special case of g-polynomials in this class is the
family of discrete g-Hermite II polynomials with no free parameters.

If g £0and (a,3) # (0,0) we use the representation (10.2.1). In that case we also
have ¢ # 0 in view of (10.2.2). Then we have by using (10.2.4)

n—k 2n—i—1.2 n i+1
_ eq c“—2fq"c+gq
ang = "(H
1

- k=0,1,2,....,n—1.
ol [i](a_eqzn_l_l) >an,na b R} 7n

Now we have

n—k
H{eq2n717162_2fqnc+gql+l}
i=1
— gk n —k)(n—k+3) /21—[{ 2f g +fq2n—2i—2cz}
8

_ gn—kq(n—k)(n—k+3)/2 H { (1 +C,}/lqn—i—l) (1 +C,,yzqn—i—l) } ’
i=1

where y17» = e/g and y; + y» = —2f/g. Hence we have

g +2fyi+e=0, i=1.2.

Later we will see that e, f and g must be real , which implies that y; and 7, are both
real in the case that % > eg, id est

—f_ 2 _ _ /2
ylzu and ’}Q:M,
8 8

and that they are complex conjugates in the case that f> < eg. As before we choose
anp = [n]! = (g;¢9)n/(1 — ¢)" in order to get monic polynomials. Then we have, by
using (10.2.5), from (10.2.1)
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n 7 —n. _ 1.
yu(x) = (g) qn(n+3)/2 Z (g™ q)k(—cex™ 59k
k=0

¢ - (4:9)x
n—k 1 n—i—1 1 n—i—1 k
(i (eng ) gnj_c;yzq ) (_g) (1029)
i=1 o —eq 8q

forn=0,1,2,....

Case VL. g #0, o = 0 and 3 # 0. Since ov = 0 we have e # 0. Note that in this
case (10.2.2) implies that ¢ = gq/3. Hence by using (10.2.9), this leads to the basic
hypergeometric representation
VI E\" _nn— _ —
W (xq) = (_Z) g """ (—eng ™' —cpg iq),

n —n. _ a1 n—2 k
<3 (q,l’q)k( C,x]. 59k . q(g) <ecq x)
S (—eng™ —erg ) (:9)k g

= ( ﬂ) g """ (—eB N —eB msa),,

e
—n -1,,—1 n—1
,— X e X
s ( q"—8B 'q g )

—gB'n,—gB " B

forn=0,1,2,.... The g-polynomials in this class have, besides g, three free param-
eters e/, f/PB and g/B. By using the fact that y;7» = ¢/g we may apply (1.13.5) to
find that
n —n -1 n
(2P B —n(n-2) 1., g ng 'x . gpg
yn o (x:q) = < > q —8B~ " n:q), 20 1y
! nrg ( Jn —&B'n B

forn=0,1,2,....

Case VIL g # 0 and o # 0. By using (10.2.9), this leads to the basic hypergeometric
representation

Lq),

1 _
vin, . _ (8 \" n<n+3)/2(_c7’1‘1 »—Ch9q
yn o (x:q) <ca) q (eo g 1;q)n

. s (g " ak(=exq)ilea g q) (_@)"
S (—engt—cna ha) (@) gq
1

:9),,

= (&) oo (—eng™! —epq
co (ea=lg"1;q),

— —1 -1 n—1
qg ", —cx7ea g cox
o Y
Thq >, —Cchq 89
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for n =0,1,2,..., where c satisfies (10.2.2). The g-polynomials in this class have,
besides ¢, four free parameters e/o, f/o, g/ and B/co. Special cases of g-
polynomials in this class are the big g-Jacobi polynomials with three free param-
eters, the big g-Laguerre polynomials with two free parameters, the Al-Salam-
Carlitz I and II polynomials with one free parameter and the discrete g-Hermite I
and IT polynomials with no free parameters.

We will see that we have:

Theorem 10.1. All orthogonal polynomial solutions y,(x) of the g-difference
equation (10.1.4)

(ex2 +2qu—|—gq2)yn(qx)
—{(e+ag)x®+(2f +Bg) gx+24°(1+9) } ya(x)
+ (0 + Bax+24°) qya(q ')
=(¢g"—1) (oc — eq”*l) qr)czy,,()c)7 n=0,1,2,...,

where oo =e+2¢e(1 —q) and B =2 +y(1 —q), can be divided into six different
cases:

Casell. g=0,B=0and ¢ #0
CaselIll. g=0,3 #0and a0 =0
CaselIV.g=0,B #0and o #0
CaseV.g#0,0=0and f =0

Case VI. g #0,00=0and B #0
Case VII. g + 0 and o # 0.

In chapters 4 and 5 we have indicated that weight functions for classical orthogo-
nal polynomials are connected to certain probability distributions in stochastics. In
the case of classical g-orthogonal polynomials weight functions are connected to
certain (discrete) g-distributions in probability and statistics as well. Examples of ¢-
distributions of this kind are the Euler, Heine and Kemp distributions, which appear
in models of specific processes in physics, biology and mathematical economy. See
for instance [309], [310] and [311].
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10.3 The Three-Term Recurrence Relation

In section 2.6 we have seen that the monic polynomial solutions {y, };_, of (10.1.1)
satisfy the three-term recurrence relation

Yur1(x) = (x—cp)yn(x) —dpyn—1(x), n=1,2,3,..., (10.3.1)
with initial values yo(x) = 1 and y; (x) = x — o, where (cf. (2.6.11)) co = —yq/ 2,

q"{(e[n—1]+2¢) 2f[n)(1+q) +vq) —eyln+1]g" '}
(e[2n—2] 4 2¢) (e[2n] +2¢) ’

= — n=1,2,3,...

and (cf. (2.6.12))
"' [n] (e[n — 2] + 2¢)
(e[2n— 3]+ 2¢) (e[2n—2] 4 2¢€)* (e[2n — 1] + 2¢)
X {q" " (2fIn—1]+7) (2f {eln— 1] +2e} —¢" ey)
—g(e[zn—2}+2e)2}, n=1,273,....

dy =

By using (10.1.3) we obtain ¢co = (2f — B)gq/(a —e),

2fq" {a—a(l+q)q" +eq” '}
(0 —eq??) (00— eq™)
n+1{a 1+q)n2+eq2n l}

- =1,2,3,... (10.3.2
( _eqzn 2)( _eq ) I n [t ] ( )

= —

and

_ qn+1(1 qn) ((X eqn—2)
(00— eq?=3) (00— eq?=2)” (0t — eq?n—1)
x<{q"'(B=2f¢"")(2f o~ ePg"") ~ g(or—eq™ 2} (1033)

for n =1,2,3,.... In the case that g = 0 we have ¢y = Ag, ¢, = A, +C, and d, =
A,_1C, forn=1,2,3,... where

qn (Ol n 2) (ﬂ 2fqn 1)

An,1=— (OC— q2n 3)(0(— q2n 2) 5 n:1,273,...
and '
"(1— ") (2f o — eBg*
Cn=—"(oieq23(zﬂ egfn_l)), n=1,23,....
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10.4 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

Again we will use Favard’s theorem (theorem 3.1) to conclude that there exist pos-
itive definite orthogonal polynomial solutions of (10.1.1) if and only if ¢, € R for
alln=0,1,2,... and d, > 0 for all n = 1,2,3,.... First of all we write instead of
(10.3.2)

n

q
(0 —eq®?) (0 —eq®)

x{(a+eq” ") 2f+Bq) —q" '(1+q)(2fag+eB)},

which holds for n =0,1,2,.... Note that

(2f =B)g 2fﬂ{1a(1+q)(1q2)}ﬁq(lqz).
o

co=—"— and ¢ = 5 5
a—e —e o—eq o—eq

h=—

Further we write for (10.3.3)

dy=q"""1-g)D'DP, n=1023,... (10.4.1)
with
=2
p) = aoer . n=123,... (1042
(00 —eq?3) (0 —eq?2)" (o —eq™ 1)
and
DY =g (B-2fq" ") (2far—eBq"") — g0t~ eq” )’
=—a(f-2fg""") +Bla—eq” ) (B-2fq""")
—gla—eq™2)?, n=1,2.3,.... (10.4.3)
Note that
2
1_
d=-—TU"9 _to5 2p2 Bla—e)(B-2f)+gla—e?}.

(o —e)*(0 — eq)

For o0 # 0 we may write

DY) = —a{B—2fq"" + 81 (a—eq” )} {B—2fq"" +&a(ct — e )}
= —a (2fq" " +81eq” 2+ 80) (g + S0+ et ) (10.4.4)

forn=1,2,3,..., where 8,6, = g/o and §; + 6, = —f3 /. Hence we have
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ad? +B6+g=0, i=1,2.

Note that §;, 8, € R in the case that B2 > 4gor and that §;, 8, € C with §, = 8, in the
case that B2 < 4ga.

We also distinguish between the cases o = 0 and o # 0 in the g-difference equation
(10.1.4).

For ¢ = 0 we have

(ex® +2fqx+8q”) yu(qx) — {ex* + (2f + Bg)gx + 84* (1 +q) } yn(x)

+ (Bax+84*) qya(q %)

:eq"(l—cf”)xzyn(x)7 n=0,1,2,.... (10.4.5)

In view of the homogeneity, one of the coefficients ¢, f, g and B can be chosen
arbitrarily. We remark that we have ¢ # 0 in view of (10.1.3) and the fact that € # 0.
Further we have

—Tn+6

1 3 and DE,Z) = —eg”"? {13(13 —2f¢" ") +engn—z}’
e

Dy = -
which implies that

n+1 1—g"
d, :qn+1(1 _qn)Dlgl)DSIZ) _ q 62;5”5 ) {B(ﬁ _qun—1)+egq2n—2}

forn=1,2,3,.... Note that

et {2(2-2)2)

Hence for a = 0 we conclude that ¢y € R implies that (3 —2f)/e € Rand ¢; € R
further implies that also /e € R. Therefore we also have 2f/e € R. Finally, we
conclude that d; > 0 further implies that g/e € R. In view of the homogeneity of
(10.4.5) we may assume that e € R without loss of generality. This implies that in
(10.4.5) all coefficients e, f, g and 3 are real.

For o # 0 the g-difference equation (10.1.4) can be divided by ¢. Then we obtain

(¢ +2f'gx+8'q*) yu(ax) — { (' + @) + 2f + B'q)ax+&'¢* (1 +q) } yu(x)
+ (P +Bax+g7) qylq'x)

=(@"-1(1 —e’q”fl) gy, (x), n=0,1,2,... (10.4.6)

with 5
8 /

= — d = —.

I P o
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Note that this g-difference equation is equivalent to (10.1.4) with ¢ = 1 and e, f,
g and fB replaced by €, f7, g’ and 8/, respectively. In the sequel we will avoid the
notation ¢/, f’, g/, B’ by simply setting & = 1 and using e, f, g, B instead of ¢/, f/,
g, B’. We remark that through & = 1 the arbitrary choice of one of the parameters in
(10.1.4) has been made. Then we have

n

q
(1—eq®=2)(1 —eq™)

forn=0,1,2,.... Without loss of generality, we may assume that ¢ € R. Note that

_2f-B {1_ (1+q)(1q2)}_ﬁCI(1q2)
1 .

1 —eq? 1—eqg?

{0 +eq™ " 2f+Ba)—q" '(1+q)(2fq+eB)}

Cp=—

Further we have

P UEY) {(ﬁ—zf>2_ﬁ<ﬁ—zf>+g}_

1—eq 1—e 1—e

Hence ¢y € R implies that 2f — 8 € R and ¢; € R further implies that also € R.
Therefore we also have f € R. Finally, we conclude that d; > 0 further implies that
geR.

The sign of ¢"*!(1 —¢") for n = 1,2,3,... is given in table 10.1 and for o = 1 the
sign of DE,I) forn=1,2,3,...1is given in table 10.2.

q g<—1|-1<g<0/0<g<lig>1
qn+1(1_qn) + (_l)n+l + _

Table 10.1 sign of ¢"7'(1 —q"),n=1,23,...

Case L. g =0, B =0 and o = 0. In this case we have d, =0 for all n = 1,2,3,. ..,
which implies that there exists no positive-definite orthogonal polynomials.

CaselIl. g =0, B =0 and o # 0. In this case we set oo = | and by using (10.4.3) we
conclude that

D = —4f’ 2 n=1,273,....

)

This implies, once more, that we must have f % 0. Hence by using table 10.1 and
table 10.2, we conclude that we have positive-definite orthogonality for an infinite
system of polynomials only in one case:

Casellal.¢> 1, f #0and e <O0.
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| q | extra conditions | DE,I) | for
g<-—1 eq>1 (=" n=1,2,3,...
0<eqg<1withg<eg®™ <q7! + n=12,3,...,N
e=0 + n=12,3,...
0<e<1witheg? =1 + n=12,3,...,N
0<e<1withl <eg? < ¢? + |n=1,2,3,....2N+1
e>1 (1)1 n=1,2,3,...
—1<g<0| eg>1withg ! <eq?™ <q | (-1)" n=1,2,3,....N
g<eqg<l1 + n=12,3,...
e>1witheg? =1 (=)' n=1,2,3,...,N

e>1withg? <eg®™ <1 |(=1)"n=1,2,3,....2N+1

0<g<1 e<1 + n=12,3,...
e> 1withq<eq2N§cf1 — n=1273...,N

g>1 e<0 + n=12,3,...
O<e<lwithg !'<eg®™ <q| + n=1,23,....N

e>1 — n=12,3,...

Table 10.2 sign of D), ¢ = 1 and N € {1,2,3,...}
It is also possible to have positive-definite orthogonality for finite systems of N + 1
polynomials with N € {1,2,3,...} in the following three cases:
CaseIIbl. —1 < ¢ <0, f #0and eq > 1 with ¢! <eg?™ < q.
CaseIIb2.0< g <1, f#0and e > 1 with g < eg® < ¢~
CaselIb3.g> 1, f#0and 0 < e < 1 withg~! <eg? < q.

Case IIL. g =0, B # 0 and o = 0. In this case we have e # 0 and

n+1 N 2
d”:w(ﬁ> (1—Eq"‘>, n=1,2,3,....

an—4 e ﬁ

By using table 10.1 we conclude that for ¢ < —1 we must have

(=1)" (1 - %fq"‘) > 0.

For n = 1 this reads
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2 2
— (1 - —f) >0 <= 2f > 1.
B B
Since g < —1 this implies that
2 2
—fq<q<—1<1 == 1——fq>0.
B B
2f n—1 2 H
Hence, (—1)" [ 1— Fq > 0 also holds for n = 2. Further we have g~ > 1 which

implies that

1<%<%q2<%q4<...

and

2 2 2
...<—fq5<—fq3<—fq<q<fl<1.

B B B

2
Hence, if (—1)" <1 - ?fq"1> > 0 is true for n = 1, then it holds for all n =
1,2,3,....

2
For —1 < ¢ < 0 we must have 1 — qu’zfl < 0. This cannot be true for both n = 1
. 2f 2f . .
and n = 2, since F > 1and ?q > 1 cannot hold simultaneously if —1 < g < 0.
2f n—1 .
For 0 < g < 1 we must have 1 — Fq > 0. For n = 1 this reads
2f 2f
I-—>0 = —><I
B B
2f
In the case that 0 < F < 1 we then have
2f 5 _2f _2f
LS g < q< <1
B B B
. 2f
and in the case that F < 0 we conclude that
2f _2f _2f 5
— < =qg< =S¢ <...<0<1.
B~ B B
2
Hence if 1 — —fq”fl > 0 is true for n = 1, then it holds for all n = 1,2,3,.. ..

B



272 10 Orthogonal Polynomial Solutions of g-Difference Equations

2f

For ¢ > 1 we must have 1 — Fq”” < 0. For n =1 this reads

of 2f

1-—-<0 = =>1,
B B
which implies that
2f 2f  2f ,
1< S-<Sg<5qg <....
B B B

2f

Hence if 1 — Fq"*l < 0is true for n =1, then it holds for all n = 1,2,3,.. ..

Hence, we conclude that we have positive-definite orthogonality in the following
three infinite cases:

2
Case IlIal. g < —1 and —f > 1.

B

2
Case IlIa2.0 < g < 1 and Ff < 1.

2
Case II1a3. g > 1 and —f > 1.

B

We also conclude that it is impossible to have positive-definite orthogonality for
finite systems of N + 1 polynomials with N € {1,2,3,...}.

CaseIV. g =0, B # 0 and o # 0. In this case we set o = 1 and by using (10.4.3) we
have

D = B2g+! <1 - %fq”_l) (zﬁ—f —eq”_l) . on=1,23,.... (1047

For f = 0 we must have ¢ # 0 and
DY = —eB2*2, n=1,23,....
Then we conclude by using (10.4.1), table 10.1 and table 10.2 that d, > 0 for all

n=1,2,3,...1s only possible in the case that 0 < g < 1 and e < 0.

Now we assume that f = 0. In order to study the positivity of d,, we need the signs

2f n—1

of the factors 1 — —-¢ and —f —eq"!. Therefore the sign of Ag"! for n =
1,2,3,...1s given in table 10.3.
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L a A A

g<—1 |A>0|... <A@ <AP <Ag<0<A<AF <Ag*<...

A<Ol...<A¢" <A@ <A<0<Aq<AP <AP <...

—1<g<0A>0Ag<AP <A@ <...<0<...<Ag*<AF <A

A<O[A<A@ <Ag¢*<.. <0< ... <A@ <Aq <Aq

0<g<1|A>0 0<...<Af <Ag<A
A<O A<Ag<Ag<...<0

g>1 [A>0 0<A<Ag<Ag <...
A<O0 <A <Ag<A<O

Table 10.3 signof Ag" ', n=1,2,3,...

By using (10.4.1), (10.4.2), (10.4.7), table 10.1 and table 10.2 we conclude that in

order to have d,, > 0 for all n = 1,2,3,... we must have that the sign of D( )
n=1,2,3,... should be as in table 10.4.

for

‘ q ‘extra conditions| DE,Z) ‘
g<—1 eq>1 (=1
e=0 +
e>1 (—1)r*!

—1<g<0| g<eg<1 [(=1)*!

O0<g<l1 e<1 +
g>1 e<0 —
e>1 +

Table 10.4 sign of D'?) needed for d, > 0 for all n = 1,2.3,...

In the case ¢ < —1 and e = 0 we have

2f n 1> z_fqn—l

. n=1,23,....
B B

=12 (1-
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2 2 2
For Ff > 0 it follows from d; > 0 that 1 — —f > 0 or equivalently —f < 1. Hence
2 2 2
0< —f < 1. However, d; > 0 then requires that 1 — qu < 0 or equivalently qu > 1,
which cannot be true.
2 2 2
For Ff < 0 it follows from d; > 0 that 1 — Ff < 0 or equivalently Ff > 1, which

cannot be true.

By using (10.4.7) and table 10.4 we conclude that for all other cases the product

(5 ()

should be either positive or negative for alln = 1,2,3,....

2
Now we first consider the sign of the factor 1 — —fq”_l forn=1,2,3,... with the

aid of table 10.3.

2 2
1. Forg < —land—f >OvvecannothavethatI—qu”*1 >0foralln=1,2,3,...

B

since g>" — oo for n — oo,

2f

2
2. Forg < —1and Ff <0wecann0thavethatI—Fc/’*1 >0foralln=1,2,3,...

2n+1

since ¢q — —oo fOr n — oo,

2 2
3. Forg< —land—f >OvvecannothavethatI—qu”*1 <Oforalln=1,2,3,...

since g?"! — —oo for n — oo,
2 2
4. Forg < —1and Ff < 0 we cannot have that 1 — qu”*l <Oforalln=1,2,3,...
since g*" — oo for n — oo,
2f 2f

5. For —1 < ¢ < 0 and F > 0 it is possible to have 1 — Fqnfl >0 forall n =

2
1,2,3,... provided that l < 1 since ¢" — 0 for n — . Hence we need that

) B
0< —f < 1 in this case.

B
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6.

10.

11.

12.

13.

14.

2
. For -1 < ¢ <0 and —f < 0 we cannot have that 1 — Fq

2f 2f

For —1 < ¢ < 0 and —- < 0 it is possible to have 1 — Fq"*l >0 forall n =

2
1,2,3,... provided that —fq < 1 since ¢ — 0 for n — . Hence we need that

) B
g < —f < 0 in this case.
B
2 2
. For -1 < ¢ <0 and —f > (0 we cannot have that 1 — qu”

1,2,3,... since g" — 0 for n — oo,

2f

1,2,3,... since ¢" — 0 for n — oo.

2f -

2
For 0 < g <1 and ?f > 0 it is possible to have 1 — Fq

1 <0foralln=

L <0foraln=

'S 0foralln=

2
1,2,3,... provided that —f < 1 since ¢" — 0 for n — <. Hence we need that

B
2f

0 < — < 1 in this case.

B

2f -

2
For 0 < g <1 and ?f < 0 it is possible to have 1 — —-¢

B

'S 0foralln=

2
1,2,3,.... In fact, for ) < 0 this is always true since g" — 0 for n — oo,

B
2 2
For 0 < g <1 and 2/ > 0 we cannot have that 1 — ﬁfq"_
1,2,3,... since g" — 0 for n — oo,
2 2
For 0 < g <1 and 2 < 0 we cannot have that 1 — qu"*

1,2,3,... since ¢" — 0 for n — oo,

2f

V<0 forall n =

V'« 0 forall n =

2
For ¢ > 1 and ) > (0 we cannot have that 1 — Fq”*] >0foralln=1,2,3,...

B

since ¢" — oo for n — oo.

2

2
Forg > 1and Ff < 01itis possible to have 1 —

“'>o0foralln=1,2,3,....

2 .. .
In fact, for —f < 0 this is always true since g" — oo for n — oo,

B
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2 2
15. Forg > 1 and Ff > 0 it is possible to have 1 — qu"*l <Oforalln=1,2,3,...

2 2
provided that —f > 1 since ¢"* — oo for n — oo. Hence we need that —f > 1 in this

B B

case.

2 2
16. Forg > 1 and Ff < 0 we cannot have that 1 — qu"_l <Oforalln=1,2,3,...

since g¢" — oo for n — oo,

1

2
For the factor —f —eq"™ " we only need to consider the six possible cases 3, 6, 9, 10,

14 and 15 above. Again we use table 10.3.

2 2
1. F0r71<q<0,0<—f<1ande>0wemusthave—ffeq"_l>0forall

B B
2f

n=1,2,3,... which is possible provided that F > e. Hence we need that 0 <

2 o
e < l < 1 in this case.

B
2 2
2. For -1 <¢g<0,0< Ff < 1 and e < 0 we must have ?f—eq"_1 > 0 for all
2
n=1,2,3,... which is possible provided that 2 > eq. Hence we need that 0 <

B

2
eq < 2/ < 1 in this case.

B
2f

2
3. For—1<¢<0,¢g7! <=~ <0and e >0 we must have —f—eq"_l > 0 for all

n=1,2,3,... which is not possible since g" — 0 for n — oo.

2f

2
4. For —1 < g<0,q" ' <=~ <0and e <0 we must have —f—eq”*l > 0 for all

n=1,2,3,... which is not possible since g" — 0 for n — eo.

2 2
5. For0<g<1,0< Ff < 1 and e > 0 we must have ff—eq"*1 > 0 for all
2
n=1,2,3,... which is possible provided that —f > e. Hence we need that 0 <

B

2 o
e< —f < 1 in this case.

B
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2 2
6. For0<g<1,0< Ff < 1 and e < 0 we must have —f—eq"*1 > 0 for all
2
n=1,2,3,... which is possible. In fact, for 0 < —f < 1 and e < 0 this is always

B

true.

2 2
7. F0r0<q<1,—f<0ande>0wemusthave—ffeq”_1>0f0ralln:

1,2,3,... which is not possible since ¢g" — 0 for n — oo,

2 2
8. F0r0<q<l,—f<0ande§0wemusthave—f—eq”*l>0f0ralln:

1,2,3,... which is not possible since ¢ — 0 for n — oo.

2 2
9. Forg>1, ) < 0 and e > 0 we must have Ff—eq"*l >0foralln=1,2,3,...

which is not possible since g"* — oo for n — oo.

2f 2f

10. Forg > 1, F <Oande§0wemusthaveF—eq”_1 <Oforalln=1,2,3,...

which is not possible since g" — oo for n — oo.

2 2
11. Forg>1, Z > 1 and e > 0 we must have —f—eq"*l <Oforalln=1,2,3,...

B B
— . . 2f 2f o
which is possible provided that F < e. Hence we need that 1 < F < e in this
case.
2 2
12. Forg > 1, Ff > 1 and e < 0 we must have Ff —eq" ' >0foralln=1,2,3,...

2
which is possible. In fact, for ) > 1 and e < 0 this is always true.

Hence, we conclude that we have positive-definite orthogonality in the following
seven infinite cases:

2
CaseIVal.—1<q<0and0<e<—f<1.

B

2
CaseIVaZ.fl<q<0andO§eq<Ff<1.

2f

CaselVal.0<g<land0<e< — < 1.

B
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2
CaseIVa4.0<q<1,e§0and0<—f<1.

B

CaseIVaS.0<g<1l,e<Oand f=0.

2f

CaseIVa6.g>land 1 < 5 <e.

B

2
CaseIVa7.qg > 1,e <0and ) > 1.

B

It is also possible to have positive-definite orthogonality for finite systems of N + 1
polynomials with N € {1,2,3,...}.

By using (10.4.1), (10.4.2), (10.4.7), table 10.1 and table 10.2 we conclude that in
order to have d,, > 0 we must have that the sign of D,(iz) should be as in table 10.5.

Dy

‘ q ‘ extra conditions for

g<—1 |0<eqg<1withg<eg™ <q!

+ | n=123,...,N
0<e<1witheg® =1 +| n=1,23,....N
+

n=1,273,....2N+1

0<e<1withl <eg? < ¢?

—1<g<0| eqg>1withg ' <eqg®™ <q | — n=1,2,3,....N
+ | n=123,...,N
e>1withg? < eq®™ < 1 + |n=1,2,3,....2N+1

e>1witheg? =1

0<g<l1 e>1withg < eg® <gq~! — n=12,3,...,N

g>1 0<e<lwithg ! <eg®™ <q| — n=1,23,...,N

Table 10.5 sign of D,(lz) needed for d, > 0 with N € {1,2,3,...}

By using (10.4.7) and table 10.5 we conclude that the sign of the product

(5 ()

should alternate in the cases that ¢ < —1 or —1 < ¢ < 0 and should be negative in
the cases that 0 < g < 1 org > 1.

First of all we note that for ¢ < —1 and for —1 < g < 0 it is possible that the factor
2
1- —fq"_l keeps the same sign for n = 1,2,3,... N for certain N € {1,2,3,...}

B
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2
and that the factor ?f — eq”fl alternates for these values of n (in the case that f =0

for instance).

As before, for f =0 we must have e # 0 and
Dﬁ,z) =—ef%¢* %, n=123,....

By using table 10.5 we conclude that we only have d,, > 0 forn =1,2,3,... ;N in
the cases that g < —1 and 0 < eq < 1 with g < eq?™ < g ',or0<g<lande>1
with g < eq?™ <g',org>1and0 < e < 1withg™! <eq?™ <q.

2f

Now we assume that f # 0 and we consider the sign of the factor 1 — =L for
n=1,273,...,Norn=1,2,3,...,2N + 1 with the aid of table 10.3.
2 2
1. For ¢ < —1 and Ff > 0 it is possible to have 1 — qu”*l > 0 for all n =
2
1,2,3,...,N provided that quNfz < 1 and N even.
2 2
2. For ¢ < —1 and Ff < 0 it is possible to have 1 — qu”*l > 0 for all n =
2
1,2,3,...,N provided that quN*Z < 1and N odd.
2 2
3. For ¢ < —1 and Ff > 0 we cannot have that 1 — —fq'“] < 0 for all n =
2 2
1,2,3,...,N with N > 2 since 1 — qu < 0 then implies that Ff <q'<o.
2 2
4. For g < —1 and Ff < 0 we cannot have that 1 — qu”*] < 0 for all n =
2
1,2,3,...,N since then we have 1 — Ff >1>0.
2 2
5. For —1 < g < 0and —f > 0 we have: if 1 — qu"*l > 0 is true for n = 1, which
2f

implies that 0 < —- < 1, then it holds for alln = 1,2,3,....

B
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11.

12.

13.

14.

15.
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2 2
For —1 <q<0ande<0wehave: ifl—qu”*1 > 0 is true for n = 1 and
2
n = 2, which implies that ¢g~! < Ff < 0, then it holds for all n = 1,2,3,.. ..
2 2
For —1 < ¢ <0 and —f > (0 we cannot have that 1 — —fq"*l <0 forall n=
2 2
1,2,3,...,Nwith1v22since1—%q<0thenimphesthat%<q*‘ <0.
2 2
For —1 < ¢ <0 and Ff < 0 we cannot have that 1 — qu"*l <0 forall n=
2
1,2,3,...,N since then we have 1 —Ff >1>0.
2 2
For0 < ¢ < 1 and Ff > 0 we have: if 1 — qu”” > 0 is true for n = 1, which
2
implies that 0 < Ff < 1, thenitholds foralln=1,2,3,....
2 2
ForO0<g<1 ande < 0 we have: I—qu'“l >0istrueforalln=1,2,3,....
2 2
For 0 < g < 1 and —f > 0 it is possible to have 1 — —fq"*1 < 0 for all n =
B ) B
1,2,3,...,N provided that quN*I > 1.
2 2
For0 <¢g < 1and Ff < 0 we have: 1 —qu"*] < Oisfalse foralln=1,2,3,....
2f .. , 2f i _
Forq>landF>01t1sp0551blet0havel—Fq >0foralln=1,2,3,...,N
2
provided that quN <.
2 2
For g > 1 and Ff < 0 we have: 1 — qunfl >0istrue foralln=1,2,3,....
2f . 2f 4 . C
For g > 1 and —- > 0 we have: if 1 — Fq < 0is true for n = 1, which implies

2f

that — > 1, then it holds for all n = 1,2,3,....

B
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f 2f

2
16. For g > 1 and —- < 0 we have: 1 — —- "1 < 0isfalse foralln =1,2.3,. ...

B g

2
For the factor CU eq" !

9,10, 11, 13, 14 and 15 above. Again we use table 10.3.

we only need to consider the ten possible cases 1, 2, 5, 6,

2 2
1. For g < —1, Ff >0 and quNfz < 1 with N even, we conclude that the sign
2
of Ff —eq" ! equals (—1)" for all n =1,2,3,...,N provided that e > 0 and
2
Z < e and that it equals (—1)"+! for all n = 1,2,3,...,N provided that ¢ < 0
2
and Ff < eq.
2 2
2. Forg < —1, Ff < 0 and quN*Z < 1 with N odd, we conclude that the sign of

2 2
Z —eq" "equals (—1)" foralln=1,2,3,...,N provided that ¢ >0 and Ff >eq

B

2
and that it equals (—1)”+1 foralln=1,2,3,...,N provided that e <0 and —f >e.

B

2 2
3. For -1 <g<0and0 < —f < 1, we conclude that the sign of —f — eq”*1 equals

B

2
(=1)" for n = 1 provided that e > ?f > 0. Then we use table 10.3 to conclude

2
that for (—1)" (—f —eq”l) >0 foralln=1,2,3,...,N we must have

B
2f

eg<eq <eq <..<0<..<= <eq

B

l<...<eq4<eq2<e

with N odd.

2f

2
4, For -1 <g<0and ¢! < F < 0, we conclude that the sign of —f —eq"”

B

2
equals (—1)"*! for n = 1 provided that e < Ff < 0. Then we use table 10.3 to

1

2
conclude that for (—1)"+! (Ff —eq"l) >0 foralln=1,2,3,...,N we must

have

2
N*'<—f<...<0<...<eq5<eq3<eq

B

e<ef? <eq*<..<eq
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with N even.

2f 2f

For 0 < g <1 and 0 < —- < 1, we conclude that F —eq" ' <0foralln=
. 2f N-1
1,2,3,...,N provided that F <eq' .
2 2
For 0 < ¢ <1 and —f < 0, we conclude that Ff —eq" ' <0 for all n =
. 2f 2f n—1
1,2,3,...,N provided that F < e. In fact, then we have that F —eq" <0
foralln=1,2,3,....
2 2 2
. For0<g<l, Ff > 0and ?qu*I > 1, we conclude that —f —eq”*1 > ( for all
. Zf 2f n—1
n=1,2,3,...,N provided that F > e. In fact, then we have that F —eq" >0
foralln=1,2,3,....
2 2 2
For ¢ > 1, ?f > 0 and qu"v_l < 1, we conclude that Ff —eq" ! < 0 for all
. 2f 2f n—1
n=1,2,3,...,N provided that F < e. In fact, then we have that F —eq' <0

foralln=1,2,3,....

2 2
. Forg>1and —f < 0, we conclude that —f — eq”*1 < 0 for n = 1 provided that

B
2 2 2
Ff <e.If e>0, which implies that Ff <0< e, then we have that Ff — eq”fl <0
2
foralln=1,2,3,.... If e < 0, which implies that —f < e < 0, then we have that
2 2
Ff —eq" ' <Oforalln=1,2,3,...,N provided that Ff <eq" .
2 2
For g > 1 and Ff > 1, we conclude that Ff —eq" ' >0foralln=1,2,3,...,.N
2
provided that Ff > eq -1

Hence, we conclude that we have positive-definite orthogonality in the following
eight finite cases:

2f

2
Case IVbl. g < —1,0 < =5 < eq < 1 with g < eg?™ <g~'and 0 < quN—2<1

with N even. In that case we have a finite system of N + 1 polynomials.
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2 2
CaseIVb2.g< -1, ' <e< ﬁf <O0withg <eg®™ <g'and0 < qu’” <1

with N odd. In that case we have a finite system of N + 1 polynomials.

2 2
CaseIVb3.0<q<1,e>1withq<eq2N§q_1,O<Ff<lande<eqN_1.In

that case we have a finite system of N + 1 polynomials.

2
CaseIVb4.0 < g<1,e>1withg<eg”™ <g !and Ff < 0. In that case we have
a finite system of N + 1 polynomials.

2 2
CaseIVb5.0<g<1,e> 1 withg<eqg®™ <q7!, —f > e and quN_l > 1. In that

B

case we have a finite system of N + 1 polynomials.

2 2
CaseIVb6. ¢ > 1,0 < e < 1 with g~! §eq2N<q,O<Ff<eandeqN*1 <1.In

that case we have a finite system of N + 1 polynomials.

2
CaseIVb7.qg>1,0<e < 1 withg™! <eg? < gand Ff < 0. In that case we have

a finite system of N + 1 polynomials.

2 e

CaseIVbs.q>1,o<e<1withq*1§eq2N<q,F>1and 3 ¢~ In that

case we have a finite system of N + 1 polynomials.

Case V. g #0, oo =0 and 8 = 0. In this case we have e # 0 and

n+1 1=4g"
dnzg%, n=1,23,....
e q"

By using table 10.1 we conclude that we have positive-definite orthogonality in the
following three cases:

Case Val. —1 <q<0and§ <0.
e
CaseVaZ.0<q<1and§>0.
e

Case Va3. g > 1 and % <0.
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We also conclude that it is impossible to have positive-definite orthogonality for
finite systems of N + 1 polynomials with N € {1,2,3,...}.

Case VL. g 20, o = 0 and 3 # 0. In this case we have e # 0 and

dy = M {E (E - EqrM) +§q2n2}

an—4 e \ e e

n+117 n ﬁ 2 2f . e .
= (2) ()

n+1 1—4g" 2
== qgwq)(f) (1+V‘[fq'1-l> <1+yffq"“>, n=123,..,

with 71+ = —2f/g and y17» = e/g. We remark that for /> < eg we have

2f w1, €8 ona ( f 1)2 eg—fz 2n—2
l——=d" +5q" "= (1-2d"" | + 7" >0
B B2 B B>

foralln=1,2,3,.... In that case y; and » are complex conjugates. In the case that
f? > eg they are real:

/e
YIZ% and fy2:

Ve
8

By using table 10.1 we conclude that for ¢ < —1 we must have

2f eg oy
oy (1=t i) S0
n,2n—2

which cannot be true for all n = 1,2,3,.. ., since (—1)"¢g — —oo for odd n — oo
and (—1)"¢*"~% — oo for even n — oo. Moreover, the constant eg is either positive or
negative.

For —1 < g < 0 we must have

2f w1, €8 ona
1——=4"" + 54"~ <0,
B p*
which cannot be true for all n = 1,2,3, ..., since ¢" ! — 0 for n — eo.
For 0 < g < 1 we must have
2
1__fqn71+ﬁ 12,

B B>
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which is true for all n =1,2,3,... in the case that > < eg. In the case that f> > eg
we must have

2f 41, €8 oo ( ng n—l)( 1g n—l)
B B? B B

Since ¢" — 0 for n — oo this can only be true for all n = 1,2,3,... if both factors are
positive, which implies that we must have

Ng Y28

——>—-1 and —>-1.
B B
For g > 1 we must have
2f po1, €8 an2
1__qn 1+_qn <07
B B>

which is false in the case f2 < eg. In the case that f> > eg we must have

2f n—1 €8 -2 ( ng nl) ( 18 nl)
1——¢""+-2¢q =(14=2¢ 1+ =>¢q <0.
B B? B B

Since g¢"" — oo for n — oo this can only be true for alln = 1,2,3,...if pyp = ¢ <0.

8
We conclude that we must have either
ng 128
— <—-1 and ==>0,
B B
o ng 18
—= >0 and =><-—1.
B B

Hence, we conclude that we have positive-definite orthogonality in the following
four infinite cases:

Case VIal.0 < g < 1 and f? < eg.

Case VIa2.0 < g < 1, f2 > eg, % > 1 and % > 1.
Case VIa3. g > 1, % < —1and % > 0.

Case VIad. g > 1, 18 S 0and B8 < 1.

B B
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It is also possible to have positive-definite orthogonality for finite systems of N + 1
polynomials with N € {1,2,3,...}.

For ¢ < —1 we must have that

(—1)" <12[{‘1n_1+;g2 2n— 2) ~0

is true for all » < N and false forn = N + 1.
For —1 < ¢ < 0 we must have that

2f w1, €8 ona
B B2

is true for all » < N and false forn = N+ 1.

1-— <0

We recall that both are impossible in the case that f> < eg. In the case that f> > eg
we have

2f 1, €8 P = ( ng 1) < 18 1)
] _ _qn + n— 1 + Vl 1 + n
B p2? Y Y
with
=V SV e
N=——"—/— and p= —,
8
ng _ ng
Without loss of generality we will assume that ~—= B < F (since y; and 7 are real).
For g < —1 and % < 0 we must have
ng "8 ng 8
1+—><1+ )>0 = —<-1<==<0.
( B B B B

Now we use table 10.3 to conclude that

"8 s 128 3 128 Y28 28 » V28 4

<22 P < Pl <« P <0< -2 <« B2t <« 25 <L,
B B B B B B
which implies that
)22 18 "8
LI+ B 1+ B2 <1+ 22 <
B B B
and
18 128 18
1<1+22¢<1+ 228 <1+ 2248 <.
B B B
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Hence we have that (—1)" (1 + %q"l) >0 foralln=1,2,3,.... Now we have
1+ %q”” >0forn=1,2,3,...,Nand 1 + %q’v < 0 provided that %qN <
—-1< EqN*Z and N even.
B
For g < —1 and % > 0 it is possible to have 1—|—%c]"_1 >0forn=1,2,3,...,N
and 1+ %q}v < 0 provided that %QN <1< %q’m with N odd. Combined
with (—=1)" (1 + %q”? >0 foralln=1,2,3,... as above this leads to another
finite case with —1 < ne <0< E
B B
For —1 < ¢ < 0and % < 0 we must have
ng 18 ng 128
1+) (1+> <0 = Z<-1<=<0.
< B B B B

Now we use table 10.3 to conclude that

18 %28 3 128 s

Ly« EPr <« < <0< <2t <« -2 <« — 22
B B B B B B
which implies thatl—i—%q”_l > 0 for all n=1,2,3,.... However, then we cannot
havethat1+%q"*‘<0forn=1,2,37...,N.
128
Forfl<q<Oand?>0wemusthave
ng )22 ng 18
1+—> (1+—><0 = - <-1<0< ==
( B B B B
Now we use table 10.3 to conclude that
%8 %8 2 P8 4 %8 s P8 3 %8
—EE B <0<L <22 < -2 < -2,
B B B B B B
which implies that
18 128 3 128 s
1+ =g<1+ =g <1+Z¢ <...<1
B B B

and
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8 4 Y28 » Y28
I<..<1+=2q¢" <1+=q¢g" <1+ ==
B B B
Furthermore we have
N Ng 3 NEg s Mg 4 Nng » ng
< P < -2 <. <0< <2 < -2t < -2
B B B B B B
which implies that
ng Ng 2 N 4
1+ 22 <1+ 2872 <1+ 2245 <. <1
B Bl B
and
Nng 5 Nng 3 Nng
I<..<l+—=¢ <1+—=qg <1+ =>4
Bl Bl B

Now we want that

Ng n l) < 128 n l> f 2 271 2 _
1+ 48 1+ 28 —1-Lp1128 <0, n=1,2,3,....N
( [ gl [ p21

2
and 1 — quN + %qu > 0. This implies that we must have

"8

1+—qN <0<1418

¢ with N even
B

or
1+—qN<0<1+ gq”*2 with N odd.

Ng n-—2 _1<BquithNeven orﬁq <-1<

B =B 7B

Hence, we must have either

%q’v -2 with N odd.

For 0 < g < 1 we must have

(1+ylg n— 1) (1+/y2g n— 1) >07 n:17273’..-,N

B B
with both —= }’1g —1 and 7’[238 < —1. With the assumption that Y;Bg y;}g we must
have that
1+ ygg N= ‘<0<1+—qN = %q’v” <—1§%qiv.

For ¢ > 1 we must have
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(1“1‘%6]"1) (14—%61”1) <0, n=123,...,.N

and (1 Y[gg N) <l+—qN> >0.1f 7;;" <1, thenwehavel+y[13g =1 <
foralln=1,2,3,.... Hence, then we must have that
1< P8 0 wim 8 N<71<Y2gqN !
B B
If% > 0, then we have 1+ yEg "1 5 0foralln=1,2,3,.... Then it is impossible
tohavel—i-y[lgg " ]<Of0rn:1,2737...,Nandl+y[13gq > 0.

Hence, we conclude that we have positive-definite orthogonality in the following six
finite cases:

Case VIbL. g < —1and 28 < 1 < 28 g with B8N < 1 < NE N2 50a N
B B B g1

even.

Case VIb2. g < —1 and —1 < == ns <0< == ns with —=> n8 NS 1< == ns N Zand N

B B B g1

odd.

Case VID3. —1<g<0, 78 « 1 <0< P8 win N8 N2 1 < N8 N g N
B B B 13

even.

Case VIbd. —1 < ¢ <0, % <-1<0< %wuh PEN < 1< PEN2 g N

odd.

Case VIb5.0 < g < 1 and % < % < —1 with %q’v” <-1< %qlv.

Case VIb6. q>1and% <—1<%<0wuh ’ngNng%qN—l.



290 10 Orthogonal Polynomial Solutions of g-Difference Equations

Case VII. g # 0 and o # 0. In this case we set & = 1 and by using (10.4.4) we have
D,(lz) =— (2fq"71 +51eq2"72+52) (qunfl + 01 —|—52eq2"72) , n=123....

In the case that B2 < 4g we have &, = §; which implies that

D’(f) _ (zfqn—l +51€612n72+5—1) (2fqn71 +51_~_5—16qzn72)

=~ (2" + B1eq" 24 31) (2f g1+ 8 + Sreg2)

_ n—1 2n—2 =2 _
2fq" " +01eq”" "+ 61| <0, n=1,23,....

By using 1> =e¢/g, 1 + 7 = —2f/g and 8,8, = g, we obtain that
6‘:)/1’)/25152 and Zf:*()/]+72)5152,

which implies that

DY = =818 (1-181g"") (1-1&4"") (1-p8ig"") (1-p&q"")

for n=1,2,3,.... In the case that B> > 4g both &; and &, are real. Moreover, in the
case that f? < eg we have 1» = 77 which implies that

DY

886 (1-n6g" ) (1-164" ") (1-7814"") (1 - &g" ")
8518 (1-181g" ") (1-16g" ") 1—ndig" ") (1-1&ge ")
= 88 [1-nag [ [1-nég [ n=123.

This implies that D£,2) has the same sign as —&; 6, = —g in that case.

Finally, we consider the case that y;,7, 8,0, € R. Again we use table 10.1 and

table 10.2 to conclude that for ¢ < —1 we must have either eq > 1 and (— 1)”D,(12) >0,

or e =0 and D,(f) >0,ore>1and (—1)”D£,2) < 0, in order to have d, > 0 for all
n=1,2,3,.... However, note that (—1)”D£,2) >0 or (—1)”D£,2) < 0 cannot be true

foralln=1,2,3,.... Hence we must have ¢ = 0 and D,(f) > 0or

(2f4" ' +8&) (2fq" ' +6) <0,

which is also impossible for alln = 1,2,3,.. ..

For —1 < ¢ < 0 we must have ¢ < eq < 1 and (—1)"+1D£lz) > 0. Also in this case
(—1)”+1D£,2) > 0 cannot be true foralln = 1,2,3,.. ., since D,(lz) — —810, = —g for

n — oo,
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For 0 < g < 1 we must have ¢ < 1 and DSLZ) > 0, which implies that
(214" + 814”2+ &) (2f4" ' + 81+ Breg® ) <0, n=1,2,3,....
For n =1 this reads
(2f 4+ 81e+ &) (2f + 6 + 62e) <0,
which implies that
Sie+6 < —2f<b +&be or O +&e<—-2f<be+b.
The first inequality implies that
(l—e)hr<(l—e)d = &<0,
since 1 — e > 0. This contradicts the fact that 6; < J,. So we must have
01+ de < =2f < die+ 6.

Further we must have that g = 8,6, < 0, which implies that 6; < 0 < &,. We conclude
that it is possible to have orthogonality for an infinite system of polynomials in that
case.

For g > 1 we must have either ¢ < 0 and D£,2> <0,ore>1and D£,2) > 0.

So, for e < 0 we must have
(2fq" "+ 81eg™ 2+ &) (2fq" " + 81 + Sreg™?) >0, n=1,273,....
For n =1 this reads
(2f +81e+8) (2f + 81 + &re) > 0,

which implies that both factors are either positive or negative. Further we must have
that g = 0; &, > 0, which implies that either 6; < & <0 or 0 < d; < §,. We conclude
that it is possible to have orthogonality for an infinite system of polynomials in this
case too.

For e > 1 we must have
(214" + 814”2+ &) (214" + 81 + &reg® ) <0, n=1,2,3,....
In this case we must have

51e+52<—2f<51+5ze and g=5152<0.
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Hence, we have 8; < 0 < &, which implies that d;e < 0 and &,e > 0. Also in this
case it is possible to have orthogonality for an infinite system of polynomials.

Hence, we conclude that we have positive-definite orthogonality in the following
three infinite cases:

Case VIIal.0 < g < 1,e< 1,8 <0< & and

(qu"*l +51eq2”*2+62) (qu"’l + 01 +5zeq2”72) <0, n=1,2,3,....

Case VIIa2. g > 1,¢ <0, §;8, > 0 with 8,8, € R or & = &y, and

(2fq"71 —|—5leq2”*2—|—52) (qu”’1 46 —|—5zeq2"72) >0, n=1,23,....

Case VIIa3. g > 1,e> 1,0, <0< & and

(214" ' +81eg” 2+ &) (214" + 81 + &reg®™ ) <0, n=1,2,3,....

It is also possible to have positive-definite orthogonality for a finite system of N + 1
or 2N + 2 polynomials with N € {1,2,3,...}. We only consider the cases where
D,(11> has opposite sign for n = N and n = N 41 according to table 10.5. Skipping
further details, we conclude that we have positive-definite orthogonality, at least in
the following eight finite cases:

Case VIIbl. g < —1, 0 < eq < 1 with ¢ < eq?® < ¢! and D) > 0 for n =
1,2,3,...,N. In that case we have a finite system of N 4 1 polynomials.

Case VIIb2. g < —1,0 < e < 1 with eg® =1 and D'Z) > 0forn=1,2,3,...,N.In
that case we have a finite system of N 4 1 polynomials.

Case VIIb3. g < —1,0<e< 1 with | < eq?¥ < q>and DY) > 0forn=1,2,3,...,
2N + 1. In that case we have a finite system of 2N + 2 polynomials.

Case VIIb4. —1 < g < 0, eq > 1 with ¢! < eq?¥ < g and D) < 0 for n =

1,2,3,...,N. In that case we have a finite system of N 4 1 polynomials.

Case VIIbS. —1 < ¢ <0,¢> 1 witheg? =1 and D{¥ > 0forn=1,2,3,...,N.In
that case we have a finite system of N + 1 polynomials.
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Case VIIb6. —1 < g <0, e > 1 withg? < eg? < 1and DY > 0forn=1,2,3,...,
2N + 1. In that case we have a finite system of 2N + 2 polynomials.

Case VIIb7.0< g < 1,e> 1 withg < eg® < g 'and DY <Oforn=1,2,3,...,N.
In that case we have a finite system of N + 1 polynomials.

Case VIIbS. ¢ > 1,0 < e < 1 withg~! <eq®™ < gand DY) <Oforn=1,2,3,...,N.
In that case we have a finite system of N 4 1 polynomials.

We remark that it is also possible to have positive-definite orthogonality for finite

systems of N+ 1 polynomials with N € {1,2,3,...} in cases where DS,Z) has opposite

signforn=Nandn=N+1.
10.5 Solutions of the g-Pearson Equation

We look for solutions of the g-Pearson equation (cf. (3.2.8))

w(x)C(x) = gw(gx)D(gx), 0<|q| <1

with ) )
ex"+2fqx+gq
Clx) = — s
q(g—1)*x
and
D) = tet2el — )} +{2f+v(1—q)}gx+gq* _ ax®+PBgx+gq’

(4172 (4172

Hence we have by using (10.1.3)

wx) ¢ ({e+2e(1—g)} 2 +{2f+y(1—q)}x+g)

w(gx) ex? 4+ 2fqx+ gq*

2 2
= w (10.5.1)
ex? +2fqx+ gq?

We consider two types of solutions:

A. Continuous solutions for x € R in terms of (convergent) infinite products. For the
convergence of these infinite products we refer to the book [471] by L.J. Slater.

B. Discrete solutions for {x, }_, with N — oo or {x,}5__.., id est x, = Ag* with
A€ Cand v=0,£1,£2,..., in terms of finite products. Note that x,; = gxy.
Without loss of generality we can choose A = 1 in each case.
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In order to find solutions of the g-Pearson equation (10.5.1), we distinguish between

0<|gq| <1and|g| > 1.

For 0 < |¢| < 1 we make the following observations. For

oo

w(x) = (—rx:q)w = H(l +rxg"), recC
=0

=~

we have

(10.5.2)

(10.5.3)

w(x) = (*rx,f%;q)w:ﬁ(lﬂqu) (1+qk+1>, reC, r#0 (10.5.4)

rx

we have

=

wigx) =[] (1 +rxq"+1> <1 + q—k> ,

=0 rx

which implies that
wx) T4

wigr) 1+L

rx.

Finally, for

(10.5.5)

i k+1
w(x) = (—sx,—%;q)mzl'[(lﬂqu) <1+%>, s,t€C, t#0 (10.5.6)

k=0

v = (et (1),

k=0

which implies that
w(x)  1+4sx  1+4sx

= = tx
wigr) 1+L1 1+

Combining the latter two results, we conclude that

(—=sx,—21q).,

(—rx _lq) ) rySJEC’ r#o’ t7é0
b’/

w(x) =

implies that

(10.5.7)

(10.5.8)
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w(x)  1+sx tx  14sx ¢
w(gx)  1+tx rx  l4ex 7

(10.5.9)

For |g| > 1 we rewrite the g-Pearson equation (10.5.1) in the following way. If we
set ¢ = p~!, then we have

wix)  pr({et2e(1-p )} +{2f+y(1—p )}x+g)
w(p~lx) ex? +2fp~lx4gp~?
_ p AP+ Bxtg) o4 PBlxtg (10.5.10)
ex? +2fp~Ix+gp2  ep?x2+2fpx+g’ o

where
o =e4+2e(l—p ') and B :=2f+y(1—p"). (10.5.11)
For |g| > 1 this implies that 0 < |p| < 1. Now we replace x by px to obtain

wx) ep* x> +2fp*x+g
w(px)  a'p*x>+B'px+g’

0<|p|<1. (10.5.12)

Note that if oo = e +2€(1 — ¢) does not depend on ¢, for instance in the case that
o =0or a =1, then &’ = a. The same holds for .

CaseII-A. g =0, 3 =0= ', o # 0 respectively ' # 0 and f # 0. From (10.5.1)
we have
w(x) | ogx

wigx) ex2+2fgx 1+55 2f

and by using (10.5.2) and (10.5.3) with r = ¢/2 f¢q and by using (10.5.4) and (10.5.5)
with r = aq/2f, we obtain the solution

(,M ,E.q)
2f ’
W(n) (x; q) _ f ox o

A e gcgl< 1
_ex.
( 2f4’q>m

From (10.5.12) we have

w(x)  ep*x* +2fp*x ep’x\ 2f
2f o'x
and by using (10.5.2) and (10.5.3) with r = ep2/2f and by using (10.5.4) and (10.5.5)
with r = o /2 f, we obtain the solution

w(px) o' p?x?
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Wi (x:p) = (765?217)&

o/x _2fp. ’
(5 %),

0<|p|< 1.

The special case 0 < p < 1,e=0and o' = 2f leads to the weight function
w(x; p) = (
for the Stieltjes-Wigert polynomials.

CaseII-B. g =0, = 0= ', a # 0 respectively o’ # 0 and f # 0. Then we have
from (10.5.1) with x, = ¢"

wxy) 1 og

- v q
wlrvsr) 14 % 2f

with possible solution

e . (__¢. 21\"
v (xv’q)_( 2fq’q>v<06q) v ).

v

From (10.5.10) we have with x, = p~
wlxy) 1 o _,
I-v

- X,
w(xy41) 1+ 2fp

with possible solution
2—v v
My, ..\ [_€eP” ", 2fp v
wl (xy: p) = ( 27 ,p)v( o ) pl).

Case ITI-A. g = 0, 8 # 0 respectively B’ # 0, @ =0 = o’ and e # 0. From (10.5.1)
we have for f #0
w(x) Bq*x 1 . @

wigx) ex2+2fgx 1+5% 2f

and by using (10.5.8) and (10.5.9) with r = ¢/B¢?, s = 0 and t = e/2fq, we obtain

the solution
(_ 2. q)
wdih) ( ex oo

x;q) = I
(~po )

0<lg| <1
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For f = 0 we have
wix) _ Be’

w(gx)  ex

and by using (10.5.4) and (10.5.5) with » = ¢/B¢*, we obtain the solution

1

111)(x;q)‘f:0: (7 o BL. ) ,

wl

0<|ql <1,

Ber el

which implies that the solution above is also valid for f = 0.

The special case 0 < ¢ < 1, f = 0 and e = B¢ leads to the weight function

for the Stieltjes-Wigert polynomials.

2
21 T In %
For F > 0 we may write F =¢"withg>0,g# 1l andv= I € R. Then we
nqg
have
wix) _ ¢
- ex
wigx)  1+5%
with possible solution
xvfl
W (x;q) = 0<|g| <1.

(~470a).

The special case e = 2 fq leads to the weight function

xvfl

W(.X,(]) = (_x;q)w

for the g-Laguerre polynomials.

From (10.5.12) we have for f # 0

w(x) ep*x®+2fpix <1 epzx) 2fp
a B 2f p’

w(px) B’ px
and by using (10.5.8) and (10.5.9) with r = ep?/B’, s = 0 and t = ep? /2 f, we obtain
the solution
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ep’x B
(=% —amr).
2f .
(~awer).

Wi (

x;p) = ; 0<pl <1

For f = 0 we have
w(x) ep*x?  ep’x
w(ipx)  B'px B
By using (10.5.4) and (10.5.5) with r = ep? /', we obtain the solution

3 I
(1) (. ‘ _(_epx B 0<lpl<1
w (X,P) F=0 ( ﬁ/ ) gpzxsp oou |P| ’
which implies that the solution above is also valid for f = 0.

Case ITI-B. g = 0, B # O respectively ' #0, « =0 = o’ and e # 0. For f # 0 we
have from (10.5.1) with x, = ¢¥

wxy) 1 Bg

- /M)
w(Xy41) 1+ I f

amny, ooy ¢ . E)v
w (xy:q) (qu,q)v<ﬁq :

with possible solution

For f = 0 we have

with possible solution

For f # 0 we have from (10.5.10) with x, = p~"
wiry) 1 B’

- -v
w(Xy41) 1+ 2fp

with possible solution

2—v v
i -(50) ()
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For f = 0 we have

with possible solution

w™ (x,; p) ‘f:o = (eg,z> Vp*(ﬁ

Case IV-A. g = 0, B # 0 respectively B’ # 0 and o # 0 respectively o # 0. From
(10.5.1) we have for f #£ 0

wx) P +Bx 1T Bg
w(gx)  ex?+2fqgx _1—|—% 2f

and by using (10.5.8) and (10.5.9) with r = ¢/Bq?, s = a¢/B and t = e/2fq, we
obtain the solution

2/
().

3 b

e#£0, 0<]gl <.

For f =0 we have e # 0 and

w(x)  ag’x*+BgPx ox Lf
w(gx) ex? N <1+ B ) ex

By using (10.5.2) and (10.5.3) with » = o/ and (10.5.4) and (10.5.5) with r =
e¢/Bg?, we obtain the solution
ox
(54
W) (x, B°?)

’q)‘ . = 3 ?

0<lql <1,

which implies that the solution above is also valid for f = 0.

For e = 0 we have f #£ 0 and

w(gx) B 2f
By using (10.5.8) and (10.5.9) with r = a.g/2f, s = 0 and t = /3, we obtain the
solution
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ogx 2f .
(-5 —5a).

0 Bq. ’
0 (),

From (10.5.12) we have for f #0

0<|g| <1

4.2 2 1 ep’x
w(x)  ep*x*+2fp°x +7.2fp

w(px)  o'p?®+PB'px 14 o B

and by using (10.5.8) and (10.5.9) with r = o/ /2f, s = ep?/2f and t = o/ p/ ', we
obtain the solution

2 /
B .
(-2 - Lup)_

V) (4 ) —
w (x’p) (_Ot_’x 240, ) ) 0<|[7|<1-
2 "ok P)
For f =0 we have ¢ # 0 and
wx)  ep’x 1 ep’x
wipx) —o'px+p 14 epr BT

BI

By using (10.5.2) and (10.5.3) with r = o/ p/B’ and by using (10.5.4) and (10.5.5)
with r = ep? /B’, we obtain the solution

(—”’7",— B ;p)
w(IV)(x;p)‘ = A P e 0<|p|<1.

Case IV-B. g = 0, 8 # 0 respectively B’ # 0 and o # 0 respectively o # 0. For
f # 0 we have from (10.5.1) with x, = ¢

wix) _ 1HE Bg

w(Xyi1) - l—l-% 2f

with possible solution

wi)(

(~19), ()
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The special case e = abg®, 2f = —a, o = 1 and B = —¢~! leads to the weight
function

w(xyiq) =

for the little g-Jacobi polynomials.

The special case e =0, 2f = —a, o = 1 and B = —¢~! leads to the weight function

1
q:q)v

aV

w(xy;q) = (
for the little g-Laguerre polynomials.

For f =0 we have e # 0 and

with possible solution

W) i) __L__<:;)QG»

= (),

The special case e = —ag, & = 1 and B = —¢~! leads to the weight function

1 v
wrviq) = ——a'ql2
for the g-Bessel polynomials.

For f # 0 we have from (10.5.10) with x, = p~V

wix) 1+ B

- -v
w(xy+1) 1+el’2f 2fp

with possible solution

For f =0 we have e # 0 and
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(TN (REAS I

w(xy41) p’ ep?

with possible solution

1 ep?\" v

() (xy; ‘ _ _(_p> -(3)

w (xy; p) — -~ p 2.
=0 (70617 v, B

i),

Case V-A. g #0,a=0= 0 and B = 0= f’. From (10.5.1) we have

w(x) 8q* B 1 _ 1
wx_ex2+2fx+g2_( 2fx ﬁ)_(_m)(_m)’
(gx) qx+gq 142242 -2 (1- 2

where y175 = ¢/g and 11 + % = —2f /g, which implies that for % > eg

%:—f—\/gfz—eg ond n:—er\/gfz—eg'

In the case that f2 < eg we have y» = 7. By using (10.5.2) and (10.5.3), once with
r = —71/q and once with r = —}, /¢, we obtain the solution

1
nx px. ’
(Q’q’q)m

The special case e = ¢%, f = 0 and g = 1, which implies that y; = ig and p» = —ig,
leads to the weight function

w") (x:q) = 0<|g| <1

( ) 1 1
WXy;q) = — ; =
v q (ix,—ix; @)oo (62;¢%)eo

for the discrete g-Hermite II polynomials. Note that 7, and 7, are non-real in this
case.

From (10.5.12) we have

49 2 2 4.2

w(x ep X +2fp x+ 2fp’x | ep’x

() _er Jratg | Hpx e = (1-np%) (1-np’).
w(px) 8 8 &

By using (10.5.2) and (10.5.3), once with » = —y; p*> and once with r = —pp?, we
obtain the solution

w (x;p) = (np*x, pp*xp)., 0<|p|<L.
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Case V-B. g 20, o =0 =o' and § = 0 = 8’. Then we have from (10.5.1) with

xy=q"
wixy) 1

wlxyr1)  (1=7g""1)(1-pg" ")

with possible solution

1%

From (10.5.10) we have with x, = p~

wixy) 1

wxyi1)  (I=np'=v)(1—pnp'™)

with possible solution

2—v

w¥) (xy:p) = (np* . 20> "ip), -

Case VI-A. g # 0, a = 0= o and 8 # O respectively 8’ # 0. From (10.5.1) we have

2 B
wx)  PPxtg) 84 (H?X) N 1+
w(gx)  ex2+2fgx+gg®> 2( 2fx ﬁ)_<_m)(_m)’
(4x) faxt8a®  oqr (142845 1-12) (-2

where, as before, 7175 = e/g and 11 + 1 = —2f /g, which implies that for £ > eg

"= —f-VI-es - —f+ VP —eg

8 8
In the case that f> < eg we have 15 = 7. By using (10.5.2) and (10.5.3), once with
r = B /g, once with r = —7; /q and once with r = —7, /¢, we obtain the solution

by
D (x:q) = (S. gn); :

g9’ q°

wl 0<|g| <1
From (10.5.12) we have

-2 42
wx) ep'@42fprxrg 1S (1o yph) (1-ppi)

w(px) B'px+g 14 B 14+ B

By using (10.5.2) and (10.5.3), once with r = —¥ p?, once with » = —7» p* and once
with r = 3'p/g, we obtain the solution
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304
0<|pl<1.

)

W(W)(x'p) _ (%pzx YZPZX;p)M
( ﬂpx,p>

Case VI-B. g #0, « =0 = o and 3 # O respectively 3’ # 0. Then we have from

(10.5.1) with xy, = ¢"

wiw) s
wirvir)  (I-1g""")(1-rg" ")
with possible solution
n »n.
R
w(w)(xv;q) ((‘1 ﬁl] )
g1

From (10.5.10) we have with x, = p~V

-V

ﬁ/
wiey) I+ 5
wixyrr)  (I=pp=v)(1=np'™Y)
with possible solution
2—v 2—Vv.
W<W)(xv;p) _ (71[7 771’2717 ’p)v.
(#2)
8 %

Case VII-A. g # 0 and o # 0 respectively o # 0. From (10.5.1) we have
2
Pee (105)0-4)

wx) qz(axz—l—ﬁx-i-g)
wigr) e +2fqx+gq* 14 zfx + (1 — M) (1 - m) ’
8q q q
where, as before, in the case that 2 > eg
=V -e _ fHVS e
N=———"— ad p=——"T——
8 8
and 8;8, = g/o and 8; + & = —B/a, which implies that for B2 > 4ga

SV i RN B/ e
20, 2a '

8 = —
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In the case that f? < eg we have 15 = 71 and in the case that B < 4ga we have
&, = 8;. By using (10.5.2) and (10.5.3), we obtain the solution

W(VII)(x;q) _ (5%’%;61)&

, 0<lq| <.
@zmq) lq
q’q’1),,

The special case e = abq?, 2f = —a(b+c)q, g = ac, oo = 1 and B = —(a+c) leads
to 1 =g, Y» = bg/c, 6; = ¢ and &, = a. Then we obtain the weight function

for the big g-Jacobi polynomials.

The special case e =0,2f = —abg, g =ab, a =1 and f = —(a+ D) leads to y; =g,
1> =0, 6; = b and &, = a. Then we obtain the weight function

w(x.q) =
for the big g-Laguerre polynomials.

The special case e = f =0, g =a/q*, o0 =1and B = —(a+1)/qleadstoy; =75 =0,
01 = a/q and & = 1/q. Then we obtain the weight function

gx
wmwzﬁxfm)
a’ e
for the Al-Salam-Carlitz I polynomials.
The special case e = f =0, g= —1/¢*>, o =1 and B =0 leads to y; = p»p = 0,

01 = —1/g and & = 1/q. Then we obtain by using (1.8.24) the weight function

w(x;q) = (qx, —gx:q). = (%3 07)

for the discrete g-Hermite I polynomials.

From (10.5.12) we have

2 2 4.2

w(x) ep*x®+2fpix+g 1+—f’g’ X+—epgx _ (I=np*)(1—pp*x)

w(px) a'p’x®+B'px+g 4 By op (1,&) ( ,E)
8 8 o o)

where 88, = g/a’ and 8] + 8 = —B'/a’, which implies that for (B')> > 4go/
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! _ﬁ/_ (ﬂ’)2—4g0€’ / _ﬁ/"_ (ﬂ’)2—4g0¢’
o = ol and & = o .

In the case that (B")? < 4go’ we have &) = 5_1’ By using (10.5.2) and (10.5.3), we
obtain the solution

(vip*x, pp*x;p) .

bl
X px,
(5 50).

The special case e = f =0, g = p?, & = 1 and B* =0leadsto y; = =0, §] = —ip
and &) = ip. Then we obtain by using (1.8.24) the weight function

wVID (x; p) = 0<|pl<1.

1 1

wlxp) = (ix, —ix; D)oo - (x2; p?) oo

for the discrete g-Hermite II polynomials. Note that { and & are non-real in this
case.

Case VII-B. g # 0 and o # 0. Then we have from (10.5.1) with x, = ¢"

ww) (-5 (%)

wlyi)  (1=ng"")(1—-ng" ")

with possible solution

W (i) =

v

From (10.5.10) we obtain with x, = p~

) (%) (%)

wxyy)  (I=np=V)(1—=pp!Y)

with possible solution

1%

2—v 2—v.
W(VII)(xv;p): (np~",2p ,P)v.

1-v 1-v
P p .
( 58 ”’>v

The special case e = f =0, g =ap?, &’ =1 and B’ = —(a+1)pleadstoy; = =0,
0] = ap and &} = p. Then we obtain by using (1.8.14) the weight function
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w(xy:p) = 1 _ ! aVPZVH(E) _ M
—v P, (p.ap;p)v (p.ap;p)v
pYEp),

for the Al-Salam-Carlitz II polynomials.

10.6 Orthogonality Relations

In the preceding section we have obtained both continuous and discrete solutions of
the g-Pearson equation (10.5.1) and the p~!-Pearson equation (10.5.10) or (10.5.12).
In this section we will derive orthogonality relations for several cases obtained in
section 10.4. We will not give explicit orthogonality relations for each different case,
but we will restrict to the most important cases (either continuous or discrete).

We remark that for each different case the appropriate boundary conditions
(3.2.12) or (3.2.19) should be satisfied. Therefore we have to consider

wig ' xq)p(q %) with @(x) = e +2fr+g

and w(x;q) the involving weight function which satisfies the g-Pearson equation.
This product should vanish at both ends of the interval of orthogonality.

Case IL. In this case we have g =0, f =0 = 8’ and o # 0. In section 10.4 we have
seen that it is only possible to have positive-definite orthogonality for an infinite
system of polynomials in the case that ¢ > 1, f # 0 and e < 0. Further we have
seen that it is possible to have positive-definite orthogonality for a finite system of
polynomials in three different cases. Here we will only treat the infinite case.

CaseIlal.g > 1, f # 0 and e < 0. If we write g = p~ !, then we have
g>1 <<= 0O0<p<l.

Now we use the weight function

(5)
w“’)(x'p): 2f P )
’ alx _2fp. ’
T2 okl

Since o # 0 we set o = 1. Then we have

0<p| <.
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w (px; p) o (p2x) ( (ep*x® +2fp*x)

which vanishes for x — 0. It also vanishes for x — oo in the case that e = 0. Then we
have orthogonality on the interval (0, ) and by using (1.12.3) we have for f > 0

do ::/0 - f/ — 2fInp(p;p)e > 0.
<—ﬁ7—T’P

Further we find by using (10.4.1), (10.4.2) and (10.4.3) withe =0 and g = p~!
4f2 3n— l( ):4_f'2p—471+1(1_l)}’l)7 l’l:172’37"'

which implies that

This leads to the orthogonality relation

1)
m X3 n "
/y xp);fp( )dx:—2flnp(p;p) (472" 0" (pi ) S
27»*7’1’>

for f >0and m,n=0,1,2,....
The special case 2f = 1 leads to the orthogonality relation

n(2n+1)(

/ Ym(X: P)yn(X: P) PPy mn=0,1,2,...
0

dx=—Inp(p;p)ep”
(=x=5:p)
for the Stieltjes-Wigert polynomials.

Case IIL. In this case we have g = 0, 8 # 0 respectively B’ #0and oo =0 = ¢'. In
section 10.4 we have seen that it is possible to have positive-definite orthogonality
for an infinite system of polynomials in three different cases and that it is impossible
to have positive-definite orthogonality for a finite system of polynomials. Here we
will only treat one case.
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2
Case IIIa2.0 < g < 1 and Ff < 1. We use the weight function
2fq>.
() (_e_g’q)m
wi (x;q) = , 0<|q|< 1.
(o)
ﬁan ex »q
Then we have
_2e.
(I, —1 -2 e 1) 4.2 )
WG ng)elg N = -(eq~*¥* +2fq"x)
(_ﬁqz’ ex ,q)

which vanishes for x — 0 if f = 0. Then it also vanishes for x — eo. Hence we have
orthogonality on the interval (0,e) if f = 0 and by using (1.12.3) we obtain for

o
e

i 1
do ::/ 5 _Be / S —
Jo <_ﬂ —1.q).,

ﬁq27 ex 9q
Bq*
= ——lnq(q q)e > 0.

In this case we have for f =0
qu»l(l _qn) n—1 ﬁ2 —4n+5 n

which implies that

ﬁ 2n
Hdk ( ) ) (i), n=1,2,3,....

This leads to the orthogonality relation

= 1 (I, .~ (), .
/O ( T )ym (5q)yn  (x;q)dx

Bq27_7’q

l}q ﬂ o —n(2n-3)
:—71nq(q q)w p q (¢:@0)n Omn, mn=0,1,2 ...

for E > 0.
e
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The special case e = Bg” leads to the orthogonality relation

/ ym(X;Q));n.(x;Q) dx — 7lnq(q;q)mqfn(ZnJrl)(q;q)n Sun, mn=0,1,2,...
o (-x-%fa)..

for the Stieltjes-Wigert polynomials.

2
For 0 < —f < 1 we may use the weight function

B

-1 1 2f

wiD (x:q) = x’ v— B

_ex. Ing

( 2fq’q)
Then we have

B B qvarlxvfl 3 B zquvflxv
W (g~ q) (g 2x) = — (eq Y21 2fq Zx) =
(_2fq2;q>oo (_2_f‘l;q)m

which vanishes for x = 0, since v > 0, and also for x — . Hence we have orthogo-

nality on the interval (0, ) and by using (1.12.2) we obtain for Jg >0
oo v—1 2 V. oo tvfl 2 v 1,‘,;
do::/ x;dx: ﬂ / dt = ﬂ 'TE (q Q)w
0 (_ﬂ. ) e 0 (~t:q)w e Sinv  (q;q)e
2f¢°9) .,

2
In this case we have —f = ¢", which implies that

B

n o) 2n o
Hdk:(_]:) " g q)n(q"q)n, n=1,23,....
k=1 eq

This leads to the orthogonality relation

—279°4

, . 2
:<@) ” M(%> a " (@ q)n(@"3q)n Sum

e sintv (q;9) \ eq”

) v—1
| g™ i) d
" ().

forv > 0, J—C>Oandm,n:O,1,2,....
e

The special case e = 2 fq leads to the orthogonality relation (for v > 0)
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oo xv—l
Ym(X;q)yn(x;q) dx
/0(_x;q)w (x:9)yn(x:9)

1—v.
_ T (q v’ q) oo —n(2n+2v—1)
sintv  (g;q)e

(q;q)n(qv;q)n&mﬂ m7n:071727"'
for the g-Laguerre polynomials.

Case IV. g = 0, 8 # 0 respectively B’ # 0 and o # 0 respectively o # 0. In sec-
tion 10.4 we have seen that it is possible to have positive-definite orthogonality for
an infinite system of polynomials in seven different cases and for a finite system of
polynomials in eight different cases. Here we will only treat three infinite cases.

2f

CaseIVa3.0 < g < 1and 0 <e < = < 1. We use the weight function

B

(=9, (2"

vaCI): (—%;q)v E

Since o # 0 we set oo = 1. Then we have by using x, = g"

e .
(727(‘1’q)v 1

v—1
W (g i) plg ) = (£> (eq®™ ™ +2f9"7?)
(—E;‘I> ﬁq
v—1

(=357:9), ()
_ 1 B/ a
( ﬁ’q>v71
which should vanish for v = 0. Since 8 # 0 this implies by using (1.8.6) that

1 1 1
- teses = e
(<#:9) 1

2f

Note that it also vanishes for v — oo since 0 < —- < 1. Then we have by using

)

(1.11.1) forx, =¢",0<e<land 0 < —2fg < 1

N V) (e _\ (—ﬁ;q)v I L)
do = V;Ow (XV,Q)Xv—‘Zoi(q;q)v (—2f9) _7(—2fq;q)m>0'

Further we have by using (10.4.1), (10.4.2) and (10.4.3) with 8 = —(f1
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_ ntl n 1,eqn—2
dy =¢q + (1—¢ )(1 —eq2n*3)(1 _eq2n72)2(1 _eq2n71)
Xqnil(ﬁ_zfqnil)(z‘f—eﬁqnfl)
(1-¢")(1—eq"?) . -
(e )1 —eq 221 — ey O T2 (1+§q >

forn=1,2,3,..., which implies that

—1.
Hdk 2f n g (q’e?i,q)n< 2fq,— 961) , n=12.3,....
(eq,e:q)an 2fq’ "),

This leads to the orthogonality relation

5 (~52:9),

v (<2£9)" v (q"s a0 (a"39)

= (@9
(€:q)w w2 (@ea75q)n ( )
= -2 7 1 N 5 5mn
(—2f61;61)w( Hra (eq=',e;9)2n 2/~ fq 4

forO0<e<land0< —2fg<landm,n=0,1,2,....

2
CaseIVad. 0 < g<1,e<0and 0 < —f < 1. In this case we can use the same
weight function as above leading to the same orthogonality relation for e < 0 and
0 < —2fg < 1. This implies that this orthogonality relation holds for ¢ < 1 and
0<—-2fg< 1.

Then the special case e = abg” and 2f = —a leads to the orthogonality relation (for
0O<ag<landbg<1)

i bqq 9)"ym(4":9)yn(q":q)

b 3 ) ’ b >
:((l 4 q) anqnz (4,abg: ) (aq,b4;9)n Omn, m,n=0,1,2,...

(aq;q)w (abq,abq*;q)2n

for the little g-Jacobi polynomials.

The special case e = 0 and 2f = —a now leads to the orthogonality relation (for
O0<ag<l)
2
2 a}’l n
:9)vn(q"3q) = (@:)n(aq:q)n Omn, mn=0,1,2,...

v=0 (aq;q)e

for the little g-Laguerre polynomials.
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CaseIVaS.0 < g < 1,e < 0and f =0. Now we use the weight function

1 e \V v
W(IV)(xv;q)‘fzo = W (W) q(z),

Since o # 0 we set oo = 1. Then we have

=0 i

N N 1 e \V7' v ~
W(IV)(q lxv;CI)‘ (g 2xv) = (W) q( 2 ).eq2v 4
(_B’q)vfl

which vanishes for v = 0 if as before by using (1.8.6)

1 1 1
<7l;q)71 N (_E;q>1 :H_mzo — P

-1

oo

doi= S| o= 3, (0

v=0

4() = (e19) > 0.

Further we have by using (10.4.1), (10.4.2) and (10.4.3) with f =0 and § = —q’1

1— eqn—Z

_n+l n
dy=q"" (1 —¢q )(1 — e 3)(1— e 2)2(1 — eq? 1)
xq" ' (B-2fg"")(2f —eBq"")

— —eg?? (1-¢")(1—eq"?)
(1 _eq2n73)(1 _eq2n72)2(1 _ eq2n71) ?

n=0,1,2,...,
which implies that

T = (g2 L 5Dy
=1 (eq~ ' e59)2n’ T

This leads to the orthogonality relation

< (76)‘/ (‘2/) vy, v vy, v n 3n(n—1)/2 (qaeq_l;q)n
EO Gl (@":9)yn ' (4":q) = (e:9)(—€)"q eq 1 ea)m

fore <Oand m,n=0,1,2,....

The special case e = —agq leads to the orthogonality relation (for a > 0)
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s (aq)”
> g Gy(g":9)ya(g 1)
= (_aq;Q)manqn(3n71)/2M 6mn? m,n :Oa 1a27"'
(—a,—aq:q)on
for the g-Bessel polynomials.
Case V.g 20, a=0=0' and § =0 = 8. In section 10.4 we have seen that it is
possible to have positive-definite orthogonality for an infinite system of polynomials

in three different cases and that it is impossible to have positive-definite orthogonality
for a finite system of polynomials. Here we will only treat one case.

Case Va2.0 < g <1 and § > 0. We use the weight function
e

w¥) (x;q) = 0<]ql < 1.

)
X X
(5 5).

Then we have

_nx o
€q74x2+2f6172x+8_g(1 qz)( qz)
_ g

nx px. )
(% 2q)

which clearly vanishes for x — 4o since ;75 # 0. Hence we have for ¢*> < |71 < ¢,

@ < |p| < qand 175 > 0 (if 11,75 € R), or for » = 71 (if 11,7 ¢ R) by using
(1.15.13)

w¥ (g x5 9)p(g %) =

oo 1 (%fq’* ’,q_27,m;q)
d ;:/ —————dpx=(1- ;
v (m m.q) B (ﬂ B (G N N G
g q° 9> 9°n’ n’q’ q
Further we have by using e = 1 g

1
dnziq_2n+3(1_qn)a n:172737"'a

which implies that

n 1 n
dk = <—> qin(niz) q9:9)n, nN= 172737""
kl:[l Ny (4:9)

This leads to the orthogonality relation
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l n
== > —n(n=2) 54 )n Omn
(1=4) A e N 772.(]) (m’z) q (4:9)n 6,
q n1).,

forg> < |nl<aq.¢* <|pl<gnp >0Gfn,n cR),orforp =7 (f y1,%» ¢ R)
and m,n=20,1,2,....

The special case e = ¢%, f = 0 and g = 1, which implies that y; = ig and p» = —ig,
leads to the orthogonality relation

= 1
T N 3q)yn(x:q)d,
| g ) der

s T 7_15_1,_ 7)o _n?
(lv —l,—q,1q,—L,1,1q,—1g, q)‘x‘
for the discrete g-Hermite II polynomials.

Case VL. g £ 0, . = 0 = o and 8 # O respectively B’ # 0. In section 10.4 we have
seen that it is possible to have positive-definite orthogonality for an infinite system
of polynomials in four different cases and for a finite system of polynomials in six
different cases. Here we will only treat one infinite and one finite case.

Case VIal/2.0 < g < 1, f*> < eg or f*> > eg with % > —1and % > —1. We use
the weight function
VI (—%;q)
W (x;q) = =, 0<[q <1
nx px.
(77756] -

Then we have

WD (g ) (g ) = (y ) (eq ¥ +2fq *x+g)
i rq
_ ), (1-2) (1-22)
(le M;q> 7 7

N\ 8 e
nx rpx. &
Ta T’q
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which vanishes for x — oo since 71> # 0. Since 8 # 0 it also vanishes for x = —gq/f.
Hence we have for 5 > 0, @ <|nl<q ¢ <|pl<gandyp >0(Gfynp eR),or

B

for % >0and p =7 (if 71,7 ¢ R) by using (1.15.12)

_ Bax. g1 _B _nwns _ Bg*.

o ( g ,Q)m (qa ﬁa g’ ﬁq ) y”,zg,q)m

doi= [ L= dpx=(1-g) 1 > 0.
7‘l<mm.q) (_M_Mﬂq % g )

B Bran g nd

Further we have by using e = 1 g

B )2 aniS o ( ylgq"—l)( ngq"“>
d, = 1— 1+ 1+ ., o n=1,273,...,
(ng ¢ =d) B B

which implies that

L B >2n —n(2 _3)( ng  ng >
di = n(2n —He o) n=1,2,3,....
M= () 7 (o3 50),

This leads to the orthogonality relation

/w (7%”])00 v v

& W)}m (X;q)yn (X;q)dqx

~(1-q) ‘
1 (_M_Mﬁﬁﬁﬁ.)
B B,q”,q’ﬁ,qw
B >2n (23)( 1§ 18 )

X g ") g, -2 -2 ) S, mun=0,1,2,...

(%ng g B), ™
for%>0,q2<\}/1\<q,q2<|yz|<qand}/1y2>0(ifyl,y2eR),orfor%>0and
r="n(fn,7n¢R).
CaseVIb5.0<q<1and%§%<—lwith %qN*l<—1§%qN.Weuse

the weight function

W(Vl)(xv;q) _ (%’%W)v.

Then we have
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/N

N3
BN
~
T

wD (g xvs9)p(q 2xy) = (gt +2fq"* +g)

| =
|

o | =k
LS

~——

<

NS
Q
~——
<

/
Y=

g(1-71g"2) (1-pg"?)

|
—_

< 2
~— <
<

|
w[®| o
o .
Q ~—

Q=

|
(1=
<

=7 N &
1 )vfl

which vanishes for v = 0 if we have by using (1.8.6)

og

1 (BN .. B _
(é;q)f(‘w>f1%‘° P

el

It also vanishes for v =N+ 1 if = = g, Hence we take J» = ¢~ V*! and obtain by

q
using (1.11.5) with x, = ¢¥ for y; >0

N (L,g7N:q N
dO*ZW (xv;q Z(q ) qv<%) > 0.

= (a)v

Further we have

NN 2
d”:(qv_n) (=) (1-ng"?) (1-¢""1), n=123..,

which implies that

n N\ 2n
Hdk:<q—) g ") (q,ﬂ,q’v;q> , n=123,....
k=1 N q n

This leads to the orthogonality relation

o (2.0%)
Z‘O qqq)

N 2n
=<ﬂ> (q—) g " (q,ﬁ,qN;q) O, m,n=0,1,2,....N
q n q n

for y1 > 0.

(v

A vy (g%

q":q)
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Case VIL g £ 0 and o # 0 respectively o # 0. In section 10.4 we have seen that it is
possible to have positive-definite orthogonality for an infinite system of polynomials

in three different cases and for a finite system of polynomials in eight different cases.
Here we will only treat two infinite cases.

Case VIIal.0 < g < 1,e< 1, 6;,6, € Rand
(21" "+ 81eg™ 2+ &) (2fq" " + 81 + Sreg™ ) <0, n=1,23,....

We use the weight function

Then we have

wV (g7 %9)p(q %) =

"8,
) _

which clearly vanishes for both x = ;¢ and x = d,¢. Hence we have for 6; < &,

% <1, % <1,m6 <1,118: < 1,18, <1and 0 < 1byusing (1.15.11)
1
X X, () .
) /ézq (3.3:9)_ o )(q,%—f,gmyzslaz,q)m )
= 2 dx=(6— — > 0.
* Jsig (W“,%;Q) ! VT 8 16 1 p6g).

Further we have for 8,6, = g < 0 by using e = ¥11016;, (10.4.1), (10.4.2) and
(10.4.3)

dy = ~818:4" (1= )
1—7179618¢" 2
(1=n70616¢*3)(1 = 11718162¢°" )2 (1 = 11261 62¢*" 1)
x (1=n61g" ") (1-16q" ") (1-pdig" ") (1-n&e"")

forn=1,2,3,..., which implies that

X
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n n (n+3)/2 (¢: 1P &q_l;Q)n .
Hdk o) (11816247, 111261823 9) 2 (101,10, 101, 120224)n

forn=1,2,3,.... This leads to the orthogonality relation

=

, i’ ) 00 ™ (v ) dyx

/524 (
—ym
Siq (717, qx;q)

[ .
<CI7%2_1qa5|2_q7y1’y26162,q>m 5 62)nqn(n+3)/2
(181,18, 101, po2q).,

(qa ! Y251 62q_1;q)n .
(N1261847", 11712618 9)2n (161,716,161, 12629),, 6

Y} Sig
<1,
5 5

=

= (62— 01)q(1—q)

for 6; < 0 < &, <1, o<1, o<1, pé <1, pdb <1 and

mn=0,1,2,....

The special case y1 = g, » = bg/c, 8 = ¢ and & = a leads to the orthogonality
relation (for 0 < ag < 1,0 < bg < 1 and ¢ < 0)

/Caq % (x;q)yn(x; q) dqx

q (x’?’q)m

(g.ac™'q,a " cq,abg*:q)_,

o 1 — )t n(nt3)/2
(a=clg(1 =) (aq,bq,cq,abc1q;q)., (ac)q
,abgq; -
%(a%b%c%abc 16];61),15»"“ m,n=0,1,2,...
P} ) n

for the big g-Jacobi polynomials.

The special case y; = ¢, » =0, 8; = b and &, = a leads to the orthogonality relation
(forO0<ag < 1and b <0)

aq ﬁ’ i;q -
/b (”Ex.bi)ym(x;q)yn(xm dgx

(g,ab~'q,a'bg;q)
=(a—>b)q(l—gq =
(a—b)q(1—q) (@a.b3.9)-

X (—ab)"q"(”H)/z(q;q)n(aq,bq;q)n Omn, myn=0,1,2,...

for the big g-Laguerre polynomials.

The special case 1 = % =0, 8§ = a/q and & = 1/q leads to the orthogonality
relation (for a < 0)
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1
qx
/ (qx,;;q) Y (X3q)yn (X; q) dygx
; -

n

= (1 _a)(l _Q)(%aqvailq;Q)w(_a)nq(Z) (q;Q)n 6mﬂ> m,n = O, 1,2, tee

for the Al-Salam-Carlitz I polynomials.

The special case 3 = =0, § = —1/q and & = 1/q leads to the orthogonality
relation

/_ 11 (g%, —4x:9)c Y (X:q) yn (x:q) dgx
=2(1-9)(¢:~4,~4:0)q® (@) S, mn=0,1,2,...
for the discrete g-Hermite I polynomials.
Case VIIa2.¢ > 1,¢<0, 6,0 cRord =& and
(2fq" " +81eq® 2+ &) (2f g + 81+ 8reg”2) >0, n=1,23,....

1

We write ¢ = p~, which implies that 0 < p < 1, and use the weight function

(vir) (x:p) = (V1p2x, »pix; p),)o

; , 0<|pl<1.
px px,
<6f’%’p>m

w

Then we have

(vip’x, pp’x;p)

VI (px; p)o(pPx) = ( ) ~(ep** +2fp*x+g)

(
w
Px pix,

&8 Ny

npx,ppixp).,
) | 1( ) | 'g(l—}qux) (1—72p2x)

2 2
p~x p-x.
& &P

(vip*x,20%x;p)
2 2 '8
p°x p-x.
(61’%’P>m

which clearly vanishes for x — oo if 71 = 95 = 0, which implies that e = f = 0.
Then we have for p < |6{| < 1, p < |8}| < 1 and §{8; = g > 0 by using (1.15.13)

2 58!
(p7_p7_17_ﬁ5_%’p)

° 1
dO ::/ px px dpx:(l_p) 4 P / /P 4 / /
= (& 50). (4488445 -3)

> 0.

Further we have fory; = =0andg=p !
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~§ 8" (1 —q") =8&p 1 —-p"), n=123,...,

which implies that
Hdk V' (pip)ay m=1,23,....
This leads to the orthogonality relation

= 1

/ ) (i p) dpx

px px
(5/ 3 5/ ,P)

2 86
(177_17’_1’_%7 2’p>

%7_5ﬁf751/7 6]/a5/7 5_2/76£7_6£’p>

=(1-p) ( (8183)" P~ (p: p)

forp<|6]]<1,p<|8)|<1,8{8;=g>0andm,n=0,1,2,....

The special case 8] = —ip and &) = ip, which implies that §]8; = p? > 0, leads to
the orthogonality relation

/ ) %ym(x;p)yn(x;p)dpx

—oo (X, —IX; D)oo
(Pv_P7_17_1a_P§P)oo

)
— 0 P )4 " (p;p)namm mn=0,1,2,...
_la_lpvlp7_lalalp7_lp’p)""

= 1 —
(I1-p) 0
for the discrete g-Hermite II polynomials.

Alternatively, we use the weight function

2—v 2—v.
P pp
w (xy1p) = o P ),:21 v )V~
( 5/ s 5/ ,P>

For 1 = y» = 0, which implies that e = f = 0, we have by using (1.8.14)

i (.. . 1 (5{52/)‘/172(;)
(XV,p) = pl—v pl—v_ = (5/ 5/p)
(T{’Té’p>v by
Then we have
(8185)-1p3("2")

W(VII)(
(61/’ 6£’p) v—1

pxvip)@(pPxy) = v
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which vanishes for v = 0 if ] = p or §; = p. Hence we have by using (1.11.8) with
oy =pandx, =p "V for0< g <1

. win o (61)" 2() 1
o= 2 wir Z‘ (8. 7:p), (8P 0

Further we have for y = =0, 8 = p,g=p !

dﬂ = 751,52/('1"—"—1(1 7qn) = 6llp_2n(1 7pn)’ n= 132737“'a

which implies that

n

Hdk = (5{)"1)7”(”1)(p;p)n7 n=1,2.73,....
k=1

This leads to the orthogonality relation

had (2) 1
VII - Vi, _
3! " () = s (8 () B
a ( pp p) (61:p)-
for0 < ) <landm,n=0,1,2,....
The special case 8] = ap leads to the orthogonality relation (for 0 < ap < 1)

= (ap)’p*2)
Z ap)’p”2 Ym(p~Vsp)yn(p~Vip) = (ap;lp) @' p" (D3 P)n G

= (p,ap; p)

withm,n=0,1,2,..., for the Al-Salam-Carlitz II polynomials.

We remark that we cannot take 6; = —p in order to obtain an orthogonality relation
for the discrete g-Hermite II polynomials, since then we have 88, = —p* < 0.



Chapter 11

Orthogonal Polynomial Solutions in ¢~ of
g-Difference Equations

Classical g-Orthogonal Polynomials 11

11.1 Polynomial Solutions in g~ of g-Difference Equations

In the case that @ =0, ¢ > 0 and ¢ # 1 we might replace ¢ by ¢! in (3.2.1) and then
replace x by ¢7*. Then we have

fla N —f@™ _ flaH—flg™)
g =g g1 (1—q)

(21/0f) (@) = . >0, g#1.

In this case the eigenvalue problem reads (cf. (10.1.1))

(eq > + 2fq’)‘ +8) (9 f/qyn> (¢)+(2eq " +7) (Dr/g9n) (47)

- q(;q S {eq(1—g ") —2e(1—q) }yu(qg™ ") (11.1.1)
forn=20,1,2,.... This can also be written in the symmetric form
A*(x)ynlg ™) = {A"(x) +B* ()} yalg ’x)+B*( Jyn(g ")
:(q”—l){eq(l—cf”Jrl —2e(1—q)}yalg™ (11.1.2)

forn=0,1,2,..., with

A*(x) = e +2f¢" " + g4
and
B'(x) = eq—2e(1—q)+{2f¢—v(1-q)}¢" ' +g4™ .
The regularity condition (2.3.3) implies that € # 0.

R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their q-Analogues, 323
Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-05014-5_11, © Springer-Verlag Berlin Heidelberg 2010
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It will turn out to be convenient to introduce (cf. (10.1.3))
o :=eq—2e(l—¢qg) and B*:=2fq—y(1—q). (11.1.3)
Then we have
A*(x) =eq® +2f¢ +g¢% and B*(x) =o'+ B¢ +gg® ", (11.14)

where e, f,g,0*, * € C. In view of the homogeneity, one of the coefficients can
be chosen arbitrarily. In this chapter, without loss of generality we may assume that
a* € R. In section 11.6 we will see that this implies that all coefficients e, f, g, *
and B* must be real.

11.2 The Basic Hypergeometric Representation
We try to find solutions of the form

Zank g HF(1—q)f, aun#0, n=0,1,2,... (11.2.1)
(q 9k

for (11.1.2) with ¢ # 0. Substitution of (11.2.1) into (11.1.2) leads to a three-term
recurrence relation (cf. (2.4.4)) for the coefficients {an’k}zzo. If ¢ satisfies the relation
(cf. (2.4.5))

a*qc® —Be+g=0 (11.2.2)

the recurrence relation reduces to the two-term recurrence relation (cf. (2.4.7))

[n—k] (Ot* — ecf”*kH) Clpj = g {ecch]”rl —2fc+gq"! } anpy1 (11.2.3)

fork=n—1,n—2,n—3,...,0andn=1,2,3,... for a, . In this case the regularity
condition (2.3.3) implies that

a—eq "1 £0, n=0,1,2,.... (11.2.4)

This implies that all coefficients a, ; are uniquely determined in terms of ay, ,( 0)
provided that ¢ # 0. In fact we have

—k ec2q—n+l+1 2fc+gqn—i—1
Ay k = — — Apn-
" ,1:[1 [ (0*q" T —eq+2)c )"

In order to have monic polynomials we choose

- -(3) — (q;Q)n -
anpn = [n]lq ()74(1—61)"6] ()
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Hence, by using (10.2.5) we obtain

n—k ,.2 —n+i+l n—i—1 —n. n
i = ( ec’q 2fct+8q ) (4" 9k (—1)kg ()~ () +nk,

Pl Ot*q"_i _ eq—n+2 (1 _ q)kcn—k

If e =0 we have a* = —2¢(1 —¢g) # 0 and

H (a*qnfi _ eq7n+2) — (a*)n—k q(nfk)(nJrkfl)/Z.

Case L. If e= f =0 and g # 0 we have o* = —2¢(1 —g) # 0 and

k
(ec2q7n+l+l —2fc+ gqnfzfl) _ gnfkq(nfk)(nJrka)/Z.

n

Hence for e = f = 0 and g # 0 the monic polynomials can be written as

0, —x. _ n 7(3) n (C]_n;CI)k(_C_lq_x;CI)k 7(,2() _a*c2qn+l k
il a) ( ) K gb (@:9)« I ( g )

n —n -1, ,—x * .2 n+1
8 —(r q ,—¢ q acq
orcq — 8

forn=0,1,2,.... The g-polynomials in this class have, besides ¢, one free parameter
o*/g (g #£0)org/a* (o* #0). Special cases of g-polynomials in this class are the
Al-Salam-Carlitz I and II polynomials with one free parameter and the discrete
g-Hermite I and II polynomials with no free parameters.

o*cq

Case IL. If e = 0 and f # 0 we have a* = —2¢(1 — ¢) # 0 and by using (1.8.12)
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n—k

n—k
H (eCZq—VH-H-l _2fc+gqn—i—l) _ (_zfc)n—kH (1 o 2ifcqn—t—l>
i=1

i=1
— (_ n—k ([ _8 k.
= (=2fc) (2fcqq ,q)nk

(e#7:9),
(h5:9),

Hence for e = 0 and f # 0 the monic polynomials can be written as

an, —x. _ (_2f Ay 22
yn (q ,q)—( a*> <2fcq,q>nq 2)

5 (g~ gV (a*cq">k
k=0 (zf;cq;q)k(q;@k 2f

< 2f >"< g ) (P q—n’_c—lq—x OC*an
Ea U— .q 291 o 5 q,
o] 2feq’" ), 2;cq 2f

for n =0,1,2,.... The g-polynomials in this class have, besides g, two free pa-
rameters o*/f and g/f (f #0) or f/a* and g/o* (o* # 0). Special cases of
g-polynomials in this class are the g-Meixner polynomials and the quantum g-
Krawtchouk polynomials with two free parameters each and the g-Charlier poly-
nomials with only one free parameter.

= (=2fe)"*

X

Case IIL If e # 0 we have

n—k

H (ec2q—l’l+i+1 72fc+gqn—i—1)
i=1

—k
_ nH {ec2q—n+i+1 <1 _ %qn—i—l + qun—Qi—2> }
i=1

ec ec?

n—k
_ (ECZ)nfkqf(nfk)(n+k73)/2H{(1 +C71§1qn7i71) (1 +C71€2qn7i71)}7

i=1
where £1&, = g/e and &| + &, = —2f/e. This implies that for 2 > eg

) e eV ]

Note that for g # 0 we have that & =7, ' and & = 7, ' with yip =e/gand i+ =
—2f/g and therefore for f> > eg
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"= —f—\/gﬂ—eg and 7 — —f+\/gf2—eg

as in the previous chapter. In the case that > < eg we have both 15 =7 and &, = a

Hence for e # 0 the monic polynomials can be written as

(), —x. (=c)" S —lg k-1 —1g k-1,
ymo(G759) = o D, (—C Sig,—c &g ,q)
(%a"%49), =0 nt
o (=g )
% (_qn 2;q> ( ) ( . ) qk
e k (Q’Q)k
(—c ‘g7, —c g ),

(%q24q),

g, _cfqux7 aT*qth
X 54,
3 <—01§1t]17—c'§26]1 +d
for n =0,1,2,.... The g-polynomials in this class have, besides ¢, three free pa-
rameters &1, & and o* /e (e # 0). Special cases of g-polynomials in this class are

the g-Hahn polynomials with three free parameters and the g-Krawtchouk and the
affine g-Krawtchouk polynomials with two free parameters each.

= (e

Now we have:

Theorem 11.1. All orthogonal polynomial solutions y,(q~*) of the g-
difference equation (11.1.2)

(e +2f4" +24™) yalg™")
—{eq® +2fq" +8a” + 0" + B¢ +2g™  Fyalg ™)
+ ((X* +ﬁ*qx—1 +gq2x—1)yn(q—x+1)
=(¢"-1) (a* — eq‘””) yu(g ™), n=0,1,2,...,
where o := eq —2e(1 —q) and B* := 2fq— y(1 — q), can be divided into
three different cases:
Casel. e=f=0and g #0
Casell. e =0 and f # 0

Case Il e # 0.
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11.3 The Three-Term Recurrence Relation

Analogous to section 10.3 we obtain for the monic polynomial solutions of (11.1.1)
the three-term recurrence relation

Ynt1(q ) = (g =ca)yn(q ™) —dnyn1(g ™), n=1,2,3,... (11.3.1)
with initial values yo(¢—) = 1 and y(¢*) = ¢ ¥ — co where ¢o = —y/2eq. If we
replace ¢ by ¢! we find by using (10.1.3) and (11.1.3) that

a=e+2e(l—q) — e+2e(l—q )= (eq—2e(1—¢q))g ' =a*q"!
and

B=2f+11-q) — 2f+y(l—¢")=Q2fqg—v(1-9)q ' =p"¢".
Further we obtain from (10.3.2) and (10.3.3) that co = —(2fg — B*)/(eq — a*)q,

2f{0£*6171 o a*q71(1 +q’1)q’”—|—eq’2"+l}
qn ((X*qil _ eq72n+2) (O{*qil _ eq72n)
ﬂ*qu {a*q71 —e(l +q71)q7n+2+eq72n+1}
qn ((X*q71 _ eq72n+2) (a*q*l _ equn)
_ 2fq{arq—o*(1+q)g " +eq "}
qn+1 (O(* _ eq72n+3) (Ot* _ eq72n+1)
B*{o* —e(14+q)g "2 +eq *"2}

T (o — eq=273) (o — eq—2nH1) (11.3.2)

Cp =

forn=1,2,3,... and

qfnfl (1 _q7n> (Ot*qil _eq7n+2)

(g1 —eq=2+3) (o*g~ 1 — eq=2+2)? (g~ — eq—27t1)
% {qfnJrl(B*qf] _2fq7n+l>(2fa*qfl _eﬁ*qfqurﬂrl)
_g(a*qfl _eq72n+2)2}
qfn (1 7q7n) (OC* - eq7n+3)
- (o — eq=2n+4) (a* — eq72n+3)2 (0% — eq—2n+2)
% {q—n+1 (ﬂ* _qu—n+2) (2f06* _eﬁ*q—n-H)

—g (o feq—2n+3)2} (11.3.3)

dy =

forn=1,2,3,....
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11.4 Orthogonality and the Self-Adjoint Operator Equation

In this section we will use the following form of Hahn’s g-operator (cf. (3.2.1))

(gl/qf> (qix) = (vQ{l/q,Of) (qix)

—x—1y _ —x
_flg)—rq ), >0, g#1, (11.4.1)

qfxfl _ qfx

where f is a complex-valued function in ¢~ whose domain contains both g™ and
g~ for each x € R. For two such functions f; and f, the product rule (3.2.2) reads

(Z14(f1.12)) (@)
= (21/u11) @) a )+ fila ) (D1 f2) (7). (11.4.2)

Analogous to (3.2.3) and (3.2.4) we now define

(Aaf) @) =Flg* ")

and  f(q™) = (5’7; ) (¢ =flg™h. (11.4.3)
As in section 3.2

(1/a%) (a7 )0la™) (Z80m) (™)
+(10w) (@ WG (Prjg9) (a7 = 2 (Frsg9) (a7) (S sq0) (a7)

where 4, = g(¢" — 1) {eq(1 —¢"*") —2e(1-q)} /(¢ —1)*,
Pl ) =eq ¥ +2fqg " +g and y(g ) =2eq *+y
leads to the self-adjoint form
(211 WOZ1/qyn)) (@) = A (L1/gw) (47) (S1/q¥n) (a7 (11.4.4)
if the Pearson operator equation
(Z1/49) (a7) = (L1w) (@ )W (g™) (11.4.5)

holds. By using the product rule (11.4.2), we find that

(P)gw®) () = Blg™) "L
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Note that the right-hand side of (11.4.5) can be written in the form w(g™*~1)w(g ™).
Hence (11.4.5) becomes

wig )9 ) =wlg™ ) {eld™) ~wlg g™ —a )} (11.4.6)

Further we have from (2.2.13) with w =0

Cl) = e +2fqx+gq’ _ q(e/@+2/x/9+8) _ qp(x/a) _ AW
q(g—1)x? (g—1)%2 (=122 gqlg—1)%x%’

1

where A(x) = ex? +2fqx + gq*. If we replace ¢ by ¢~
that

and then x by ¢, we obtain

q e
(1—¢q)? (I—q)

Moreover, we also find from (2.2.13) with w = 0 that

= AW

(g +2fd" +gq™) = =t

5¢(q

yix) 1

D(gx) = qC(gx) — T {o(x)+ (1 —g)xy(x)}.

1

If we replace g by ¢~ and then x by ¢, the latter becomes

2x+2
q

(1-¢q)?
2x+2

= =gl -0-aa wia ™)},

{o(@)+(1—qg g w(g™)}

Note that

B*(x) = eq+2fq" +gq™ ' — (1-q)2e +v¢ ")
=" (g ) = (1=q)g" "w(g™).
Hence
gB (x+1) =" {o(g ") - (1—q)g 'w(g™}.
This implies that

q2x+2

(1—9)?

Hence the Pearson equation (11.4.5) is equivalent to

{0l = (-9 wlg ™)} = 5B (e ).

gw(g M)A (x) =w(qg ™ "B*(x+1). (11.4.7)

Now we multiply (11.4.4) by (% /,ym) (¢*) and subtract from the resulting

equation the same equation with m and n exchanged. Then we apply 5”]’/; to the
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result and use the commutation relation (cf. (2.5.3))
—1 _ -1 -1
Yl/qgl/q =q —@1/45’1/4 (11.4.8)

to find that

(ln - lm)W(q_X))’m (q_x)yn (q_x)
=4 (P1a 7 W8P 143) ) (4 ymlg ™)

~a " (Za )y (921 10m) ) (a7l ™).

As before this leads to two kinds of orthogonality.

A. Consider the interval (a,b) on the real line and the g-integration by parts formula
(cf. (3.2.10))

[ @) (a9t
= {fl(qfx)fz(qfx)}z—/ub (L170/1) (@) (D1jgf2) (@) dgx (11.4.9)

for arbitrary complex-valued functions fi and f> which are g-integrable on the inter-
val (a,b). Then we have

()yn — ),m) ./ab W(qix)ym(qix))’n (qix) dl]x
= ((757008)) @ {(F17 (1) ) (¢ mla™)
(A D)) lamla )}

In view of the regularity condition (11.2.4), we have A, # A,, for m # n. So we have

Theorem 11.2. Let {y,};;_, denote the polynomial solutions of the eigenvalue prob-
lem (11.1.1), let the regularity condition (11.2.4) hold for n =0,1,2,... and let w
denote a complex valued function which is g-integrable on the interval (a,b) on the
real line and which satisfies the Pearson operator equation (11.4.5). Then we have
the orthogonality relation

b
/ w(g ™ )m(g (g ¥)dgx=0, m#n, mne{0,1,2,...}  (11.4.10)
with weight function w if the boundary conditions
(‘y a (W‘ﬁ)) (") =0 and (YQ;(W@)) (@?) =0 (11.4.11)

hold. Here a continuous extension of wQ might be necessary.
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If the necessary convergence conditions hold, the integral in (11.4.10) can also be
taken over (a, o), (—oo,b) or (—eo, o) with appropriate boundary conditions.

B. For N € {1,2,3,...} we consider the set of points
xy:=Aq"Y, AeC, v=0,1,2,....N+1. (11.4.12)

Then we have the summation by parts formula

M=

(Z1/qf1) () f2(v) (g7 (1= q)xv)

0

I
—_— <
=

N+1

(w0) ()]

v=0

N

Z (L1a11) (50) (P10 f2) () (¢ (1= q)xy)  (11.4.13)
for arbitrary complex-valued functions f; and f; in ¢~ whose domain contains the
set of points {x, }V_,. Hence we have

N

z xv Ym Xy Yn(x\/) (q_l(l 7q)xV)

—q"! ( (x;q(wq))) () { (S0 (Drg90) ) (xeDymv)
- (yﬁé (@]/q)’m)> (xv)yn(xv)} )N+1

In view of the regularity condition (11.2.4), we have A,, # A, for m # n. So we have

v=0"

Theorem 11.3. Let {y,};;_, denote the polynomial solutions of the eigenvalue prob-
lem (11.1.1), let the regularity condition (11.2.4) hold for n =0,1,2,... and let w
denote a function whose domain contains the set of points {xv}]‘\,fi(i and that satisfies
the Pearson operator equation (11.4.5). Then we have the orthogonality relation

N
> w(xy)ym(xv)yn(xv)xy =0, m#n, mne{0,1,2,....N} (11.4.14)
v=0

if the boundary conditions

(y17;(w6)> (x0) =0 and (5’17;(14@)) (xn11) =0 (11.4.15)

hold. Here a continuous extension of w might be necessary.
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11.5 Rodrigues Formulas

We start with the self-adjoint operator equation (cf. (11.4.4))
(217 (w (#729) (Z1jawn)) ) (a7
=2 (F1/gw) (@) (F1)gn) (47 (11.5.1)

We apply the operator 71 /g O0 both sides of (11.5.1) and use (11.4.8) and the fact
that Ao = 0 to obtain

(-@1/4 ((yl/qw> (yl/q )5”17; (gl/an))> (g
=q(A = X0)w(g *)ynlg ™).

This formula can be generalized to

@W ((yl/qw) {H (i) } . (@;«/qyn))) )

= 6]()m - )kal)
k+1 = i—1 k+1 (k-1
—_ —i— —X
(yl/q ) 11 (yl/q (P) yl/q (gl/q ) O]
=
for k =1,2,3,.... This can be proved by using induction similar to the situation in

section 3.4.
If we assume that the polynomials {y,} , are monic, id est ( 7 /q)’n> (g7 =

q7(2) [n]!, and the regularity condition (11.2.4) holds, then we have the Rodrigues

formula
1/4{( 1/g" )H( 1/q )H (@) (11.5.2)

k=1

=

K,

yalg™) = wg

forn=1,2,3,..., where

R N = S _
K, = ("“)H/l—/l , n=1273,.... (11.5.3)

g\ 2/ k=1"1 n—k
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11.6 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

Again we will use Favard’s theorem (theorem 3.1) to conclude that there exist posi-
tive definite orthogonal polynomial solutions iff ¢, € R forn =0,1,2,... and d, >0
forall n =1,2,3,.... In section 11.3 we have obtained

2fq{otq—o*(1+q)qg " +eq >}
Cch=—
n anrl (06* _ eq72n+3) ((X* _ eq72n+l)
B* {Ot* 76(1 +q)q—11+2+eq—2n+2}
- qn+1 (OC* _ eq72n+3) (OZ* _ eq72n+l)

forn=0,1,2,... and

g "(1—gq") (" —eq ")

dy = .
(OC* _ eq72n+4) (OC* _ eq72n+3) (OC* _ eq72n+2)
% {q—n+1 (/3* _qu—n+2) (ZfOC* _eﬁ*q—n-H) —g (06* _eq—2n+3)2}
forn=1,2,3,.... Now we write

di=q"(1—g")DDY = - (1 —gHD'DP, n=1,2,3,... (11.6.1)

with
* —n+3
p = @ —eq C on=1,23,... (11.62)
((X* _ eq72n+4) (OC* _ eq72n+3) ((X* _ eq72n+2)
and

DY) =g (B* —2fg ") (2f 0" — eBq ") —g (0" —eq )T (11.63)

forn=1,2,3,....

Case L. ¢ = f =0 and g # 0. Then we have o* = —2¢(1 — ¢) # 0 and

B*
Cn:—W, n:(),l,Z,....
Further we have
d,,:cfz”(l—q")%, n=1,2,3,.... (11.6.4)

Note that ¢, € R for n =0,1,2,... implies that we must have f*/a* € R and that
positive-definite orthogonality for an infinite system of polynomials occurs for g(1 —
q")/a* > 0. Since a* € R this implies that B* € R and g € R. Now we have:
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Case1a1.0<q<1,e=f=0,g7é0and%>o.

CaseIaZ.q>1,e:f:0,g7éOand%<0.

In this case we have no finite systems of positive-definite orthogonal polynomials.

Case IL. ¢ =0 and f # 0. Then we have o* = —2¢(1 —¢) # 0 and

2f(1 +q_qn+l) —ﬁ*61”71

pn , n=0,1,2,...

¢, =
and forn =1,2,3,...
= q(((x#{zf BT —2fq ) —gat}
= - {1-Fr )
_ (i’:)zq“‘””(lq”)( ;1} " 1> <1’;2fgqn—2), (11.6.5)

mm=ao" and mNq+Mng=p"

where

Note that we have |
2f—B'q _2fq— B

o o*q

€0 =

and
_2f(0+q—q?)—B*  2fq—B*  2f(1—q*)
a1 = ) - * 2 + * 42 :
o q oaq o q

It can be shown that

2fq—B* 2f(1+q)(1—4¢"
Cn = f*q n+ﬁl + f( z)(Zn q)’ n:0’172

g o q
Now ¢p € R and ¢; € R implies that 2f/o* € R and also B*/a* € R. Since a* € R
this implies that we also have f € R and B* € R. Then we must also have g € R since
d, € R.

In the case that (8*)? < 4ga*q we have

/3* M3 _ <1 ﬁ* >2+4ga*q—(ﬁ*)2qzn4

+_ 47 162

2f 4f2 >0
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for all n = 1,2,3,.... This implies that d,, > 0 for all n = 1,2,3,... in the case that
0<g<1and (B*)? < 4ga*q and that d, < 0 for all n = 1,2,3,... in the case that
g>1and (B*)? < 4ga*q.

In the case that (8*)? > 4ga*q we have

* /(B2 —4garq * )2 —4go*
n =P (Bz) 899 g my = BIFV(B) —dgarg
q 28

Note that for 0 < ¢ < 1 we have ¢~ #"*3(1 —¢") > 0 forn =1,2,3,... and for g > 1
we have ¢ "3 (1 —¢") < Oforn=1,2,3,....

For 0 < g < 1 we must have

_m n—1 _%an —
(1 2fq )(1 qu )>07 n=1,2,3,...,

which implies that both

M -1 Mg .-
1—— 0 d 1-—=—= 0 =1,2,3,...
2fq > a'n 2f q > b) n b b b b)
. M . . Uit 28
since g" — O for n — oo. For n =1 this reads ﬁ < 1 and m < 1. And, as before,

this implies that

_m n—1 _%1172
(15 ) (1) 0

holds foralln =1,2,3,....

For ¢ > 1 we must have

M a1 Mg .2
1—— 1--= 0 =1,2,3,...
< zfq )( zfq )< ) n b) b) b) )

which implies that either

m n—1 8 n—2
1—— 0 d 1—-— 0 =1,2,3,...
zfq < an zfq > ) n ) ) ) )
or
M - Mg 2
1—— 0 d 1-—= 0 =1,2,3,....
2fq > an 2.fq < b) n b b b
This implies that we must either have m > 1 and Mg <0, or m < 0and g > 1.

2f 2fq 2f 2fq
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Hence we have positive-definite orthogonality for an infinite system of polynomials
in the following four cases:

Casellal.0 < g<1,e=0, f#0, (B*)? < 4ga*q.

Casella2.0<g<1,e=0, f#0, (B*)* > 4ga* q,ﬁ<1and%<1

Casella3.g > 1,e=0, f #0, (B*)? > 4ga*q, M > 1 and 28 <0.

2f 2f

Case llad. g > 1,¢=0, 1 #0, (8 > 4gaq, 5 < 0and 78 > 1.

In an analogous way we can show that it is also possible to have positive-definite
orthogonality for finite systems of N + 1 polynomials with N € {1,2,3,...} in the
following three cases:

711 ol I mg
CaseIIbl.0< g < 1,e=0, f¢0—>1W1th—qN1 1=
2f 277 v 2fq

with 128 <1< 7728qu andN:min(Nl,Ng).
27! 2
m m < M 28
IIb2. l,e= — < 1 with — d— 1.
CaseIIb2.g> 1, e O,f7é0,0<2f< with 774 _zqua >
n2g 7728 N—2 Mg N-1
CaseIIb3.g>1,e=0, f #0,0 < —— < 1 with —2¢q <1< —g¢q and
0 2fq 2f 2f
1
— > 1.
2f>

Case II1. ¢ # 0. Note that we have

2fq=p"  __2fq=p  (1-q)Qfo —efT)
q(a* —eq)’ P (or—eq7l)  ¢* (o —eq) (o* —eq™!)

co =

and

2fq—B*  (+g)1—g q°)(2fqo —eB*)
P —eq?) g (ar—eq!)(ar —eq3)
In fact, in general we have

2fq—B* (1+q)(1—q") (2fq" o —eB*)

qn+1(a* _ eq72n+l) q3n71 (O(* _ eq72rz+l) (OC* _ eq72n+3)

C) =

Cp =

forn=0,1,2,.... Further we have
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dy=—g2(1—g)D{'D? . n=123,... (11.6.6)
with
D(l) _ oF — eq7n+3
" (" — eq=2n4) (o* — eq72n+3)2 (aF —eq—21+2)
- e (11.67)

e (1—Zg2n4) (1— aT*qzns)z (1— Lg2n-2)
forn=1,2,3,...,and
D£l2) _ q—n+1 (ﬁ* —2fq_”+2) (ZfOC* _eﬁ*q—n+1) —g (a* _eq—2n+3)2 (11.6.8)
forn=1,2,3,.... For g =0 we have forn = 1,2,3,...
Dﬁlz) — qfrH»l (ﬁ* _qu7n+2) (2fa* _eﬂ*qfnJrl)

_ _eq72n+2 (ﬁ* _ 2fq7n+2) (ﬁ* _ 2fea* qﬂ1> (1169)

and for g # 0 we have forn=1,2,3,...

DEIZ) = gt ([3* _qu—n+2) (Zfa* _eB*q—n—H) _g (oc* _eq—2n+3)2

= —eq_2”+2 {B* —2fq_"+2+§1q"_1 (Ot* _eq—2n+3)}
x {B* =2fq "+ &g (o —eq )}
_ _eq72n+2 {ﬁ* +§2eq7n+2+5106*q"71}
% {ﬂ*+§1eq7"+2+§206*q"71}
= _eq—2n+2 (1 +3§mzq"‘2) (mq+§zeq_"+2)
x (1+ &M ?) (mg+Eeqg "?), (11.6.10)

where as before 111, = a*, Nig+ Mg = B*, &1& = g/e and & + & = —2f /e,
which implies that for f2 > eg

e A AR/ ]

In the case that f2 < eg we have &, &, € C with & = &;. Finally, we remark that for
g #0and o* =0 we have

D}(12) _ _eq74n+6 {(ﬁ*qn72_f)2+eg_f2] , n=1,2,3,....

Hence, for g # 0 and a* = 0 we obtain that
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qn—3 n x n—2 2 2
dn:,eT(l,q){(ﬁq —f) Jregff}, n=12,3,....

This implies that in the case that > < eg we have d, < 0 for all n = 1,2,3,... for

0<g<landd,>0foralln=1,23,...forg > 1.In the case that > > eg we have
&,& eRand

==L =) (H%q’”) (H%q”z), n=1,23,....

dy

e

This eventually leads to some finite systems of orthogonal polynomials in the case
that 0 <g<1,g#0and " =0.

Note that for 0 < g < 1 we have g~>"(1 —¢") >0forn=1,2,3,... and for g > 1 we
have ¢~2"(1 —¢") <0forn=1,2,3,....

Analogous to the situation in the previous chapter (cf. table 10.2 on page 270) the

sign of Dﬁ,l) is given in table 11.1.

‘ q ’ extra conditions Dﬁ,l) for
O0<g<l1 e<0and a* > eq + | n=1,2,3,...
e>0and o* < eq — | n=1,2,3,...
of <eqg<Owithe < o*¢® <eq*| — [n=1,2,3,....N
0<eq<owitheg? < o*qg® <e| + |[n=1,2,3,...,N
g>1 e<0<a* + | n=1,2,3,...
a*<0<e — | n=1,2,3,...

eq< o <Owitheg? < a*¢®M <e| + [n=1,2,3,....N

0<a* <egwithe <a*¢g?™ <eq?| — [n=1,2,3,....N
a*<eqg<0 — | n=1,2,3,...
0<eg<of + | n=1,2,3,...

Table 11.1 sign of DY, N € {1,2,3,...}

Hence, for 0 < g < 1, e < 0 and a* > eq we must have DSLZ) < 0. In the case that

g = 0 this implies that we must have

(B* _zqurH»Z) (B* _ %fx*qnl> < 0’
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which is true for B* = 0 provided that a* > 0, and for §* # 0 if

7% —n+2 72f0(* n—1
(1 B )(1 B ><°’

which is true for all n = 1,2,3,... if and only if

2fq 2fo*
>1 and < 1.
B* ef*

Andfor0<g<1,e>0and 0" < eq we must have Ds,z) > 0. In the case that g =0
this implies that we must have

2 *
(B*—2fq"?) (13* SHe q”') <0,
e
which is true for B* = 0 provided that * < 0, and for 8* # 0 if

2f —n+2 2f(X* n—1
(1=Fre) (1) <o

which is true for all n = 1,2,3, ... if and only if

2f 2fo*
>1 and
B* ef*

< 1.

Similarly, for ¢ > 1, ¢ < 0 < o* we must have DS,2> > 0. In the case that g = 0 this

implies that we must have

2for*
(ﬁ*_zqurH»Z) (ﬁ*_%qnl) >O7

which is false for B* = 0. For B* # 0 we must have

2f _ni2 2fa”
() (- )

which is true for all n = 1,2,3... if and only if

2 2fo*
4y g X <,
B ep
For g > 1, 0 < eq < o* we must have D,(,z) > 0. In the case that g = 0 this implies
that we must have

(B*—2fq""?) (B* - %fx*q"‘l) <0,
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which is false for §* = 0. For §* # 0 we must have

7% —n+2 72f0(* n—1
(1 [ )(1 B ><°’

which is true for all n = 1,2, 3. .. if and only if

2fq 2fo*
<1 and
B* ef*

> 1.

And forg > 1, o* < eq < 0 we must have Dg,z) < 0. In the case that g = 0 this implies

that we must have

(B* _zqurH»Z) (ﬁ* _ %fx*qnl> < 0,

which is false for * = 0. For §* # 0 we must have

2f —n+2 Zfa* n—1
(o) o)

which is true for all n = 1,2,3... if and only if

2 2fo*
ﬁ<1 and fo

ﬁ* eﬁ*
For g > 1, a* <0 < e we must have quz) < 0. In the case that g = 0 this implies that
we must have

> 1.

([3* _2fq—n+2) (ﬁ* _ %fx*qn—l> > O,

which is false for B* = 0. For B* # 0 we must have

2f _np2 2fo”
() (- )

which is true for all n = 1,2,3... if and only if

2 2far
4y g HY <,
B ep

Finally, we remark that in the case that 0 < ¢ < 1 and g # 0 we have

—4n+6

DS,Z) ~ —gé’q for n— oo,
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which implies that D,(12) > 0 for all n = 1,2,3,... can only be true if g < 0 and that

DSLZ> < 0 for all n=1,2,3,... can only be true if g > 0. Similarly, in the case that
g > 1 and g # 0 we have

Df)w—g(oc*)2 for n— oo,

which implies that D,(lz) > 0foralln=1,2,3,... can only be true if g < 0 and that
DS,2> < Oforalln=1,2,3,... can only be true if g > 0.

Hence we conclude that we have positive-definite orthogonality for an infinite system
of polynomials, at least in the following nine cases:

CaseIllal.0<g<1,g=0,*=0ande <0< o*.

Casellla2.0<g<1,g=0,*=0and o* <0 <e.

CaseIMa3.0 < g<1,g=0,B*£0,e <0, a* > eq, gf>1adzfc;‘*<1.
CaseIIIa4.0<q<l,g:O,ﬁ*;&O,e>O,a*<eq,2ﬁéq>landzej;;i*<1.
CaseIIIaS.q>1,gzO,[3*7£0,e<0§a*,%L*q<landze];30i*SO.
Case Illa6. g > 1, g = 0, B* #0,0 < eq < ot*, %<1 di’}f».
CaseIlla7. ¢ > 1,g =0, B* £0, o* < eq < 0, ﬁf" 1and%ofj>l.
CaseIlla8. ¢ > 1,g =0, B* £0,a* <0 < e g" 1and2£3°i*go.

CaseIlla9. ¢ > 1,g#0, o =0and f? < eg.
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It is also possible to have positive-definite orthogonality for finite systems of polyno-
mials. We only consider the cases where g # 0 and o* = 0, and, for a* # 0, the cases
where D,(Il) has opposite sign for n = N and n = N 4 1 according to table 11.1. Skip-
ping the details, we conclude that we have positive-definite orthogonality, at least in

the following finite cases:

5113 M

Case IIIb1. 0 < ¢ < 1, g 0.0 =0 2P 1 i

89
&iB oy 8B _ | i 2P qjv272<_1§€2ﬁ g
8 849 8 8

2<-1<

and N = min(N;,N,),

&ip* -
89

Case IIIb2. 0<q<1—>0a =0, élﬁ 2 <

&_Bqul and &P
8 849

with

> —1.

Case IIIb3. 0 < ¢ < 1, —>0 a* =0, i’; < —1 with @Tﬂqﬁ”<—1 <
52—Bq]\]71 andi
g 8q

> —1.

©)

CaseIlIb4.0 < g < 1, o* < eq < 0 with e < a*¢*"N < eq* and D, > 0.

©)

Case ITIb5.0 < g < 1,0 < eq < a* with eq® < o*¢* < e and D, < 0.

Case ITIb6. ¢ > 1, eq < o < 0 with eq? < o*¢*N < e and p? > 0.
Case ITIb7. ¢ > 1,0 < o* < eq with e < o*¢*N < eq? and D£l2) <0.

We remark that it is also possible to have positive-definite orthogonality for finite
systems of N+ 1 polynomials with N € {1,2,3,...} in cases where DS,Z)

sign for n = N and n = N + 1. As an example we mention

has opposite

2 *
Case IIb8. ¢ > 1, g =0, B* £0, o* <0 < e, ﬂ<1 nd 0 < 29

B ep*

< 1 with

2f o 2fa |
e " <1< =—4""".
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11.7 Solutions of the g~ '-Pearson Equation

We look for solutions of the ¢~ !-Pearson equation (11.4.7)
qw(q A (x) =w(g ™ )B (x+1)
with
A*(x) = eq® +2fq" +g¢™ and B'(x+1)=o" + B¢ + g
Hence we have

w(g™)  B(x+1) o +B*q +gg*!
w(g™ 1) gA*(x)  qleq® +2f¢ ! +g¢>)

For simplicity we set y = ¢ *, which leads to

wly) o+ By gyt @y +By+eg (17.1)
w(g=ly)  qleq®>+2fqy~'+gv2) qleg®>y*+2fqy+¢g)

In order to find solutions of the ¢~ !-Pearson equation (11.7.1), we distinguish be-
tween 0 < g < 1 and ¢ > 1. For ¢ > 1 we set g = p~!, which implies that 0 < p < 1.
Then we have

wp®)  plor+B pF4+gp ™) pPty Brptl4g

w(pt)  ep 2 42fpT4gp T ep i42fpi g

Now we set z = p* for simplicity, which leads to

w(z)  o'p+Prpzt+g
w(pz) ep?22+2fplzt+g

(11.7.2)

We consider two types of solutions:

A. Continuous solutions for y € R in terms of (convergent) infinite products. For the
convergence of these infinite products we refer to the book [471] by L.J. Slater.

B. Discrete solutions for {y, }\_, with N — oo or {y, }5___., id est y, = Ag~" with
A€Candv=0,£1,£2,...,in terms of finite products. Note that y,_ | = g~ 'yy.
Without loss of generality we can choose A = 1 in each case.

The solutions are obtained in a similar way as in the previous chapter. In this chapter
some of the details (analogous to the previous chapter) are left for the reader.

Case I-A. ¢ = f =0 and g # 0. From (11.7.1) we have
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wy) oy +Byteq By ey <1+W> <1+’72y>
w(g~ly) 8q g4 &q g q )’

where 111, = o* and 11g + 12¢ = B* as before, which implies that

*i *2_4 * * *2_4 *
_B (B*)? —4sarq m=PF (Br)* —dgorq.
2q 28

m

provided that (8*)? > 4go*q. Then we easily find the solution
1
L TSP
g n2y; q) -

W(I)(y;q_l) = (

The special case e = f =0, g = ¢, a* = 1 and B* = 0, which implies that 17, = —i
and 1, = i, leads by using (1.8.24) to the weight function

1 1

w(yiq) = —— =
(y,=iy:9)  (%:¢%)w

for the discrete g-Hermite II polynomials. Note that 17; and 7, are non-real in this
case.

From (11.7.2) we have

* 0.2 * * *pz?
w(z o pz©+ Z+ T, epz bz
(z) _o'pz+pBp g:1+ﬂl’+ p :<1+L>(1+ezp2)7
w(pz) g 8 §

where €16 = o* and £, p~! + £,¢ = B*, which implies that

* *2_4 * y—1 * * 2_4 * 0—1
_B (B —dgarp™l 4 g = BTV (B —dgorpt

2p~1 2¢

€]
provided that (8*)? > 4go* p~!. Then we easily find the solution
w) (z;p) = (—%,—sz;p) :
The special case e = f =0, g =a/p, o* =1 and B* = —(a+ 1)/p, which implies
that £ = &, = —1, leads to the weight function
w(zp) = (%,pz;p)m

for the Al-Salam-Carlitz I polynomials.
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The special case e = f =0, g = —1/p, o* =1 and B* = 0, which implies that
€] = & = —1, leads to the weight function

w(z;p) = (—pz, P33 P).s
for the discrete g-Hermite I polynomials.

1

Note that for ¢ — p~" we have that 1; — £ and 1, — &.

Case I-B. ¢ = f = 0 and g # 0. Note that ¢ = 0 implies that n;1, = o* = —2¢(1 —
q) # 0. Then we have from (11.7.1) with y, = ¢~V

wiv) _ o'+ B +8q _ (H@) (H_CIVH> Mo
m M2 84

w(yvi1) g9

with possible solution

1 Vo
(1)( g = < 89 ) 2(3)
w(yvig ) g,
8 q .
(—ima), N2

The special case e = f =0, g = aq, o* = 1 and B* = —(a + 1)g, which implies that
1n1 = N2 = —1, leads to the weight function

1
R A v _v(v+l)
o) (ag.gsq)y " 1

for the Al-Salam-Carlitz I polynomials.

v

From (11.7.2) we have with z, = p

w(zy) B OC*P2v+1 +ﬁ*l’v+1 +g _ <1+ £1Pv> (l+82pv+l)
w(zy+1) g

with possible solution
1

W(I)(Zv;p) = (_%’_—gzpp)v

Case II-A. e = 0 and f # 0. From (11.7.1) we have for g ## 0

) (14 m
w() o'y +By+eq _ (1+2) (1+2)

wig™'y)  q(2fay+g) 1+ %2
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with possible solution

2/,
( g "I)N

LM )
g n2y5q>w

W(u)(y;q_l) = (

For g = 0 we use the fact that a* = —2¢(1 — g) # 0 to obtain

wly) oy 4By <1+ B* ) o’y

wigly)  2fqPy o'y) 2fq

with possible solution

From (11.7.2) we have for g # 0

w(z) o p?+Prpztg (14—%)(1—1—&‘2;}2)

w(pz) 2fp~'z+g 1434
with possible solution

€12

— % —Ezpz;p)m

e ()
gp’ I

For g = 0 we use the fact that a* = —2¢(1 — g) # 0 to obtain

w(z)  o'p?+Bipz (1+ B* > . o p*z
w(pz) 2fp~lz az) 2f

with possible solution

347

Case II-B. ¢ = 0 and f # 0. Note that e = 0 implies that 1, = a* = —2¢(1 —q) #

-V

0. Then we have from (11.7.1) with y, = ¢
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wiv) _ o'g P +Bq V+gq _ (1401 'gq") (1+my ') mims g

wlvil)  2fq V2 +gq 1+ ngvf" 2fq?

with possible solution

__8 . v
_ 2774 2fq? v
WD (1) = (1 q )lv < fq ) /),
(—n;'g,—ny 'q2q), \mm2

The special case e = 0, 2f = cq~ !, g = —bcq, o = 1 and B* = —¢q(1 — bc), which
implies that 7y = 1, = —1, leads to the weight function

P S L)L )
wiyvig ) = (—beq.q:q)y

for the g-Meixner polynomials.

The special case e =0,2f = —b~ ¢, g=b""¢g N, a* =1land B* = —qg— b~ gV,

which also implies that 17 = 1, = —1, leads to the weight function
—N.
o @)y —1\v (Vi
W(yv’q )7 (b,]q,N’q;q)v (7b ) q( 2 )

Then we use (1.8.17) to obtain the weight function

(@:q)n (bg;q)n—v (—1)Y
ba;q)n (4:9)N—v (4:q)v

v+1)

o

wivig ') = ( )
for the quantum g-Krawtchouk polynomials.

The special case e = 0, 2f = ag~', g =0, o* = 1 and B* = —¢g, which again implies
that 1y = 1o = —1, leads to the weight function

wiyvig ) = ——q
for the g-Charlier polynomials.

From (11.7.2) we have with z, = p" for g £ 0

ap’ v+1
W(Zv) B a*p2v+l+ﬁ*pv+l+g: (1+ lg )(1+82p )

w(zy11) 2fpY ' +g 1422

with possible solution
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For g = 0 we use the fact that o* = —2¢(1 — g) # 0 to obtain

W(Zv) B a*p2V+l+B*pv+l _ <1+ﬁ*p—v> . Ot*pz ,pV
3

w(zv+1) 2fp¥! o 2f
with possible solution
1 2f 1\ v
(”) : ‘ = (2) .
W zvip) §=0 (_Bpvtt. <a*p2> P
o P v

Case III-A. e # 0. From (11.7.1) we have for g # 0

wly) oy? + B*y+gq B gq<1+ e T gq) _ I+ 1+
y

w(g™ly)  qleq* +2fqy+g) gq(1+@+#)_ (1%%) (pg) ’

where as before 112 = a*, Mg+ Mg = B*, &1& =g/e and & + & = —2f /e,
which implies that for (8*)? > 4ga*q

*i *2_4 * * *2_4 *
_B (B*)? —4sarq m=P T (Br)*—dgorq.
2q 28

m
and for 2 > eg

e e ]

As before we easily find the solution

In the case that g = 0 we distinguish between * # 0 and B* = 0.

For g =0 and B* # 0 we obtain
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wy) oy +py It B
wig™'y)  qled®? +2fqy) 1+ jqu eq’y

with possible solution

(_ ﬁ: _elq;y.q)
B ey’ * s -
’ (_@’_ B *‘1)

For g =0 and B* = 0 we must have o* # 0. Assuming that f # 0 we obtain

wy) o'y’ _ 1 ay
wig™ly)  qleg®y*+2fqy) 1+55 2fq

with possible solution

(-59).
(I, —1 ’ _ ’
w ; =
024 )g:o,ﬂ*:o ( aty _2fq )
27q0 oy 4

For f =g=0, B* =0and a* # 0 we obtain

with possible solution

wlD (y: g~ 1) P

From (11.7.2) we have for g # 0

w(z)  a'p?+Pipitg (1+?)(1+82P2)
T ep224+2fp-1 =
w(pz) ep??2+2fplz+g (1_5_17) (l_é_p)

with possible solution

(— 4, —Szpz;p)
(511’ " Ep ,p)

(III) (Z p)
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In the case that g = 0 we distinguish between * £ 0 and f* = 0.

For g =0 and B* # 0 we obtain

wz) _ ap?+PBipz 1T B
w(pz) ep?2+2fpTlz 14U ez

with possible solution

Wiz p)|

For g =0 and B* = 0 we must have o* # 0. Assuming that f # 0 we obtain

w(z) o pZ? 1 .a*pzz
w(pz) ep 2 +2fpTlz 1+5F  2f

with possible solution

(_ o pPz _2_f.p)
2f 0 a¥pz’ -
wiin) (Z;p)‘ _ Pz .
§=0,3*=0 _ e
( 2fp’p)m

For f =g=0, B* =0 and o* # 0 we obtain

with possible solution

(—o*z,—2ip)

=g=0, *:0_ ez . '
I=s B (_Fv_e_z’p>w

wl (z: p)

Case III-B. ¢ # 0. From (11.7.1) we have with y, = ¢~" for a* # 0 and g # 0

351

89" Al
wiyy) o'q +B*q " +gq . (1+ ’11)<1+ 772) .111712‘5152

wlvet)  qleg 22 +2fqg v +g)  (1-8ig" N)(1-8&4q"" ") gq

with possible solution
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wi

) (Qvé;q) 3\
wig )= (_;_qi;v) (17152(15152) '
m’ m v

1) (

The special case e = ¢ 2, 2f = —aa —q V!, g = ag™V!, a* = affig and B* =
—ofg® — og Mt which implies that & = ag?, & = ¢ V', ) = —aBgand n, =
—1, leads to the weight function

(oq,qa N5q)v ( 1[3)“
o

R
OV = (510 g,
for the g-Hahn polynomials.
For o* # 0 and g = 0 we obtain

wlv) g B 155 o

wvi1)  qleg 224 2fg~v+1) — | L2071 eg?
e

with possible solution

w(m)(yv;qfl)‘ - E%:quv (igj)v_
— o4

For a* = 0 we distinguish between * # 0 and B* = 0.

For o* =0 and 3* # 0 we obtain

* — gg'*! *
wi) Bra ¥ +gq 47 Bas
3

wlvet)  qleg V2 +2fqg Vv +g)  (1-8ig" N)(1-8&q"" ")  gq

with possible solution

wl

The special case e = g 2, 2f = —b—qg N1, g = bg ™, ¥ =0 and B* =
—bg~ N1, which implies that & = bg? and & = ¢ V*!, leads by using (1.8.18)
to the weight function
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i g-1y = PLT v vy () _ (PG @ DN
i = T @

for the affine g-Krawtchouk polynomials.
For a* = 0 and B* = 0 we must have g # 0 and we obtain

w(y 8q 1 )
bv)__ 1&gt g

wvil)  qleqg 2 +2fg vt 4g)  (1-&ig" 1)1 —&q¥ 1))

with possible solution

w (yy:71)

0*=0,8*=0 - (é éQ) , (6152472)7\/(]_2(5)_

qa’q’
From (11.7.2) we have with z, = p" for g £ 0

v
wi(zy) a*p2v+1+ﬂ*pv+1+g (1+517P) (1+€2pv+1)

W) e 2P e (o) (1)

with possible solution

111)( _ (QLP’izLﬂ;p)v

W( Zv;p) = e .
(*;,', fezp;p)
\%

For g = 0 we distinguish between * # 0 and * = 0.
For g = 0 and B* # 0 we obtain

W(Zv) _ a*p2v+l+ﬁ*pv+] _ 1"‘%])‘/ .ﬁ*p3 .pfv
w(zy+1)  ep?V242fpvl 14 %p*"“ e

with possible solution

(*%p‘”z;p) v
W(III)(Zv;P)’gZO.ﬂ*#O: (_g_:;p)v v <ﬁ*ep3) p(z).

Note that for f # 0 we have by using (1.8.14)
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o v N (e N\ (2P g
(o) = (o55r) (2F) 7 ®)

Then the special case 2f = —ep¥ ™!, g =0, a* = —p~! and B* = 1 leads to the
weight function
PPy
w(zyip) = (=b""q)
Y (P:p)v

for the g-Krawtchouk polynomials.

For g =0 and B* = 0 we must have o* # 0 and we obtain

W(Zv) 1 Ot*p3

w(zv+1) 14 gp*VH e

with possible solution

(1) 2f e v
g, . _(_ —v2.
v (Zv’p)‘g:O,ﬁ*:O N ( e’ ,p)v ((x*p3) '

11.8 Orthogonality Relations

In the preceding section we have obtained both continuous and discrete solutions of
the q_l-Pearson equation (11.7.1) and the p-Pearson equation (11.7.2). In this sec-
tion we will derive orthogonality relations for several cases obtained in section 11.6.
We will not give explicit orthogonality relations for each different case, but we will
restrict to the most important cases (either continuous or discrete).

In each different case the boundary conditions (11.4.11) or (11.4.15) should be
satisfied. Therefore we have to consider

wigyig o(q’y) with @) =ey* +2fy+g

and w(y; ¢~ ") the involving weight function which satisfies the g~ !-Pearson equation
(11.7.1) or equivalently

w(p~'zp)e(p~2z) with @(z) =ez? +2fz+¢
and w(z; p) the involving weight function which satisfies the p-Pearson equation
(11.7.2). These products should vanish at both ends of the interval of orthogonality.

Case L. In this case we have e = f = 0 and g # 0. In section 11.6 we have seen that
we have positive-definite orthogonality for an infinite system of polynomials in two
different cases and that it is impossible to have positive-definite orthogonality for a
finite system of polynomials. We will treat both cases here.
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Caselal.0<g<l,e=f=0and % > 0. We use the weight function

W(I)(y;ql):( — 1 ) ,

g » —M2y:q

where N1, = o™ and 171¢ + 1M2¢g = B*. Then we have

B g
w (gy:a7 ") (g%y) = ( — )
—MIY _nagyig

)

which vanishes for y — 4. Now we use (1.15.13) to obtain for ¢ <

g g
<|m|<land —-— == >0
g <Imal mn. of

o 1
do ::/ may dqy
- (—'— —nzy;q)m
g —]._Mmma __g .
(q, g, =1, ===, mnz,q)
q

mq 7& i
RE TR it ﬂz’q>

Further we have by using (11.6.4)

- g
dy=q¢ "(1—¢")—>—, n=1,273,...,
h=q ( q)nm2

which implies that

dy = ) (g g),, n=1,2,3,....
H - (711712) 1 (@)

This leads to the orthogonality relation

o 1
/ " o s (3 q) dyy
o ( s —y; q)

—g.—1.—-MmMm9g __8 .
(q, q,—1, ===, mm,q)

_ Mg ma _i i —
g T M M2, M2, — le nz’q>

=(l—q)

(-
( ) ) (g @) n Sy, myn=0,1,2,...,
mn2

8
for g < <l,g< 2<land—>0
q ’n’ q<|m| P

> 0.

355
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The special case e = f =0, g = ¢, o* = 1 and B* = 0, which implies that 1, = —
and 1, = i, leads to the orthogonality relation

=1
/ i) i n(y:0) dgy

q,—q,—1,—1,—q;q).,
(1) )

2
— " " (¢;q)n On, m,n=0,1,2,...
(la—l’—lqvl%—1’171517—1%‘1)00

for the discrete g-Hermite II polynomials.

Alternatively, we use the weight function

1 Vo
D) (o o1y _ 84 ) 2(3)
w 5 - )
vig ) (7i fi;q> <711772 q
2 v

v—1
W(l)(qu;ql)w(qzyv):( g ) ( 8 ) gV,
1

which vanishes for v = 0 if we have by using (1.8.6)

1 1
= () =g =0
(=), o ’

This implies that 1, = —1 and therefore 17, = —o*. Then we use (1.11.8) to obtain
with yy = g~V for 0 < % <1

v(v—1)

dO::z ()yV’ :2

g\ 1
-] =——>0.
) 5 (%.q49), ( ) (&39)..

Further we have by using (11.6.4)
dy=q2"(1 —d) o n=123,.,
which implies that

n n
Hdk - (i*> q—n(n+1)(q;q)m n=123,....
k=1 o

This leads to the orthogonality relation
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v(v-1)

8 .
o (@ 4:9),

1
:T'q) (%)nq*"("“)(q;q)ﬁmn, mn=0,1,2,...
o*°1) e

BN\ D —v. N D v,
(a*) yn'(q~" 59 (a"54)

for 0 < & < 1.
a*

The special case 0 < g < 1l,e=f=0,g=uaq, a* =1 and B* = —(a+ 1)gq, which
implies that 1 = 12 = —1, leads to the orthogonality relation (for 0 < ag < 1)

2
< a'q’ _ _ 1
————Ym(q 3@)yn(q"":q) = —
= (aq,9:9)v (aq;q)w

)
a'q™" (q§61)n Omn
with m,n=0,1,2,... for the Al-Salam-Carlitz II polynomials.

We remark that the special case 0 < g<1l,e=f=0,g=—¢, ¢ =1and f* =0,

which implies that 1y = 1, = —1, cannot be used here in order to obtain an or-
thogonality relation for the discrete g-Hermite II polynomials, since then we have
8

Case Ia2. g > l,ez:f:Oand%<O.Sinceq>lwesetq:]fl with0 < p < 1

and we use the weight function

E
wh(z;p) = (: 8zpz;p) ,

oo

where €& = o* and £, p~ ! + ¢ = B*. Then we have

_ _ €12
w(plzp)e(p2) = (—;,—Ezz;p> g,

which vanishes for z = —gp/€; and for z = —1/g&,. By using (1.15.11) we obtain for

2

€ €
—<—,—<1andgp 2<1
& & 8& €]

1
_ (a8 .
do := ./7Q ( P &pz,p)wdpz

€]

2
gp 1) < £ gp°&e )
=(=—-——](1- ,—, > 0.
<81 & ( P) pg«?z &1 P o

1

Further we have by using (11.6.4) with g = p~
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_ 8 ny_8
=) = = g =123

ﬁde (—i)np( 2)(pip)es n=1,2,3,....

This leads to the orthogonality relation

1
5% [ €z _ _
/ ’ (—L>—32pz;p> y%)(z;p ')yﬁ”(z;p Nd,z

,% g
2 n
gp 1 & gp& g ("5
= | == — — 1— - ; 2 2 ; o)
(81 82)( P)(p,gez, e p)w( 8182) P\ 2 (P p)n O
1 € 2
fori<0 —<Q —1<1,gp 2<1andm,n:O,1,2,....

ae & &l ge €
The specialcase 0 < p< l,e=f=0,g=a/p,o* =1 and f* = —(a+1)/p, which
implies that & = & = —1, leads to the orthogonality relation (for a < 0)
1
)24 _ _

/ (?pz;p) (@ yalzp ) dpz

u o

= (1 _a)(l _p) (p,g,ap;p> (_a)np(g)(ILP)YL 8"1713 m,n :Oa 1v2a"'

for the Al-Salam-Carlitz I polynomials.

The special case 0 < g < l,e=f=0,g=—1/p, o* = 1 and B* = 0, which implies
that €1 = & = —1, leads to the orthogonality relation

1
/ ] (—=pz,pzP) o ym(zp Dyn(zp ) dyz

= 2(] _p) (Pa_I% _P,P)wp(g)(P,P)namm m,n = 07 1727"'

for the discrete g-Hermite I polynomials.

Case II. In this case we have e = 0 and f # 0. In section 11.6 we have seen that it is
possible to have positive-definite orthogonality for an infinite system of polynomials
in four different cases and for a finite system of polynomials in three different cases.
We will only treat two infinite cases here and also one finite case.

CaseIa2. 0 < g < 1,e=0, f #0, (B*)> > 4g0q, - < 1 and 28 < 1. We use

2f 2fq

the weight function
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Then we have with y, = ¢~V

& 1

_ ( qu’q) 2f 1\ -

W (qyvia™ () = v ( ) 2fq" ("),
( ).

which vanishes for v = 0 if we have by using (1.8.6)

1 ( q ) 1
= —2qhq) =1+—=0.
q .
(—E,q)_l n2 1 Uy

This implies that 11 = —1 and 1; = —a*. Then we have by using (1.11.6) with

2
yy =g " for f>0andi<l
g . 2fq
S e ), 2y g (G,
do:= Y W (yvig Dy =Y, —V< 1) gt =2 FF=50.
v=0 v=0 (%,QQQ)V a (W’q)oo

Further we have by using (11.6.5)

Zf —4n+3 n a* n—1 8 n2
= 1— 1+ — 1+ = =1,2,3,...
dn = (a) (1-4") +a5d o) 2,3,

which implies that

2f> n(2n—1) ( o g )
di= (=L =2 g, n=1,2,3,....
H ( 0 21q7),

This leads to the orthogonality relation

g .
o\ T2 ), (2fq\Y (v _ ~
)y —( — )v< fq> aOyi (g (g Vs q)

=0 (Fqa), \ o
(~%44)_ (2 o
_ or? n(2n— 1)( g > s _
- 7g.\N * q =57 "4 mn s mvn_071727"'7
(&349).. (a) 2f" 2f¢"), ™
2
forfi<1 —f>0and—<l

2fq



360 11 Orthogonal Polynomial Solutions in g~ of g-Difference Equations
The special case 2f = cq~ ', g = —bcq, o* = 1 and B* = —g + bcg, which implies
that 11y = 1o = —1, leads to the orthogonality relation (for 0 < bg < 1 and ¢ > 0)

S _Bsdv o) v —v
g\ Vymg T3q9)ynlq Tiq
2 Treg.g e 1Dl samlaa)

(_C;q)‘” 2n, —n(2n+1)
= —C q
(=bcq;q) (

for the g-Meixner polynomials.

C]>_CilCIabCI§C])n5mn7 m7n:O71a27"'

The special case 2f = ag~', g =0, a* = 1 and B* = —¢, which implies that n; =
Mn> = —1, leads to the orthogonality relation (for a > 0)

S N ) N )

v
= (—a;9)wd”"q """V (g, —a ' 4:q)n Sy, mn=0,1,2,...

for the g-Charlier polynomials.

CaseIla3. g > 1,e=0, f #0, (B*)> > 4ga’q, m > 1 and nifg <0. Since g > 1

2f
€
with 0 < p < 1. Then we have bk

2f

1

we setg=p~ > 1 and g < 0. This implies

that g # 0 and we might use the weight function

w(m(z;p) _ (zz 2_;21—7; p) ’

8l”p

where £1&;, = o # 0 and £ p~! +&,¢ = B*. Then we have

8 _enp — 2y —8up
w (p'zp)p(p~2) = —< (g,,sz'z) >°° (2fpPz+g) = —( (gng;;w) -8,

m7
which vanishes for z = —gp/¢e; and for z = —1/&,. Now we use (1.15.11) to obtain
1 € ’g
for—<g—l<l nd 8222
& & 8& €]

<1

> 0.

£ &8p
P (=% —ewmp), g (& 1Y\, (r i 2200),
0'—[& 2. = )T T
£ e P) ERCTTRIM

&1 &
Further we have by using (11.6.5) with g = p~!
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_ 4f2 —4n+3 ﬁ* 2n—3
b= g - ){12]‘ +4fz“’ }

8 n 2f nl)( 2f n2>
=% (= |- - . n=12.3,...,
ae’ "(1—-p )( i g’

which implies that

Hdk < )npn(n+1)/2 <p32f72f7p> ’ n:17273;""
18 & &gp n

This leads to the orthogonality relation

/‘s'z (* 8Py p)w S

ﬁ ?zfz ) @ (2

ip)dpz

“ e P

&gr-

_ Q_i (1_ )(p782g’ £ »p)o0
T ).
81’828P’p

&1 &
" 2f 2
X <_i> pn(n+1)/2 (p,_f"_f’p> 6’””7 myn:071727"'
n

€16 & &8p
€ 1 € 2g
fo—>1ig<0 <Q,—1<1andgp—2<l.
2f 2f € g& &

m m y-1 M8
CaseIIbl.O0<g<1,e= 0f7é0—>1w1th g <1l< =g, ==>1

271 2f 2fq
with 2—2;75/\72_1 <l< gifgqu ~2 and N = min(N;,N,). Again we use the weight

function

wi (yy3q71) <2§q;q)v) (chf)vqm-

Then we have as before with y, = ¢~V

W(")(qu;q')w(qzyv)z( <2§q;q>)v (Zf >H.2fqv+(“zl),
1

which vanishes for v = 0 if 1, = —1, which implies that ; = —a*. It also vanishes
forv=N+1if 7% = ¢ V. Then we have by using (1.11.6) with y, = g~ and
q

2
= —2fq N*! for —% <q"
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N —N. v
U <2fq> )
\Z'o (72/"(1;\’“ ’q;q) ) o ) 1

1
= >0.

_2fq_N+'. )
( o)y

N
do =Y, W' (yviqg "y
v=0

Now we have by using (11.6.5)

21\ ? *
= <_f) q—4n+3(1 7qn) <1+g_fqn—l> (1 7qn—N—1), n—= 1’2’3’.”,

which implies that

n 2 2n _ 3 (X* _
Hdk( f> q n(2n=1) (CI;vaq N;Q) , n=123,...
k=1 n

o

This leads to the orthogonality relation

_N. Vo
la ’Q)V.) (ﬂ) 4Dy (g Vi (g7 Vq)

2fg—N+1 o*
v=0 (—MT,Q,C]

I 21\ e oy
Zw<%> g " G4 Omn
— =1 = ;q n

N

o

2fq

for == <¢" andm,n=0,1,2,...,N.

Since we have

gy — @y v oy (@a (b (Z1)Y ()
v = Grig g gy 0 b an (@@ @a)y

)

the special case 2f = b~ '¢g7 !, g=b""¢N, 0* =1 and B* = —g— b~ '¢~", which
implies that 1] = 1, = —1, leads to the orthogonality relation (for b > g~)

v @y bgigv—v (=D¥ oy v,
Z‘o N (GDv—y (@) ! ym(q":q)yn(q " q)
1

— —2n —n(2n+1) —N. —
= (b_lq‘N;q)Nb "q " (q,bq,9 ,q)n Omn, mn=0,1,2,... N

for the quantum g-Krawtchouk polynomials.

Case III. In this case we have e # 0. In section 11.6 we have seen that it is possible
to have positive-definite orthogonality for an infinite system of polynomials in at
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least nine different cases. It is also possible to have positive-definite orthogonality
for finite systems of polynomials. We will only treat three finite cases here.

Case b3, 0< g < 1, £ >0, a* =0, 2P~ = 1 wim §2ﬁ FESIND
e

849
—52B ¢" ! and —élﬁ > —1. We use the weight function
8 849
g & )
, g 3 v
1) (g, ! _(q a ( 84 ) ()
w wiq ) = q .
o*=0,8*#0 _&q. *
(~§0), \Pras

-V

Then we have by using e = g/&&, withy, =g

III 2
( a*:O,B*;éO(P(q »v)

qyv:q )

(0

&|‘f‘f‘

2'6]) 1 gq3 v—1 (Vil) _
vV— —("27). —2v 2 —v+2
» (ﬁ*&@) a2 )

m|0°
M

A
[S)

(),
(( g*;q; v—1 (ﬁfg;z)v—lq(vg') ceq 2Vt (1 _ 516]‘/72) (1 _EZCIV72)

v—1
(‘5_1,5_2;61 v v—1 e
(_qﬁqq (gf@) (%) # (2,

*;
v—1

Q|

q

)

R |« |

<

which vanishes for v = 0 if we have by using (1.8.6)

This implies that g = —B*. It also vanishes for v = N+ 1 if & = g~V*!. Then we
have by using (1.11.7) withy, = ¢
N (61 q ) +1\V
yv:Z (1, v <—qN ) qi(;):ﬂ.
=007 = (@) & gy
Note that this is positive for & > 0. Further we have by using (11.6.6), (11.6.7) and
(11.6.8)

dy=-E6q"(1—¢")(1-&¢"?) (1-&4" ), n=1,2,3,...

N
b= 3wl (yyq7")
v=0

with & = ¢~*!, which implies that
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- n(n—3)/2 51 o
Hdk ( élq ) q, >q ) n*1,2,3,....
k=1 "

This leads to the orthogonality relation

&

N N+1N VY
q (v _ _
2 ( @2 )V (—qél ) 7 O (G ;™ (g V:q)
v=0 4

N
5 ( &g~ ) n(n=3)/2 <617%]’61N;61> Omn, mn=0,1,2,....N
1 n

for & > 0.

The special case e = g2, 2f = b —q N~!, g = bg ™!, 0¥ =0 and B* =
—bg~NF1, which implies that & = bg® and & = ¢V*!, leads by using (1.8.18)
and N
(bg,9" "5 q)v (—b1g%)g () = (bq:9)v(@: 9N, v
(@:q)v (4:0)v(4:q)Nn-—v
to the orthogonality relation (for 0 < bg < 1)

N

ZO bquq)N)N (bq) " ym(q":q)yn(q":q)

= (_ l)nbniNqiN(n‘F]>qn(n+l)/2(q7 bq7 qiN;q)n 5”1”7 mVn = 07 1727 M

for the affine g-Krawtchouk polynomials.

CaseIIIb8. g > 1,g=0,B"#0, 0" <0<e, % <land 0 < 23;3055* < 1 with
Ze];)i*qN <I< Ze];)i* qN_l. We use the weight function
2f
W(III)<ZV’p)’ _ < fp v+2,p) ( e )vp ,
w0 (), B

Then we have with z, = p¥
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_2f —v43. )
p P v—1
(¢, —1_ . -2 :( ¢ v—1 € (*3h
w D (p~ zyip) g:w*#ofp(p 2v) (_a_j;p) B p
B v—1
X(ep2v—4+2fpv—2)

_2f —v+2. ) 1
_&@)V ),

S

which vanishes for v = 0 if we have by using (1.8.6)

1 o o*
* :(_—*p_l;p> =1+ * =0.
(7%;p) ﬁ 1 ﬁ p
—1

This implies that B* = —o*p~!. Hence o* # 0, so that we must have o* < 0 < e.
Note that for f # 0 we have by using (1.8.14)

2f pY 2 _ € . 2fp Y -5
(o) =(=550) (22) 0O,

which vanishes for v=N+1if — F = p~N. Therefore we take 2f = —epV~! and
use (1.11.2) with z, = p" to obtain
N—1

A il (P_N;P) ep v e
dy = wdih i p ' 7y = v ( ) _ (_;p> 0,
v;o (@vip) g=0.07#0 " Z‘O (p;p), oF ap’ )y

since a* < 0 < e. Further we have by using (11.6.6), (11.6.7) and (11.6.9) for 2f =

—epN-!
+3 e tN=2) (] _ p=niN+l
d, = — OC_* 2p73n+5(1_p7n) ( - ) r )(1 p" )
! e (1 _ ot pntd )( o* 72n+3)2 (1 _ Ol_*p72n+2)
e e
= ip2"+Nf3(1 _pn) (1 - %pn73) (1 anrN 2) (1 _pan—l)
o* (1,£p2n—4) (1,?p2n 3) (17ép2n—2)

forn=1,2,3,..., which implies that

N 1 n <P7 a*ep27ep(i]*1’p p)
Hdk ( >p2(2) nop—1,2,3,....
e
( p2aa* ’p) m

This leads to the orthogonality relation
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N N—1\V

pNip), (e
T (( ))v ( i4 ) D (¥ I (V- )
= ’ \4

N—1

N-1\ " (p,%f”—*,p*N;p)
=<L;p> (ep )p”<”‘> = ae ne o n=123,...
! (F #7:0),,

foroa* <0 <e.

The special case e > 0, 2f = —epV~!, g =0, a* = —p~! and B* = 1 leads to the
orthogonality relation (for e > 0)

N —N.

)y % (—ep™) " v (P P)yn(p"s p)
v=0 ’

N _—N.
= (_g,p)N (_epN)npn(n71> (p’_ep ?p 7p)

( ep~! ep) O, mn=0,1,2,....N
- ) on

for the g-Krawtchouk polynomials.

Case IIIb9. For 0 < g < 1, e # 0, a* # 0 and g # 0 we use the weight function

é & ) v
, o q 3
am ey, =1y (q 4 v 849 ) .
vl (7711125152

& 4. )
( TR v

Then we have as before with y, =g~

(%’%;q)v_1 (g )V q""!
(

(1) o1 20\
w N = 9
(gyvig " )o(a yv) (_i _i'q) 85 ) tmm)
m’ m’t),
which vanishes for v = 0 if 1, = —1, which implies that ; = —a*. It also vanishes
forv=N+1if & = ¢ V. Then we have by using (1.11.3) with y, = ¢~V and
& =g Nt 1

£ _N. eiq 7N+1.
N (71,61 ,Cl>v <€q2>v_ (al* 7eqa>s »qd -

N
do =S wl(y gy, = _
0 ‘Z,O (vig v ‘Z,O (eiquzvﬂ o (351?;\/“ , Z’f—f;q)

o* ) qs
The parameters e, & and o should be chosen in such a way that dy > 0. Now we
have as before
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1— a—*q"’
= —&iq" VP (1-¢") ; . 3 ;
(1 _«a qzn 4) (1 _ %q2n73) (1 _ %anfz)

x (1 _élqn72) (1 _qanfl) (1 _ :gl qnl) (1 -~ %*qnwz)

forn=1,2,3,..., which implies that

o & N o algl
ﬁdk = (_§1Q7N+l)nq”(”*5)/2 (q, @ g1 g e ’q)n

) n= 172737
o o,
(€q2a eq’ )211
This leads to the orthogonality relation
& —N.
N <_7q ,Q> 2\ VY
q eq ), — I, —
X T TN (—> v (@30 (g sq)
v=0 (7”1 ,q;q) *
\%
(eélq eq’N“.q>
a* b a* 9 oo _N+1 n _5 2
( o* v o* )
< o* <§1 _ oF a*qN—l. )
qa 20 7q 7 7q
x4 A S mn=0,1,2,....N
oa*  a*
(eq27 eq 7q)

for suitable conditions on the parameters e, £; and o*.

The special case e = ¢ 2, 2f = —a—q V7!, g = g™V, a* = ofg and B*
—aBq* — ag V!, which implies that &, = ag?, & =g N1,y = —aBgand np
—1, leads to the orthogonality relation (for 0 < otg < 1 and 0 < g < 1)

N Y
Z aqq q;) (a;q> Ym(q™"39)yn(q™":q)
- (ﬁ_ —IB 1 —N 1’ )
(B g Na 1B lg711q).,
(g,0Bq,0q.47",Bq,aBq"*?;q)
(aBg, oBq*:q),,

for the g-Hahn polynomials.

(_ q )nqn(n+1)/2

% S, mn=0,1,2,....N






Chapter 12

Orthogonal Polynomial Solutions in ¢~ + ug" of
Real g-Difference Equations

Classical ¢g-Orthogonal Polynomials 111

12.1 Motivation for Polynomials in ¢ * + ug* Through Duality

As in chapter 7 we have the concept of duality introduced in definition 3.1. In chap-
ter 11 we obtained a g-difference equation of the form (cf. (11.1.2))

A (X)ynlg ™) — A (@) + B () }yalg ) + B (X)ynlg ™)
:a’;yn(q*X)’ n:071727"'7N_1 (1211)
with N € {1,2,3,...} or N — oo, where
Ai=(q"-1){eq(1—¢" ") —2e(1—¢q)}, n=0,1,2,....N—1,

A*(x) = eq” +2fq +g¢7 and B'(x) = o+ B¢ g™

with
o i=eq—2¢e(1—q) and B*:=2fq—y(1—q),

where e, f,g,a*,B* € R, ¢ >0, g # 1 and € # 0. If the regularity condition (11.2.4)
holds all eigenvalues A, are different. This implies by using theorem 3.7 that there
exists a sequence of dual polynomials. In this case we have

A= (q"=1){eq(1—q""")~2e(1—q)} and K, =q"
with @ = 0 and xo = 1 = ¢~ °. Furthermore we have by using (11.2.2)
B (0)=0o+B*q ' +gq ' =0

if we choose ¢ = —1 in (11.2.1). Hence if
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(A*(n) =)eq” +2fq" +¢¢™" #0, n=0,1,2,....,N—1
hold, the dual polynomials {z,,}"_ satisfy the three-term recurrence relation

A* (M) zmi1(q ") —{A™(m) +B*(m) } zm(q ™) + B* (m)zm-1(q"")
=q *zm(qg""), m=0,1,2,....N—1 (12.1.2)

with the convention that z_;(¢~*) := 0. If we restrict x in (12.1.1) to x = m for
m=20,1,2,..., then we have

A*(m)yu(g™" ") = {A*(m) +B*(m)} yu(g™") + B (m)ya(qg ")
=Ayn(@g™), n=0,1,2,....N—1. (12.1.3)

Since yn(Kn) = yn(g™") = zm(Ay) for all myn = 0,1,2,..., this implies that there
exist dual polynomials with argument

Ai=(g"—1){eq(1—¢"") —2e(1—q)} = (¢"— 1) (" —eq”").

This motivates the study of orthogonal polynomials in ¢~ 4+ uqg* with ¢ > 0 and
g # 1, x areal variable and u € R\ {0} a constant.

12.2 Difference Equations Having Real Polynomial Solutions
with Argument ¢ + uqg*

We start with eigenvalue problems of the form

$(42) (229,) (2) + ¥(92) (Ze9n) (2) = AP (a2)Tn(q2), n=0,1,2,... (12.2.1)

with &, := ;¢ (cf. (3.2.1)),z € C, ¢ > 0 and g # 1. By using

~

y, n 7/\" -~ An 2z7) — 1 An An

this can be written in the symmetric form

~

C@n(gz) — {€(@)+D() }3u(2) + D@)sla ') = AP @5nl2),  (1222)

e 5(2) 5 +a(1 - @)29(2)
~ q9(z A q°9(z) +q(1 —gq)zy(z
Clz)=——5— d D(z)=
o (q-12=2 " ) (q—1)*2
For z € R with z > 0 we may write z = ¢* withx € R, ¢ > 0 and ¢ # 1. By setting
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n(2) = ¥u(q") = yu(x),  In(qz) :)A’n(‘f(-H) =ya(x+1),
Iulg™'2) =9ulg" ") = yulx—1)

C(z)=Clg") =C(x), D(z)=D(¢g")=D(x) and p(z)=p(q")=p(),
we conclude that (12.2.1) can be written in the form (cf. (2.2.12))
C(x)yn(x+1) ={C(x) +D(x)} yn(x) + D(x)yn(x = 1) = Aup (x)yn(x) ~ (12.2.3)

forn=0,1,2,.... Now we look for eigenvalues A, and coefficients C(x), D(x) and
p(x) so that for each eigenvalue 2, there exists exactly one real polynomial solution
yn with degree[y,] = nin ¢~ 4+ uq™ up to a constant factor. Since (g~ * +ug*)" can be
expressed as a linear combination of (¢~;¢)(uq*;q)x fork=0,1,2,...,n, we set

yulg " +uq') = i An k —(q_x; Dilug”:q)i

 ann£0, n=0,1,2,.... (12.2.4)
=0 (D

Now we have

(@ L )e(ug™ i q)— (g @)k (ug s q)
=g (1=¢")(ug™ ™ = 1)(g 7% @)1 (ug" 1 )i

This leads to the first simplification
Clx) = qug™ ' = 1)C*(x), D(x) = (ug™"' —1)D*(x)
and  p(x) =g F(ug® ' = 1) (ug”t —1)p*(x). (12.2.5)

For the moment we assume that ug>*! # 1. Then we have

@)1 (ug )i

(4:9)k—1

(@) k-1 (ug"3q)k—1
(4:9)k—1

Cc* (x) i i (C]
k=1

—D*(x)kzn“ ay k = ;an*(x)Yn(x)'
=1

For a second simplification we note that

(@51 (g5t — (@)1 (ug s @)k
=q (1= Y ug™ = 1) (g q)i2(ug )2, k=2,3,4,....

Now we define

C*(x) =D*(x) = ¢ *(ug™ —1)B(x) and p*(x) =q *(ug*™ —1)p™*(x) (12.2.6)
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with the assumption that ug® # 1. Without loss of generality we may choose
p**(x) = g so that we have

n —x+1. . n —x+1. +1.
B() Zan,k (q ,(q;{cq)l k(ith",q)kq L) Zan,k (q ,ng;;gzx 1q)k—2
= anankw, n=2.34,.... (12.2.7)

(4:9)k

For n =0 we have yo(q¢~* +uq*) = apo (7 0) which leads by using (12.2.3)to 2o =0
(except for the trivial situation that p**(x) = 0). For n = 1 we have y; (¢~ + uq*) =
aro+aii(1—qg*)(1—ug®)/(1—q) with a; ; # 0, which leads to

(1—g")(1 —uq*)
l—¢q }

B(x)a 1 = 114{01,0 +ai,

Since all eigenvalues must be different, we conclude that 4; # 0 (= Ag). Hence
B(x)=v+w(l—q¢ ") (1—uq*) with vyweR, w#0. (12.2.8)

This form can be used as a third simplification. For the first term on the left-hand
side of (12.2.7) we obtain

P (R A G (R
(4" @)1 (uq"; @)1

(¢:)k—1
+2{v— (1=} (1~ uq")

(a5 @) k2 (ug™ ™ gk
(@:9)k—2

X Qp k

X (12.2.9)

This implies that C*(x) must be of the form
C'(x) = (1—ug") {—v+w(l—qg ) +0(1-¢7)
+1(l—g ) (1—g (1 —ug™)}, o,7€R. (12.2.10)
This leads to the following theorem.

Theorem 12.1. The g-difference equation (12.2.3) only has real polynomial solu-
tions y, (x*) with degree[y,| = ninx* := g *+uq* forn=0,1,2,... if the coefficients
C(x), D(x) and p(x) have the form
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Cx) = q(1 —ug") (1 —ug™"")
x{y=w(l=¢g™)?-0c(l-q7)
—t(1=g )1 =g (1 —ug™")},

D(x) = (1—¢ ) (1 —ug™")
x {v—w(l —uq")* — o(1 —uq")
—7(1—g (1 —ug)(1 —ug™*")}

and
p(x) =—q > (1 —ug™ ") (1 —ug™) (1 —ug™*")
with u,v,w,0,T€ R, w#0, g > 0and q # 1.

Note that the assumptions that ug™*! # 1 and ug® # 1 can be dropped.

12.3 The Basic Hypergeometric Representation

In order to find the hypergeometric representation of the polynomials in the form
(12.2.4), we use (12.2.8), (12.2.10) and (12.2.9) to obtain from (12.2.7)

S vg* 4w —u)(1—g"! —g (1—u
S (0= 00— )|
(@51 (ug";q)k-1

(4:9)k—1
£ 3 {ott(l—g (1 —ug™ )} (1= )1~ ug)
k=2
(¢ q)ra(ug" s q)i

(@2

- nqzan #, n:1,2,3,....

X Ap k

X An k

Note that this can also be written as
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Lo _ (a5 @)i(ug"sq)
ZE){Q 11— g (W+Tq(1—qk 1)) _AnQ}an,kW

n

+3 {vd —wg (1 =g + o1 -4
k=0

—tg (1= (1= ) (1 - ug |

(g a)e(ugsq)e _

X Anke (q:9)«

forn=1,2,3,... witha, ,41 := 0. By comparing the coefficients of (¢; ¢)x (uq"; ¢)x
on both sides, we find that

(Anq_q7k+1(1 —4" {w—|—‘L’q(1 —qkfl)}) An.k
= {vq" —wg *(1-¢")* +0(1-¢")
—1qg N (1-4"(1-g"0 _“qkﬂ)}a"’k“’

which holds for k = 0,1,2,...,n with a, ,4+1 = 0. This leads to eigenvalues of the
form
=g "= {w+tq(l—¢""}, n=0,1,2,... (12.3.1)

and the two-term recurrence relation
g (W(q”‘ —q7")+ Tq{q”‘(l +¢* ) —q (1 +612”’1)}) n
= (v + (1)
x {w(l "~ gt 11— g (1 - uqu)}) appe1 (1232)

fork=n—1,n—2,n—3,...,0. Hence the coefficients {a,}}_, in (12.2.4) are
uniquely determined in terms of a,, , 7 0 if

(g =g w+1q)+1(d" —q") #0 (12.3.3)
fork=n—1,n—2,n—3,...,0 and n € {1,2,3,...}. This condition holds if the
eigenvalues in (12.3.1) are all different, since

—k

(g =g w+1q)+7(d" —q") = A — M.

In the sequel we will always assume that this holds.
Note that the coefficients C(x) and D(x) can also be written as
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g*C(x) = q(1 —ug*)(1 —ug™")
X {—w— g+ 2w+ o +1(1+q+uq’)| ¢*
+ [v7w7677(1+uq+uq2)} a
+tug™ '} (12.3.4)

and

q"D(x) = (1—g")(1—ug™"")
x{-tq—[v—w—0—1(1+ug+uq*)| q*
—[2wt+o+1(1+q+ug*)] ug™
+ (w+1q)u*g™} (12.3.5)

respectively. Then we have for u # 0

g*C(x) = —q(1 —ug")(1 — ug™ ")(1 —x1¢")(1 = x2¢") (1 ~ x3¢")

and
D) = —u' (1= ") (1 —ug™ ") (x1 — ug") (x2 — ug*) (x3 — uq"),
where
= %, w= 1—%, O =x1 + X0 +x3 B B ek (1 —q+uq2)
uq u
and

V= —(1 —xl)(l —x2)(1 —X3),

which leads to the following theorem:

Theorem 12.2. The g-difference equation

7 CE)yalg ™ +ug ™)
— " {C(x) +D(x)}yulg ™ +uq") + ¢ D(xX)yu(qg ™" +ug™")
= —q(1—ug™ ") (1 —ug™)(1 —ug™"") duyu(q ™ +uq") (12.3.6)
only has real polynomial solutions y,(x*) with degree|y,] = n in x* = q~* 4+ ug* for

n=0,1,2,... if the coefficients ¢**C(x) and ¢**D(x) and the eigenvalues A, have the
form

7 C(x) = —q(1 —ug") (1 —ug™ ") (1 —xi1¢") (1 —x2g") (1 —x3¢"), ~ (12.3.7)
D(x) = —u"" (1= g ) (1 —ug™ ") (x1 — ug") (x — ug") (x3 —uq*) ~ (12.3.8)

and X1X0X
ln:(q—nil)(lilimqn—l)7 n=0,1,2,..., (12.3.9)

u



376 12 Orthogonal Polynomial Solutions in ¢~* + ug* of Real g-Difference Equations

where u € R\ {0}, ¢ >0, g # 1 and x1,x3,x3 € R or one is real and the other two
are complex conjugates.

For the two-term recurrence relation (12.3.2) we obtain for u # 0

61(1 _ qkfn) (1 _ xlx2x3 qVH’kf]

; )ani = (1=x16") (1 =126") (1 =53¢ Yt

fork=n—1,n—2,n—3,...,0. This implies that we have

(xlqk'Q)nfk(xﬂ]k'Q)n k(x3qk'4)n7k

T g (BT g)

(xl;Q)n(XZ;q)n(XS;Q)n ((] ’Q) (Xlxzx}qn l’q)k k
(@9 (U22g" 59),q" " (@@ (33 @)k

fork=0,1,2,...,n. By using (12.2.4) this leads to the representation

) = T @)n(219)n(x339)n
yulqg " +uq) (g ":q)n (x1x2x3qn—1;q) q"
i ) (22" ), (N @)k(ug gk,
= (15 @i (23 @)k (359 (43 @i
(XW) (x2359)n(X359)n
) ( l);2x3qn—1;q)nqn

—n X1XXx3 n—1 ,—x
X4¢3<q a4 ’”qx;q,q) (123.10)

X1,X2,X3

n,n

n,n

R

for the g-Racah polynomials withn =0,1,2,....

Special cases are the dual g-Hahn polynomials (for x3 = 0) and the dual g-
Krawtchouk polynomials (for x, = x3 = 0). Another special case is the family of
dual g-Charlier polynomials (for x; = x; = x3 = 0) (see [386]).

We remark that we have to choose a, , = (¢~ ";¢)nq" in order to get monic poly-
nomials.

Remark. Note that the g-Racah, the dual g-Hahn and the dual g-Krawtchouk polyno-
mials not only appear as finite systems of orthogonal polynomials. Usually one gets
finite systems by setting x; = ¢, for instance. However, this is not necessary.

The g-Racah polynomials have a certain symmetry in n and x which leads to duality.
The (not normalized) g-Racah polynomials given by (12.3.10) can be written as

—n X1%X3 n—1

(y,’;(rcx>:)yn<q"+ucf‘):4¢3<q A ’”"x;q,q) (12.3.11)

X1,X2,X3
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forn=0,1,2,... with k, = (g7 — 1)(1 — ug*). If we replace u by x;x,x3/uq, then
we have

—n n —X x1X2X3 __
(z,’i(/lx)z)zn(q"+%q")=4¢3(q A ;q,q) (12.3.12)

uq X1,X2,X3

forn=0,1,2,3,... with A, = (¢~ — 1)(1 —x;xox3¢* ! /u). Now we have y* (k) =

75, (A4y) form,n=0,1,2,.... In view of definition 3.1, {y,(¢ " +uqg*)} and {z,(¢ * +

x";—mq" )} are dual polynomial systems with respect to the sequences of eigenvalues
q

{x,} and {1, }. Note that we also have y}; (ko) = z;(As). The polynomials z,(g ™ +
%q" ) can be considered as dual g-Racah polynomials. This fact will be used in
the next section.

12.4 The Three-Term Recurrence Relation

In order to obtain the three-term recurrence relation, we use the concept of duality.
For the g-Racah polynomials we start with the difference equation (cf. (12.2.3)) for
the (not normalized) g-Racah polynomials y, (¢~ + ug*) given by (12.3.11):

C(x)yp(Ker1) ={C(x) +D(x) } (1) + D(x)y;, (K1) = Anp (x)y (Kz)-

Now we have y; (k) = z5(A,) with ke = (¢ = 1)(1 —ug*) and A, = (¢ 7" —1)(1 —
x1x2x3¢™ ! /u) which implies that the difference equation for the dual g-Racah poly-
nomials z}(A,) given by (12.3.12) can be written as

C(X)Zys1 () —{C(x) + D(x)} 2y (An) + D(x)2y_ 1 (An) = Aup (x)25 ().
For the coefficients we have (cf. (12.3.7))
7C(x) = —q(1 —ug") (1 —ug™")(1 —xi1¢") (1 — x2¢") (1 = x3¢")
and (cf. (12.3.8))
g*D(x) = —u"" (1 —q) (1 —ug™ ") (x1 — ug*) (x2 — ug*) (x3 — uq")
which leads to the three-term recurrence relation
q(1—uq")(1—ug™ ") (1 —x1¢") (1 = x2¢") (1 = x3¢" )41 ()
—{a(1 —ug")(1 —ug™ ")(1 =x1¢") (1 = x2¢") (1 —x3¢")
+u ' (1= ¢") (1 —ug™ ") (x1 —ug") (x2 — ug") (xs — ug") } 23 (As)

1—
=g (1 —ug™ ) (x1 —ug") (x2 — ug") (x3 — ug")z 1 (A)
=q(1 —uq2" H — ug* (1 —uq2”+1)lxz;(7tx), n=1,2,3,...
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with z§(Ay) = 1 and 2} (Ax) = 14+ (1 —uq) A /(1 —x1) (1 —x2) (1 — x3).

By replacing u by x1xx3/uq(= 1) the polynomials z}(4,) given by (12.3.12)
change into the polynomials y} (k) given by (12.3.11). This implies that the three-
term recurrence relation for the polynomials y (k) can be written as

u(u—x1x2x3¢" ") (= x1x2x3¢7" ) (1= x14") (1 = 329" ) (1 = 53¢ )y 41 (K0)
— {u(u —x1x2x3q"71)(u—xlxg)qqz”d)(l —x14")(1 —x2¢")(1 — x3q")
+(1—g")(u—x1x2g" ") (u—x1x3q" ") (u—x2x3¢" ")
x (1 —x10x3¢™") } v (i)
+(1—¢")(u—x1x2g"") (u—x1x3¢" ") (u—x2x3¢" ")
X (u—x1x2x3¢”" )y 1 ()

= (u—x1x2x3¢”" ) (u— 1222367 1) (u = xix23¢”" Ky (K2), m=1,2,3,...

with yj(Kc) = 1, yi(Ke) = 14 (0 — x1x0x3) K /u(1 —x1)(1 —x2)(1 — x3) and K =
(g — 1)(1 — ug"*). The connection with the monic ¢g-Racah polynomials y, (k) is
given by
3 n—1.
(00,
X139)n(X2:4)n (X339)n

Hence the three-term recurrence relation for the monic g-Racah polynomials y, (k)
can be written in the form

yZ(Kx)=( ya(k), n=0,1,2,....

yn+1(Kx) = <Kx+cﬁll> +C)(12))Yn(Kx) —65,12161(12>)’n—1('€x)7 n=12.3,... (124.1)
with yo(x;) = L and y; (x) = i, +u(1 —x1)(1 —x2) (1 —x3) /(4 — x1x2%3), where

n—1 n n n
- - 1 -
o e nnng )1 —0g)1—0g)U=%q") o5 (1240
(u—x12063¢°" 1) (u — x1x0x3¢°")

and

o _ n—1 _ n—1 _ n—1
C}(f):(l q")(u—x1x0¢""" ) (u—x1x3¢"" ) (u—x2x3¢" ") (12.4.3)

(1 — x1x2x63¢2"72) (u — x1x2x3g2" 1)

forn=1,2,3,....
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12.5 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

Favard’s theorem (theorem 3.1) can be extended for monic polynomials y,(q~* +
uq®) in ¢~ +uq* of degree n € {0,1,2,...} with u € R\ {0}. The polynomials given
by

yar1 (g +ug?) = {(g = 1)(1 = uq*) — e} yulq™ +uq")
—dpyn-1(q"" +uq*) (12.5.1)

forn=1,2,3,... withyo(¢~*+uqg*) =land y; (¢ +uq*) = (¢~ — 1) (1 —uq*) — co
are orthogonal with respect to a positive-definite linear functional A, id est

A (g + ug)ya(qg™ +ug)] = <Hdk> Oy, mn=0,1,2,..., (12.52)
k=0

where Alyo(¢ ™ +uq*)] =do € R and Aly,(¢* +ug*)] =0 for n = 1,2,3,... iff
cp€Rforalln=0,1,2,... and dy,d,d>, . ..,d, are positive. The proof is similar to
the proof of theorem 3.1.

For the monic g-Racah polynomials given by (12.3.10) we have the three-term
recurrence relation (12.4.1) with

co = —c(()l), = —c,(ll) —cﬁ,z), n=1,23,...,
g = @ u(1—q") (u—x1xx3¢"2)
T (= xxxsg?n ) (u— xixxa gt 2)? (u — xixpxag?t 1) "

forn=1,2,3,...,and

Dy = (1-x¢" (1 —x2q" (1 —x3¢""")
X (u—x1%2¢" V) (u — x1x3¢" V) (u— xox3¢" 1) (12.5.3)

forn=1,2,3,..., where u € R\ {0}. Hence we have ¢, € R foralln=0,1,2,... if
x1x2x3 € R, x1 +x +x3 € R and x1x +x1x3 +x2x3 € R. This implies that x;,x,,x3 €
R or one is real and the other two are complex conjugates.

To study the positivity of d, forn =1,2,3,..., we only need to consider the cases
0 < g < 1andgq>1inview of the argument g—* 4 ug*. Further we have u € R\ {0}.
In all cases where x1x2x3 = 0 we have
u(l —g") (u—x1x0x39" ) D
(= x120x3¢%3) (u — x1%0%3¢%" )2 (u — x100x3¢2 1) " w

d, =

|
)
N

forn=1,2,3,....

Case I. x; = x, = x3 = 0. Then we have
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dy=u(l—¢q"), n=1273,....

This implies that we have positive-definite orthogonality in the following two infinite
cases:

Caselal.x; =x,=x3=0,0<g<landu>0.
Casela2.x;=x,=x3=0,g>1landu <O.
In this case we have no finite systems of positive-definite orthogonal polynomials.

Case IL. x| # 0 and x; = x3 = 0. Then we have
dy=u(l—¢"(1—x1q" "), n=1,2.3,....

This leads to positive-definite orthogonality in the following three infinite cases:
Casellal. x| #0,x, =x3=0,0<g<1l,u>0and x; < 1.

CaseIla2.x; #0,xp =x3=0,¢ > 1,u>0and x; > 1.

CaseIla3. x; #0,xp =x3=0,¢ > 1,u<0and x; <O0.

It is also possible to have positive-definite orthogonality for finite systems of N + 1
polynomials with N € {1,2,3,...} in the following two cases:

CaseIlbl.x; #0,x =x3=0,0<g<1,u<0Oandx; > 1 withxquS 1 <x|qN’1.
Casellb2.x; #£0,x, =x3=0,g> 1L, u<0and 0 < x; < 1 With)cqu’1 <1 leqN.

Case III. x;x; # 0 and x3 = 0. Then we have
dﬂ = (1 _qn)(l _xlqnil)(l _xzqnil)(u_xl)Qqnil)v n= 172737""

Without loss of generality we assume that x; < x;. Then we have positive-definite
orthogonality in the following six infinite cases:

Case IITal. x;xp #0,x3=0,0<g<1,u>0,x; <xp <1andu>xx;.
Case IIa2. xjx; #0,x3=0,0< g < 1, x; =xp and u > x1x.

Case IIa3. xjx; #0,x3=0,¢ > 1,x; <xp < 0and u < x1x.
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Case ITa4. x;x, #0,x3 =0, > 1,x; <0,x, > 1 and u > x1xp.
Case IIIa5. x;x; #0,x3=0,¢> 1, 1 <x] <xp and u < x1x.
Case IIIa6. x;x; #0,x3 =0, > 1, x; =xp and u < x1x2.

It is also possible to have positive-definite orthogonality for finite systems of N + 1
polynomials with N € {1,2,3,...} in the following seven cases:

Case ITIb1. x;x #0,x3=0,0< g < 1,x; <0 <x; < l and x1x0¢" ! < u < xyx24".

1

Case IIIb2. x;x; #0,x3=0,0< g < 1, x; <0, x; > 1 with xqu <I< xqu_ and

U< x1x.

Case ITIb3. x;x # 0, x3=0,0 < g < 1,0 < x; < 1 < x2 with xog™ <1 < xog™M !
and x1x2¢™ < u < x1x0¢™ ! and N = min(Ny, N,).

Case ITIb4. x1x; #0, x3=0,0< g < 1, 1 <x; < xp with xqu' <1< xqu"l,
xq™? <1< x4, N =min(N;,N;) and u > x1x5. Since x; < x, we have N = N
in this case.

Case ITIb5. x1x; # 0, x3 =0, g > 1, x; <0 < x5 < 1 with oM~ < 1 < x3¢™M,
x1x62g™ < u < x1x2¢"? and N = min(Ny,N,).

Case ITIb6. x1x2 #0,x3=0,¢ > 1,0 < x; <xp < 1 with x;¢gM ! < 1 < x;¢M,
x2¢™ 71 <1 < x¢™, N =min(N;,N>) and u < x;x2. Since x; < x, we have N = N,
in this case.

Case ITIb7. x;x; #0, x3 =0, ¢ > 1,0 < x; < | < xp with x;¢g"1 71 <1 <x;M,
x1x02g™ 1 < u < x1x0¢™ and N = min(Ny, N,).

Case IV. x;xpx3 # 0. Now we write
dy=u(1—g")DVDP, n=1,23,... (12.5.4)
with

(1) 1 —1g"!
Dy~ = =1,2,3,... 12.5.5
n (1—qun*z)(l—qun*l)z(l—l’qz”)’ n IR ( )

and
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DY = (1—x1¢" ) (1 —x2g" ") (1 = 139" ")

y (1 _ lqn) (1 _ lqn> (1 _ lqﬂ> (12.5.6)
X1 X2 X3

X1X2X3
T=""=
uq
Note that d,, ~ u for n — o both for 0 < ¢ < 1 and g > 1. This implies that d, > 0
can only be true foralln =1,2,3,...if u > 0.

forn=1,2,3,..., where

‘ q ‘ extra conditions D.(ll) for
0<g<l1 <0 + | n=1,2,3,...
O<tg<l1 + | n=1,2,3,...
tg>1withl <1¢? <g? | — |n=1,2,3,...,N
g>1 7<0 + | n=1,2,3,...
O<tg<lwithg?2<tg® <1| + [n=1,2,3,...,N
Tq > 1 — | n=1,2,3,...

Table 12.1 signof D\, ¢ > 0and N € {1,2,3,...}

(1)

Without loss of generality we assume that x; < xp < x3. The sign of D, ’ for
n=1,2,3,...is given by table 12.1 (cf. table 10.2). By using (12.5.4), (12.5.6) and
table 12.1, we conclude that we have positive-definite orthogonality in the following
four infinite cases:

Case IVal. x;xox3 £0,0< g < 1,u>0, T < 0 and DY) > 0.
Case IVa2. x;xx3 #0,0< g < 1,u>0,0< 7¢g < 1 and D£l2) > 0.
Case IVa3. xyxox3 0, ¢ > 1, u> 0, 7 < 0 and D} <0.

Case IVad. xyxox3 # 0, ¢ > 1,u> 0, 7¢ > L and DY > 0.

It is also possible to have positive-definite orthogonality for finite systems of N + 1
polynomials with N € {1,2,3,...} in the following four cases:

Case IVbL. x;x2x3 £ 0,0 < g < 1,u >0, 7¢ > 1 with 1 < 7¢*V < g2 and D{¥) < 0.

Case TVb2. x1x,x3 #£0,0 < ¢ < 1,u < 0, 7q > 1 with 1 < 7¢*¥ < g2 and DY) > 0.
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Case IVb3. x;x5x3 £0, ¢ > 1,u> 0,0 < g < 1 with g2 < 7¢*¥ < 1 and D{?) < 0.

Case IVb4. x1x003 20, ¢ > 1, u < 0,0 < 7g < 1 with g2 < 7¢*¥ < 1 and DY) > 0.

We remark that it is also possible to have positive-definite orthogonality for finite

systems of N+ 1 polynomials with N € {1,2,3,...} in cases where D£,2) has opposite

signforn=Nandn=N+1.

12.6 Solutions of the g-Pearson Equation

In this section we use the following operator! (cf. (2.1.1) with @ = 0)

fla™ " +ug™") = fg ™ +uq")
q—x—l + uqx—H _ q—x _ uqx

(A f)(q " +uq’) = . g>0, g#1, (12.6.1)

where f is a complex-valued function in ¢=* 4+ ug® whose domain contains both
g +uq* and g~ + ug*! for each x € R. For two such functions f; and f>, a
product rule similar to (11.4.2) applies. In fact we have

(& (f1f2)) g " +uq') = (& fi) (g +uq) f2(g " +uq’)
+(ZL M) g +uq') (7 ) (" +uq),(12.6.2)

where, analogous to (11.4.3), we now define

(L) (g +uq") = flg " +ug"t")
and (L) (¢ Fug) = flg T rugTh). (12.63)

We start with a general second-order operator equation of the form

olg " +uq’) (%) (4" +ug")
+ (g +ug’) (Fyn) (47" +uq') = 2 (Lyn) (g +uq")

in terms of the operator (12.6.1) and later we will compare this to the g-difference
equation (12.3.6) in theorem 12.2. If we multiply both sides of this equation by
(-Lw) (¢ +uq*) we obtain

(W) (g +ug ) (g " +uq") (o*yn) (g +uq")
+ (W) (¢ +ug)w(q ™ +ug") (Fy) (g +uq")
=M (W) (¢ +uq®) (Fyn) (g +uq"), (12.6.4)

1 It turns out that this form makes sense. However, this form no longer has the property that its
action on a polynomial in ¢~ 4 ug”* of degree n leads to a polynomial in ¢~ 4+ ug”* of degree n — 1
forn=1,2,3,....
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which leads to the self-adjoint form

(o (W (L") (yn))) (g +uq")
= n (W) (g7 +ug") (Lya) (7" +uq’) (12.6.5)

if the Pearson operator equation

(o (w(7"9))) (g7 +ug") = (W) (g +ug") (g +uq")

holds. Furthermore, the productrule (12.6.2) leads to

(7 (w(""9))) (g " +uq")

Sy x T ugtt) —w(g T+
=("9)(q +uqx)W(qqx1+u,f;x+3;V(3uq;qx>
0(q +uq) = (') (47" +uq")

g +ugt — g —ug*

_’_W(qfxfl _,_qu+1>

Combining the latter two equations we obtain (cf. (3.2.7) and (11.4.6))

w(g " +uq)o(g " +ug")
=w(g " +ug)
x{o(qg " +uq") — (¢ +ug™ — g —uq*) w(g " +uq")} . (12.6.6)

Note that the g-difference equation (12.3.6) in theorem 12.2 can be written in the
form

Clyala™ " +ug™™") = {C(x) +D(x) pyulg™ +ug") + D(x)ya (g™ +ug"™)
= nyn(q7x+uqx)ﬂ (1267)

where, by using (12.3.7), (12.3.8) and (12.3.9),

o 4% C(x)
) = G (g (1)
(=g~ 11g) (1 —1ag") (1 — 33¢)
= o (1) : (12.6.8)
~ o g~ D(x)
D) = = T D) (= ug) (1 — g™ )
(=)0 — ug") (32 — ug") (x5 — ug)
T (e D) (1269
and X1Xas |
A = (g —1)(1—Tq ) n=0,1,2,....
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Now we have by using (12.6.1)

(g " +ug™™) — yulqg ™ +uq")

- Yn
() (g ') = = o T (12.6.10)
and
(yn) (™ +uq")
B 1
qfxfl + uqx+l _ qfx _ uqx
yulq ™2 +ug™?) —yalg™ ' +ug™!)
X
q7x72 + qu+2 _ qfxfl _ uqurl
—x—1 +1y _ —X
_ e 71+”qx )=uld*Hug) | gh 6y
g ' fug T — g —ug*

If we apply the operator . ~! to the left of (12.6.4) we obtain

w(g ™ +uq ) (g +ug ") (o y) (g7 +ug™ ")
+w(g ™ +ug)w(g ™ +ug") (yn) (¢ +ug)
= aow(q " +uq)yn(q " +uq’).

Now we divide by w(g™* 4+ ug*) and use (12.6.10) and (12.6.11) to find

(g Hug ™t e(g ! fug)
(g +ug* =g —ug ") (g +ug™! — g —uq*)
3 yn(g " +uq’)
qfx + uqx _ q7x+1 _ uqxfl
y { Qg +ug)
qfxfl + uqx+l _ qfx _ qu
Qg +ug ")
qfx + uqx _ 6]7er1 _ uqxfl
yn<q7x+1 —i—uq"*l)
qfx + uqx _ q7x+1 _ uqxfl
y { Qg +ug)
qfx + qu _ qforl _ uqxfl
= Xnyu(q * +uq).

e g™

(g +ucf—1>}

If we compare this with the g-difference equation (12.6.7) we conclude that

(g +ug)
= (¢ +uq"—q " —ug" ") (¢ rug™ — g —ug") C(x) (12.6.12)
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and

wig ™ +ug )

— (g tuq g —ug") D(x) +

= — (¢ +uq" =g —ug") D(x)
n (q_x_l +ucfc+l . MC[Y) 6()6) (12.6.13)

Qg ug)
qfx + uqx _ qforl _ qu71

This implies that the g-Pearson equation (12.6.6) can be written in the form
wlg ™ +ug) (¢ +ug' — g —ug ) C)
=wig " +ug™) (¢ Hug™ — g —ug) D(x+1).
Hence we have the g-Pearson equation
wig™ +ug”)Cx) =w(g™ " +ug™D(x+1), (12.6.14)
where
w(g ™ +uq”) = (g +uq" — g —ug ") wig ™ +ug"). (12.6.15)

Finally we use (12.6.8) and (12.6.9) to conclude that we look for solutions of the
g-Pearson equation

wig " +uq’) D(x+1)
wig™  rugt)  Cx)
(L= ) (L —ug™) (1 —ug™ ") (v — ug™* ) (xs — ug**")

" gl g (a2 (g ) (- mg)(—wg)
As before, for g > 1 we set ¢ = p~!. Then we obtain
w(p*+up™)
w(p +up—1)
_ (U D —up ™) —up ™D —up ) —up ™) | 1)

up (I—up ™) (1 —up=2=2) (1 —x;p*) (1 —x2p~*) (1 —x3p™)

Case I. x; = x, = x3 = 0. From (12.6.16) we have

Wg tug) o s (1= (1 —ug®)
Wg T tug) T U =ug) (1 —ug>?)

with possible solution
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1\* sq)x
W([)(q—x+uq\f): (uz) q—x(3x+1)/2(17uq2x)(u.q) , 0<g<l.

From (12.6.17) we have

w(p* +up™™) u(l—p (1 —u'p¥)

wpt fup==1) —  p3F(1—u1p¥)(1 —u~1p2+2)

with possible solution

—X 1" X(3x— - U _5P)x
w (p* +up )=<—;) p N2y lpz")%, 0<p<l.

Case IL. x| # 0 and x; = x3 = 0. From (12.6.16) we have

W Fug) e (=g (1 —ug?) (1 —ug™)

wig— ! +ugt) (1= ug*)(1 —ug>*?)(1-x14")

with possible solution

1 * x »q)x
W(H)(q_x#»ucf) _ ( ) q72(2)(1,uq2,r) (MLXII C].) , 0<g<l.
xiuq (q,x) uq;q)x
From (12.6.17) we have

wip*+up™) u (A=p"H(1—u ' p™) (1 —xpu ' pt)
WPt up=l) T xapP (1= u pr) (1 —u  p2H2) (1 —xy ' p)

with possible solution

-1 -1
XIP\X o(x wlx
W<")(px+up’x):< ;p) PO (1 —u!p) (ED Xlu—l_lp'p;;-’ 0<p<l
b 9 X

Case I11. x;x; # 0 and x3 = 0. From (12.6.16) we have

wigtugt) (=g (1 —ug™) (0 —ug ) (o — ug™t!)

w(g™ ' +ugt) (1 —ug*)(1 —ug>*+2)(1 —x1¢%) (1 — x2¢%)

with possible solution

1\ ;
W(II])(qfx_i_qu) — (__) q_(2)(1_uq2)() (71417x1aX271‘])x , O0<g<l1.
X1X2 (g, X uq,x; " ugq;q)x
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From (12.6.17) we have

wip*+up™) (1=p (1 —u"'p>)
w(pt +up=1)  xnp ! (1—up)(1—u=1p?+2)
y (l—xluflpxﬂ)(l—xgu*lp”l)

(1—x'p")(1—x3"p)

with possible solution

W(III)(px+up—X)
-1 —1 -1
xo(x u ,x, 5
= (_x1x2p> P(Z)(l —’flpzx) ( _11 x2—1p).x
u (p,x1u=p,xou=1p;p)y

, O<p<l1.

Case IV. x;xpx3 # 0. From (12.6.16) we have

w(g ™ +uq)  xixoxs (1—g)(1—ug™)
wlg™ T +ug™)  ug  (1—ug*)(1—ug>*?)
o (1= tug™ (1= ug ) (1 —x3 Tug™)
(1 =x1¢") (1 —x2¢*)(1 — x3¢%)

with possible solution

X
_ u U,Xx1,X2,X3;
MWMqX+u¢w:( 4 ) (1 —ug?) — B2 gy,
X1X2%3 (g,x] "uq,x, uq,x3 uq;q)x

From (12.6.17) we have

wip'tup™)  u (1=pH(1—u""'p*)
w(pt +up=1)  xpoxsp (1—up¥)(1—u!p>+2)
y (1 _xlu—lpx+1)(1 —x2u_1px+1)(l _x3u—lpx+l)
(1=x ' p) (1 =x3 ' p) (1= x5 " p)

with possible solution

X X
W(IV)(px+up—X) _ ( lxi:@p) (17u—1p2)()

1 1

255 p)y
(p,x1u= ' p,xou= p,xsu=lp;p)«

(! x ' xy

, O0<p<l.



12.7 Orthogonality Relations 389

12.7 Orthogonality Relations

In the preceding section we have obtained solutions of the g-Pearson equation
(12.6.16) and the p-Pearson equation (12.6.17). In this section we will derive or-
thogonality relations for several cases obtained in section 12.5. We will not give ex-
plicit orthogonality relations for each different case, but we will restrict to the most
important cases.

As in section 3.2 we now multiply (12.6.5) by (Zyu) (¢~ + ug*) and subtract
the same equation with m and » interchanged to obtain

(An = Am) (W) (g +ug®) (FLyn) (¢ +uq”) (Lym) (g +uq®)
= (o (w("9) (W) (a7 +ug") (Lym) (g +uq")
— (7 (w(L"9) (Aym))) (¢ +uq") (Lya) (a4 +uq").

Now we apply the operator . ~! and use the commutation rule (cf. (2.5.3) and
(11.4.8))

(qfx_i_uqx_qforl _uqxfl) ,5”7142{ — (qfxfl _,'_MC[YJrl _qfx_uqx) ,/Q{jﬂfl’
which easily follows from (12.6.1) and (12.6.3), to obtain (cf. (3.2.9))

(A = X)W (q " +uq" )ym(q ™ +uq )yn(q " +uq")
_ (qfxfl —|—qu+1 _qfx_uqr)

< { (7.7 (w(7 " 0) () (4~ +uq")ym(a™ +uq)
(@ (0 (7 0) (yw) (g gl ')}, (1271

where w(qg™* 4 uq") is given by (12.6.15). Now the product rule (12.6.2) leads to the
summations by parts formula (cf. (3.2.17))

N
(a7 rugt =g —ug®) (o i) (¢ +ug) (g +ug)

x=0

= [Aig™ +ug) g™ + ug")]

N+1

x=!

N
=Y (¢ +ugt =g —ug") (L) (g +ug) (A f) (g +ugh).
x=0

Applying this to (12.7.1) we obtain
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N
(A= Am) 2, W(q " +uq ) ym(q " +uq*)ya(q ™ +uq")
x=0

— [ (w(719))) (g +ug")
< { (LN Ayn)) (g +uq)ym(g " +uq")
— (77N (yw)) (@ +ug (g +ug")}

N+1

x=0
As in theorem 3.8 we now obtain orthogonality relations of the form

N

2 W(qix + uq\')ym(q*x + uqx)yﬂ(qix + m[v) = Op 57""’ m,n = Oa 1727 ce aN
x=0

with )
on=[[d, n=123,....N
k=1

and N € {1,2,3,...} or possibly N — . In each different case the appropriate
boundary conditions (cf. (3.2.19)) should be satisfied, id est:

(7 (w(7"9))) (@ +ug’) =0 (12.7.2)

and

(T w(9)) (@ +ug" ) =0, (12.7.3)

where the relation between w and w is given by (12.6.15).

Case IVal. xjxpx3 #0,0<g<1,u>0,7<0and D£,2> > 0. We use the weight
function

X
U u,x1,x2,X3;
W(IV)(q"—I—uq‘):( a ) (1—ug*) 71( 1712 3il)lx , O0<g<l.
X1X2X3 (q,x) "uq,x; uq,x3 uq;q)x

Then we have by using (1.8.25) and Jackson’s summation formula (1.11.10)

oo x )
doy = z< uq > (l_quX) (M,X],)Cg,)c3,q)x

=0 \X1X2X3 (q7x1_1uq,x2_1uq,x3_1uq;q)x
R
Vi, — /U, x| ug,xy ug,xy uq T X1x2X3
~ (1w (uq,xflxgluq,x’lxgluq,xglxgluq;q)w’ ug | _
()cl_luc],)cz_luq,)63_1uq,)cl_1)62_1163_11461;q).>° X1X2X3

Further we have



12.7 Orthogonality Relations 391

g = M= g") (1 —xxnxsulq" ) (1 —xg" (1 —xg" (1 —x¢")
T (= xpoxsu g2 3) (1 — xpxxau g2 2)2 (1 — xpxpxau— g2 1)

X (1—xpu ' ¢ (1 —xpxsu g (1 —xoxsu™'g" ")
forn=1,2,3,..., which implies that

—1,-1 -1 -1 ~1.
(q7x1x2x3u q ,X1,X2,X3,X1X2U ", X1X3U ", X2X3U ,Cl)n

(xixox3u=tg= ! xpxoxsu=1iq),,

Op = Hdk =u"
k=1
forn=1,2,3,.... This leads to the orthogonality relation

ym(q " +uq)yn(q " +uq")

o ( uq )x | _uqzx) 71(u,x1,7xlz,X3;(z)1x

=0 \X1X2X3 (q,x] ugq,x; uq,x;y uq;q)x

T (uij,xl_lxziluq,x:lxgluf],xzilxgluq;q)m
(7 Yug,xy "ug, g tug, g g g g)e

-1,-1 -1 -1 ~1.
n(q,x1x2x3u q = ,X1,X2,X3,X1X2U ", X1X3U ,X2X3U g
(r1xoxsu~ g™t xioxuliq),,

)n5

Xu mn

form,n=0,1,2,.... Note that this is an orthogonality relation for an infinite system
of g-Racah polynomials given by (12.3.10).
However, note that we have by using (12.6.12) and (12.6.15)

B B . W —x+1+uqx—1 ¢ —x+2+uqx—2
(77 (o (7 0))) a4ty = P SO )

u ! -1 (M,X17)C27.X3;q)x
= g (1—q)

—1 —1 —1 . :
X1X2X3 (q,x) ug,x, uq,x3 uq;q)c—1

Now we use (1.8.5) to obtain

1 u
=(1;9);=0 and ——— = (x;'w;q)1=1——, x;#0.
(4:9)-1 (x; ' ug;q) -1 ! Xi !

This implies that the boundary condition (12.7.2) holds. If we choose x;, x, or x3
equal to ¢, then the other boundary condition (12.7.3) also holds.

So, in order to find an orthogonality relation for a finite system of g-Racah polyno-
mials, one of the parameters x1, x; or x3 should be set equal to q’N . For instance, if
we set x3 = ¢, then we obtain

N+1
W) (g~ 4 ug®) = <uq

X1X2

>x(1uq2,V) (u,x17x27q_N;q)X

— = O0<g<l1.
(g%, 'ug,x; 'ug, ugh+1;q),’

Then we have by using (1.8.25) and Jackson’s summation formula (1.11.11)
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dy := i (MqN+l>x(1 _quX) (”7x17x27q7N§CI)x
x=0 \ X1X2 (Q>x1_IMCI7x2_IMCI>qu+1;Q)x

_ (l—u) ¢ Q\/ﬁ,—qﬁ7u7X1,X2,q_N . q qu+1
o \/ﬁa_\/ﬁvxfluanEIMQ7qu+l’ XX

(ug,x;'x; 'ug;q)y

(x; 'ug,x; 'ug; q)n

= (1l—u)

Further we have

-1,-N-1 ,—N —1 -1 ,—N -1 _—N.
q,x1x2u g ,q L, X1L,X2,X1X2U L, XU g o ~q 5 q
n

(x1x0u= g N xixu=lqgN;q),,

n

n
oy = Hdk =u
k=1
forn=1,2,3,...,N. This leads to the orthogonality relation
i (MIN“ >x(1 g (u,x1,%2,:q)x
X1 (g,x7 'ug, x; ' ug,ugV+1:q),
) (ug,x;'x; 'ugs )y

—1 =1 .
(xl Mq7x2 MCIJI)N
-1,~-N-1 _—N -
n(q,xlxzu q s q X1, X2,X1X2U

Ym(q " +uq)yn(q " +uq")

x=0

=(1-u

1 -1, —N -1 _—N.
X1 ~q ~,X2U g ?q)

Xu 1 5mn

(xixou=tg N1 xixulqg=N:q),,

for m,n=20,1,2,...,N. Note that this is an orthogonality relation for a finite system
of g-Racah polynomials.

From this general case involving the g-Racah polynomials we obtain orthogonality
relations for the dual g-Hahn polynomials by taking the limit x; — 0. By using

k+1
A5 ugs g = (2 — uq) (v —ug?) - (x2 —ugh) — (=1)u*q(2), x, =0
fork € {0,1,2,...}, we find that

tim w) (g7 + ug®) = w (¢ + ug).

XQ—PO

We remark that this limit can only be used in the finite case. Now we have for instance

Case ITIb3. x1x; #0,x3=0,0< g < 1,0 < x; < 1 < x5 with xog™ < 1 < xpg™M !
and x1x2¢™ < u < x1x2¢">~! and N = min(N;, N,). We use the weight function

1 \" _x ;
w<’”>(q*x+m{‘) — (__) q*(z)(l_uqzx) (jJ;X17inQ)x , O0<g<l1.
X1X2 (l],xl uq,x, uq; q)x

Choosing x; = g~V we have by using (1.8.25) and the summation formula (1.11.12)
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N Ny~ _N.
do := z <_q_> C]i(;)(l _qux) (uaxlyq ’Q)x
X1 (g, %) 'ug,ugh+';q)x
qv/u,—q/u,u,x1,0,g7 QN> _ (I—M)M

= (1—u)6¢4< - i q, — - .
Vit,—/u,xy ugugh Tt x N (o ugig)n

Further we have

O = dk:un (Q7q7Nax17x1uilq7N;q)nv n=123...,N.

n
k=1

This leads to the orthogonality relation

N N\ X " u.x —N.
2(‘_) g O (1 —ug) A Ds e (7 g

x=0 (q7x171uq’ quJrl;CI)x
(ugq;q)n

:(1—”)Wun(q,qiN,xl,xluflq’N;q)n5mn, mn=0,1,2,....N
1\ »4)N

for a finite system of dual g-Hahn polynomials.

In the same way as above this orthogonality relation for the dual g-Hahn polyno-
mials leads to an orthogonality relation for the dual g-Krawtchouk polynomials by
taking the limit x; — 0. Now we have

lim w' (g™ + uq*) = w (g~ + ug").
X]—
Then we have for instance

CaseIlbl.x; #0,x =x3=0,0< g < l,u<0andx; > 1 withx;g" <1 <x;g"" L.
We use the weight function

1 * x ;X153
W ) = () 200y D o<y <,
xiuq (q.x] ugq;q)x
Choosing x; = g~ we have by using (1.8.25) and the summation formula (1.11.13)

do == i (qNTl>xq—2(‘§)(1 _uq2x)M

0 (q,ugV*1;q)x

q\/ﬁv 7q\/ﬁa M’O’O’qu . qul )

= (11—
( M)6¢3( Vi —uugh P
N+1

= (1=w) (=) Vg ) (ugsq)w.

Further we have
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n
on=[ldi=u"(a.9":q),, n=1273, . N
k=1

This leads to the orthogonality relation

N N—1\~* w.a~N:
z(q )q2<’z‘><1—uq2x>—< D g Yl +ug)

S\ u (q,ug"*1;q)
N+1

=1 =uw) ()" Vg ) (ugsq)w (4.47V:9), Sy min=0,1,2,....N

for a finite system of dual g-Krawtchouk polynomials.

This process cannot be continued in order to obtain an orthogonality relation for
the dual g-Charlier polynomials. In that case we only have orthogonality in the
case of an infinite family of polynomials. However, we don’t know how to derive an
orthogonality relation for such an infinite family of dual g-Charlier polynomials.



Chapter 13

Orthogonal Polynomial Solutions in ¢ + “= of
Complex g-Difference Equations

Classical ¢g-Orthogonal Polynomials IV

13.1 Real Polynomial Solutions in ¢ + “¢ with u € R\ {0} and
a,z€ C\{0}

It is also possible to obtain real polynomial solutions of the (complex) g-difference
equation (12.2.1)

0(a2") (73%:) (@) +9(a2) (Z9:) () = M (a2 )Fulgz"), n=0,1,2,...

with argument z* := ¢ + % where u € R\ {0} and @,z € C\ {0}. By using z =x+1iy,
a=o+if withx,y, a, B € R, we find that the imaginary part of

a,uz_ o+if  u(x+iy) _ (a+if)(x—iy)  u(x+iy)(oc—iB)
z a x+iy a+ip x24y? o2+ 2

equals

(Bx—ay) (02 + %) +u(oay = Bx) (> +*) _ (Bx—ay) {o? + B2 —u(x® +y*)}

(¥ +y?)(0® + B?) (¥ +y?)(0® +B2)
This is equal to zero for allx € R and y € R if

2 and w? = o?+B*(=aa).

2P =r
Without loss of generality we set r = 1, which implies that z is on the unit circle. So
if we define

z=¢® a=lale™, 6,0€R, |a/>0 and wu=aa=|al’
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then we find that
LB f i ar = |ale(079) 1+ 1q|ef09) = 2]q|cos(6 + ¢).
z a z
. a a  uz _ .
Note that if we replace — by ¢—*, then we have — + — — ¢~ " 4+ ug*. So, similar
Z a

Z
to the situation in the previous chapter we now look for polynomial solutions of the
form

u (L5 q)k
V(@) =Y b2 @ by #0, n=0,1,2,... (13.1.1)
@) ZZ) " (g9 e
in a uz
F=—-+—=,
Z a

of the g-difference equation (12.2.2)

C(z")nlg7") — {5(1*) +5(Z*)})A’n(z*) +D(2)u(qg ' 7") = 2P ()P (),

with ¢ € R\ {—1,0,1}. Note that y,(z*) is a polynomial with degree[y,] = n in

7" = ¢+ % =2[a[cos(6 + ¢). In a similar way as in the previous chapter (cf. theo-

rem 12.2) we now have the following theorem:

Theorem 13.1. The g-difference equation

= C2)yn (ﬁ 4 %> — Z—z {C(z)+D(2)}yn (g + E) + 2—1D(z)yn (ﬂ * E)

a z aq

- (l—aiqzz) (1—33) (1—%%) T (§+§) (13.1.2)

only has polynomial solutions y,(z*) with degreely,] = n in
a u
= E + ;Z (=2la|cos(6 + ¢))

forn=0,1,2,... if the coefficients Z—iC(z) and Z—iD(z) and the eigenvalues A, have
the form

2 _ a , 4 22 23
50 =—q(1-a) (1 ot ) (1 . zz) (1 . ;z) (1 . Ez) . (13.13)
2 1 Z aq , _ _ _
2P =—— (1 - ;) (1 -z > (z1—az) (22 —az) (z3—az)  (13.1.4)
and 1oz
Anz(q*"—l)(l—l—Tq"*l), n=01,2,..., (13.1.5)
aa
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where a,z1,22,23 € C, a # 0 and g € R\ {—1,0,1}.

By using ¢ = |ale™ i(0+0) and £ =@z = |ale®*%), we obtain for n =0,1,2,... the
representatlon (cf. (12.3.10))

(2139)n (2,61) (z3:9)n

yn(2") = :
" (g9 (223g711q) gn ™"
711’Z12213 n—1 |le—i (0+9) ale i(6+9)
><4¢3< lal lale! 5,9 | (13.1.6)
21,22,23
with a uz a
7= E+ o= E+ﬁz: 2|alcos(6 + ¢) (13.1.7)

for the Askey-Wilson polynomials, the continuous g-Hahn polynomials or the con-
tinuous g-Jacobi polynomials.

Special cases are the continuous dual g-Hahn polynomials (z3 = 0), the g-
Meixner-Pollaczek polynomials, the Al-Salam-Chihara polynomials or the con-
tinuous g-Laguerre polynomials (2, = z3 = 0) and the continuous big g-Hermite
polynomials (z; =20 = z3 =0).

We remark that we have to choose b, , = (¢7";¢),q" in order to get monic poly-
nomials.

In view of (12.4.1), (12.4.2) and (12.4.3), we conclude that the monic Askey-Wilson,
continuous g-Hahn or continuous g-Jacobi polynomials satisfy the three-term recur-
rence relation

v (%) = (2laleos(0+9) —[af — 1+cf’ + <P ) yu(2")
—cV Py @), n=1,2,3,... (13.1.8)
with yo(z*) = 1 and
y1(2") =2lalcos(0 + ) —|al* — 1+ |a*(1 —21)(1 — 22)(1 — 23)/(|a* — z12223),
where

O jal*(la]* = zi1z223¢" ") (1 = 21¢") (1 = 22¢") (1 — 23¢") (13.1.9)
' (|a]> = z12223¢*"~ 1) (la]?* — z12223¢*") 1

forn=0,1,2,...,and

1—g" 2 _ n—1 2 _ n—1 2 _ n—1
@ _ (1=4")(4d] —aizg l(lazl sl )(IC;I —2aisg ) 13.110)
(la]* = z12223¢*" %) (|a|* — 212223¢*" 1)

forn=1,2,3,....
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13.2 Classification of the Positive-Definite Orthogonal Polynomial
Solutions

The classification of positive-definite orthogonal polynomial solutions can be done
as in chapter 12. However, in this case we have g € R\ {—1,0,1} and u = gda =
lal> > 0. Now we have

co= —c(()l), = —c,(ll)—cﬁ,z), n=1,2,3,...,

lal*(1=¢")(la]* — z122239" %)
(lal> — 21222367 3) (|al* — 21222367 2)%(|a|? — z12223¢7" 1)
forn=1,2,3,... and

d, = ) C'(12) =

— “n—1 n

Dy=(1-z21¢""Y(1-22¢"")(1-2¢"")
x (|a]* = z1224" ") (|a]* = z123¢" ") (|a]* — z223¢"") (13.2.1)

forn=1,2,3,..., where ¢ € R\ {—1,0,1} and a € C\ {0}. Hence we have ¢, € R
foralln=0,1,2,...if 2122023 € R, z1 + 20+ 23 € R and 7120 + 2123 + 2223 € R. This
implies that z1,22,23 € R or one is real and the other two are complex conjugates.

As before, we start the study of the positivity of d, for n = 1,2,3,... with the
cases where 712223 = 0. Then we have

lal*(1 = ¢")(|a]* = z212223¢" ) _1—¢"
(la? = 212223¢*"3)(|a|?> — 2122236 2)*(|a]> — z12223¢* ) " al*

dy = D,.

The sign of 1 —¢" is given in table 13.1.

q g<—-1|-1<¢g<0|0<g<lig>1
liqn (71)n+] + + _

Table 13.1 signof 1 —¢", n=1,2,3,...

Case L. z; = zp = z3 = 0. Then we have
dy=laP(1-¢"), n=123,....

This implies that we have positive-definite orthogonality in the following two infinite
cases:

Caselal.z; =z =z3=0and -1 < g <O.

Casela2.zj =2 =z3=0and0< g < 1.
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In this case we have no finite systems of positive-definite orthogonal polynomials.

Case I1. z; # 0 and 7 = z3 = 0. Then we have
dy=la*(1—¢")(1—2¢""), n=1,2,3,....

In this case we must have z; € R. This leads to positive-definite orthogonality in the
following four infinite cases:

Case Ilal. z; € R\ {0}, 22 =23 = 0, ¢ < —1 and the sign of 1 —zlqnfl equal to
(—1)"*1. This implies that z; < g~ .

Case ITa2.z; € R\ {0}, 20 =23 =0, -1 < g < O0and I —z,¢""! > 0. This implies
thatg~' <z < 1.

Casella3.z; € R\ {0},20 =23 =0,0<g <l and 1 —z;¢" ! > 0. This implies that
71 < 1.

Case ITad. z; e R\ {0}, 22 =23 =0, ¢ > 1 and 1 —z;¢"~' < 0. This implies that
z1 > 1.

Also in this case we have no finite systems of positive-definite orthogonal polynomi-
als.

Case I1L. 7,2, # 0 and z3 = 0. Then we have
dy=(1=¢")(1=21¢" (1 —2¢" )(la* —222¢" "), n=12,3,....
This leads to positive-definite orthogonality in the following four infinite cases:

Case Illal. 717, # 0,73 = 0, ¢ < —1 and the sign of (1 —z;¢"")(1 —z22¢" ") (|a|* —
2122¢"") equal to (—1)"*1,

Case Ila2. 712 #0, z3 =0, —1 < g < 0 and (1 —z1¢" (1 — 22¢" ) (|a|> -
2122¢" 1) > 0.

Case IMMa3. 7120 #0, 3 =0, 0 < g < 1 and (I —z1¢""")(1 — 22¢" ") (|a|*> -
2122¢" 1) > 0.

Case Illad. 712 # 0,23 =0,¢ > 1 and (1 — 214" ") (1 — 224" V) (Ja|® — z122¢" ") <
0.
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It is also possible to have positive-definite orthogonality for finite systems of poly-
nomials. However, we will not treat these finite cases.

Case IV. 71223 # 0. Now we write (cf. (12.5.4))

dy=laf(1—g"D'DY, n=1,23,... (13.2.2)
with (cf. (12.5.5))
1— n—1
pV = 9 n=1,2,3,... (13.2.3)

(1=1g*2)(1 =g~ 1)2(1—1¢*)’

and (cf. (12.5.6))

(-20)(-2)(-20) oo
21 22 23

_ 1223
lal*q

forn=1,2,3,..., where

The sign of 1 —¢" for n = 1,2,3,... is given in table 13.1. The sign of D,(ll) for

n=1,2,3,...1is given in table 12.1 (for g > 0) and in table 13.2 (for ¢ < 0).

‘ q ‘ extra conditions | D.(1 ‘ for

g<—1 1% > 1 (—1) n=1,23,...

0<tg* <1withl <1¢® <q¢2| + n=1,2,3,....N

0 < 7g < 1 with tg?V+1 =1 + n=1,273,....N
0<tg<1withg<1g® <q7! + |n=1,2,3,...2N+1

g > 1 (- n=1,2,3,...

—1<g<0| t@>1withl<tg®™<q?2 | (-1)"| n=1,2,3,...,N

0<tg? <1 + n=1,2,3,...

0<tg<1 + n=1273,...

1q > 1 with 7g?V*1 = 1 (=) n=1,2,3,...,N
g >1withg ' <tg®™ <q [(-1)""'|n=1,2,3,....2N+1

Table 13.2 signof D\, g < 0 and N € {1,2,3,...}

By using table 12.1, table 13.1 and table 13.2, we conclude that we have positive-
definite orthogonality in the following eight infinite cases:
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Case I'Val. 712273 75 0,g<—1, fqz > 1 and Dﬂz) <0.

Case IVa2. 212223 # 0. ¢ < —1, 7¢ > 1 and D} > 0.

Case IVa3. 212223 £ 0, —1 < ¢ < 0,0 < 7¢° < 1 and D} > 0.

Case IVad. 212523 # 0, —1 < ¢ < 0,0 < g < 1 and DY) > 0.

Case IVa5. 712023 20,0 < g < 1, 7 < 0 and D} > 0.

Case IVa6. z120z3 #0,0< ¢ < 1,0 < 79 < 1 and DS,Z) > 0.

Case IVa7. 212023 £0, ¢ > 1, T < 0 and DY) < 0.
Case IVa8. 712023 £0, ¢ > 1, 7¢ > 1 and DY) > 0.

It is also possible to have positive-definite orthogonality for finite systems of poly-
nomials. However, we will not treat these finite cases.

13.3 Solutions of the g-Pearson Equation

In this section we use the following operator1 (cf. (12.6.1))

qz a PR

where f is a complex-valued function in £ + ¢ whose domain contains both ¢ +
and % + % for each z € C. For two such functions f and f,, a product rule similar
to (12.6.2) applies. In fact we have

i) (2+5) = (345 (5+)

+ (< f) <§ + %) ( f) (g + %) , (133.2)

where, analogous to (12.6.3), we now define

1 It turns out that this form makes sense. However, this form no longer has the property that its
actloln ;)rg a polynomial in % + % of degree n leads to a polynomial in i—’ + % of degree n— 1 for
n=12,3,....
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a u\_ (e
on(5+5)=1(5+%)
and (7 1f) (§+%>=f<ﬂ+ﬂ>. (13.3.3)

z aq

Now we start with a general second-order operator equation of the form

) <§ + %) (%) (g + %)

oy (245 @) (24 5) = hulon) (245)

a

in terms of the operator (13.3.1) and later we will compare this to the g-difference
equation (13.1.2) in theorem 13.1. If we multiply both sides of this equation by

(Fw) (g + %> we obtain
Z a

S |8

(Syn) (9 + 5) : (13.3.4)
Z a

) (13.3.5)

if the Pearson operator equation

(@ (w('9))) <§+ﬂ) = (W) <§+%> w(EJF%)

a

holds. Furthermore, the productrule (13.3.2) leads to
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a
+w<—+—
qz a
Combining the latter two equations we obtain (cf. (3.2.7) and (11.4.6))
(2)e (%)
wl-—+— ]| —+—
zZ a z aq
:w( +uqz>
q: a
(D) (o)) e
z a qz a z a zZ a

The g-difference equation (13.1.2) in theorem 13.1 can now be written in the form

C(2)yn (qz + uaqz> {5(z) +5(z)}yn (g + %) +D(2)yn (% * ZTZ])

— Ay, <“+”Z)’ (13.3.7)
Z a
where, by using (13.1.3), (13.1.4) and (13.1.5),
~ *C(z)
C(z) = - -
AT
—7 _ Z_l 2

(1-
(1-2z )(1——2)

D(z)
(2 0 (59
_a —ﬁ) (a1 =) (22 =) (z3 )
aaq (1 — EZ ) (1- Ezz)

(13.3.9)

and 21202
Anz(q*”—l)(l—‘—i‘*q"*l), n=0,1,2,....
aa

Note that we have by using (13.3.1)
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Wyn)<2+5> :y”(%+%) *yn(§+g)

Z a T i & (13.3.10)

and

. (13.3.11)
FrE-T-E
If we apply the operator .# ! to the left of (13.3.4) we obtain
a u a u a u
(e E)o(s ) o (3-5)
zZ a Z aq Z aq
+w<a+M>l//(aq+M>(£f/yn)(M]+M>
Z a Z aq < aq
:;L”W<E+E)yn<‘_’+ﬁ>_
Z a z a

Now we divide by w ( 4 + 1
z

P ) and use (13.3.10) and (13.3.11) to find

g+ ol e5)

aq
ayuz_ a9 _uz)(a y ugz__a_ uz
<z+a z aq)(qz+a z a)
a_ uz aq | uz
n(e+%) [ e(%+i)
T a_uz_ 49 _uz ) 4 | U9T _a _ uz
Z+a Z +

If we compare this with the g-difference equation (13.3.7) we conclude that
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:(E+E_%_%> <£+%_E_%>é(z) (13.3.12)

and

a uz\ (a uz aq uz\ x
o(oh) (2o
z a zZ a Z aq
u u a uz\ =
() (2
qz a gz a z a

Hence we have the g-Pearson equation

W(g + %) C(z)

< a

w( +"qz) D(q2), (13.3.14)
qz

a

w(h%) - (hﬂ—%—%)w(h%). (133.15)
Z a Z a Z aq Z a

Finally we use (13.3.8) and (13.3.9) to conclude that we look for solutions of the
g-Pearson equation

where

w(e+) D(gz) _  (1-22) (1— £) (21 — agz) (22 — Ag2) (3 — agz)

W(%—F%) CCR) ( —ﬂzz) (1—az) (1-4z) (1-22) (1-22)

a
a2 aq . 2
(*i)(“%z (1-%2)

(13.3.16)

where
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z=¢? a=lale™, 6,0cR, |a/>0 and g—1—%:2|a|cos(6+¢)).
z a

Note that this is equivalent to (12.6.16) with u = |a|* = a@, ¢* replaced by z/a and x;
replaced by z; fori =1,2,3.

Now we make the following observations:

=2
azg a
vo= (G ).

a2 . a2 aq .2
wo (T, (-2 (1-%2)

w(gz N ag*z? _a . _ _a _a_ ’
(92) ( a aﬁqzzz’CI)w (1 5,]212) (1 5qzz>

R B ) (a0z 59),1-2
W\Z) = ——— = = —
(az,%:q), wigz)  (az,%q), 1-az
and
g7 & . Zi
| w) _(Fdma), 1-2
w(z) = (z,z % ) = w(qz) = (z,z ) ) = 1 _dy’ i=1,2,3.
a ’az’q a 7%’61 a

Case I. z; = zp = z3 = 0. From (13.3.16) we have

~ a2 aq 2
s (1) (-89 (1-%)
~ uqz

Mat a-a(1-g5) (1-ak)

with possible solution

71¢.

(% )
Mm(z+%):_iz£ig i0

— , z=¢", a=|ale
z a (az.£:q)..
CaseIL. z; € R\ {0} and z; = z3 = 0. From (13.3.16) we have

) (1—%) (1-1422) (17%%2) (1—%)

w(

ISRIN

) (1—&@(1—#) (1—@%) (1-%2)

NHEIS

_|_
+

wi(g

'QIQ

with possible solution
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) (C_l+%> _ (a @), i0

=——QVZ7a o i=¢ a=|ale ™.
¢ a) (az¢ % )] ’

Case I1L. 7,2, # 0 and z3 = 0. From (13.3.16) we have

~ a2 aq 2 4
s (128)0-89(1-89) (1-2) (1-2)
gz

METE) 0w (1o ) (1-5m) -39 (-3

with possible solution

(ﬁ L~q)

win (& 1 @) e =e% a=lale™™

Z a_(aguz_lgz_z-)’z_ v 4= :
Z’z’a’ﬁz’a’ﬁz’qm

Case IV. 712073 # 0. From (13.3.16) we have

o) (@) i) (%) (1-8) (- 5) (- &)
F ) 0ew) (1o gga) (152 (-39 (-39 (- 59

with possible solution

(@ L~q)

W) (48 @ a7 =e a=lale™

2 a) (a4 EE A R n Bl n) t=e, a= :
’z’a’ﬁz’a’ﬁz’a’ﬁz’qw

13.4 Orthogonality Relations

In the preceding section we have obtained solutions of the g-Pearson equation
(13.3.16). In this section we will derive orthogonality relations for several cases
obtained in section 13.2. We will not give explicit orthogonality relations for each
different case, but we will restrict to the most important cases.

In order to find orthogonality relations we cannot use a similar method as in the
previous chapter. However, as in theorem 3.8 we now obtain orthogonality relations
of the form

ﬁA, a uz a uz a uz
/ W<—+_)ym<_+_>Yn(_+_)dZZO-namnv mn=0,1,2,...,
o Z a Z a < a

with
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n
on=[[d, n=123,....
k=1

In each different case the appropriate boundary conditions should be satisfied. This
implies (cf. (12.7.2) and (12.7.3)) that

- 2
R ) o (i)

should vanish for both z = ¢ and z = 8, the ends of the interval of orthogonality
(o, B) with possibly ot — —eo and/or f§ — oo.

Case Ia2. z; =z =z3 =0and 0 < g < 1. We use the weight function
(5.0
w® (9+E> = a_ ‘Z 2 z=e"% a=lale™®.
¢ (az,%:9)..
For the boundary conditions we should have that
_ 2
P ) e (i)

aq | uz 49" uz
z+aq

a? aq*. a

(i atsa)_ < uz ag uz) (%)
(%.%4), (-

a2 aq’.

(aqaaz2 ’q - a

(@z,%:q) =

(1-q)
vanishes at both ends of the interval of orthogonality. Note that this is true for

Z=i|Z—| = cos(0+¢)==lI.

This implies that we should have 0 < 0 + ¢ < 7.
Note that, since 8 € R and ¢ € R, the weight function can be written in the form

(eZi(9+¢)7672i(9+¢); q) (621'(9+¢); q) 2
(1) _ o o
wi (2]a|cos(6+ ¢)) = (a9 |ale0+0),q)_ | (jale®);q)_

s

Further we have
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‘ 2
| pebn (62!(9+¢);q> 1] (@20:g).
dO::—/ T d@z—/ | d.
2wty |(lale’®t9)q) 2w Jo | (lale®®;q)-
Hence we have by using the Askey-Wilson g-beta integral (1.12.4) that
1 T 2i6. - 2
dy = _/ u 40
21 Jo | (ale’?;q)ew
1 Fid 2i6 721‘9; - 1
-5/ e i) g ;<1
2 Jo (lale’®,|ale™":q)w (4:9)e
Further we have d,, = |a|?(1 — ¢") which implies that
. 2
o, = Hdk =la|"(¢;q)n, n=1,2,3,....
k=1
This leads, for 0 < |a| < 1, to the orthogonality relation
; 2
L] (€%:9)- |al*"(4:q)n
— 2 2|a|cos 0)y,(2]|a|cos0)dO = ——=§,
37 ) |emegs| n(2lalcoso)(alcoso)ap = T 5,

with m,n=0,1,2,... for the continuous big g-Hermite polynomials. Since |a| >0
this orthogonality relation can be normalized to read

1 T
o

Then the limit case a — 0 leads to the orthogonality relation

(eZiG; )m

- - (4:9)n
— m n = mn s B - ,1’2’....
(ae®:q)- Ym(cos 0)y,(cos 0)dO 0, mn=0

(4:9)-

1
2r

T 2

/ ‘(eZ’G;q)w‘ Ym(cos0)y,(cos0)dO = O, myn=0,1,2,...
0 .

for the continuous ¢g-Hermite polynomials.

Case IVa5. 712073 20,0 < ¢ < 1,7 < 0and D,(lz) > 0. We use the weight function

(E L~q)

=2 . .

wi) (&L @@ e =e% a=lale™

z a*(agmz_lgz_zﬁz_a.)’Z* » 4= :
Z’z’a’ﬁz’a’ﬁz’a’ﬁz’ o

Also in this case the boundary conditions hold for

Z=i|a—| = cos(6+¢)==lI,
a

which implies that we should have 0 < 0 + ¢ < 7.
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Note that, since 6 € R and ¢ € R, the weight function can be written in the form

13 Orthogonal Polynomial Solutions in

<62i(6+¢);q) 2
) (2|a| cos(6 + ¢)) = =
w a|cos .
(\a|ez<6+¢),H i(6+0), 2i(6+9) T (9+¢>;q>w
Further we have
<e2i(6+¢); q> 2
d(): deo.

1 / o+m
o —0 <|a‘ei(9+¢)’ i |

ei(0+¢) 2

(640 0+¢
, Zei(6+9), e >q)w

Hence we have as before by using the Askey-Wilson g-beta integral (1.12.4) that

( 2i0

2
)

do =

fal

212223
( lal? ’q)

1 T
27r/o (|a|eze Z16i0 2600 e

de

Tal ‘1>w

" al

2122 2123 2233
(ZleZaZ37 |u|2’ |a|2’ |a|2 g5 Q)

Further we have

g = laP(=g)(1-1¢" D)1 —21¢" 1)1 —22¢" )(1 —z3¢" ")
! (1= 7g?2)(1 = 1¢>"~1)2(1 - 7¢™")
T T T 213233
x| 1——4"|(1-—4"|[1-—4" ), =
( Zlq)( qu)( qu) lal?q
forn =1,2,3,..., which implies that
79 79 1q.
o, = ﬁdk_ |a)*" (q,‘L’ 70 ,q) e I
n — - b - - b) b) bR
Pl (1.74:9)5, lal*q

This leads to the orthogonality relation

( 219’q)

1 /”
2r Jo (|a|eze 2 il 2 6i0 B eze,q)

al¥ 2 Tal™ 0 df

ym(2|alcos 0)y,(2|a|cos 0) dO

(Zl‘ZTZZ3;q) 5 (q7 ‘u‘z azlaz27z% ‘ ‘ a_% 2_; q)
- - " "5
2122 2133 2223 . lezz} 212233 .
(Z],ZLZB, a2 Tal? * Jaf? ,6],6])00 ( Pq |aP? »q )
form,n=0,1,2,.... This is an orthogonality relation for the Askey-Wilson polyno-

mials.

¢ + % of Complex g-Difference Equations
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Similar to the situation in the preceding chapter this orthogonality relation for the
Askey-Wilson polynomials leads to orthogonality relations for the special cases of
continuous dual g-Hahn polynomials (z3 = 0), the g-Meixner-Pollaczek polynomi-
als, the Al-Salam-Chihara polynomials or the continuous g-Laguerre polynomials
(z2 = z3 = 0) and the continuous big g-Hermite polynomials (z; =z = z3 = 0).
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Chapter 14
Basic Hypergeometric Orthogonal Polynomials

In this chapter we deal with all families of basic hypergeometric orthogonal poly-
nomials appearing in the g-analogue of the Askey scheme on the page 413. For
each family of orthogonal polynomials we state the most important properties
such as a representation as a basic hypergeometric function, orthogonality rela-
tion(s), the three-term recurrence relation, the second-order g-difference equation,
the forward shift (or degree lowering) and backward shift (or degree raising) op-
erator, a Rodrigues-type formula and some generating functions. Throughout this
chapter we assume that 0 < g < 1. In each case we use the notation which seems
to be most common in the literature. Moreover, in each case we also state the limit
relations between various families of g-orthogonal polynomials and the limit rela-
tions (¢ — 1) to the classical hypergeometric orthogonal polynomials belonging to
the Askey scheme on page 183. For notations the reader is referred to chapter 1.

14.1 Askey-Wilson

Basic Hypergeometric Representation

a'py(x;a,b,c,d|q)

(ab,ac,ad;q),

—1_abcd n—1 i0 —if
=43 9 ",avcaq ,ae, a0 1q,q ), x=cosH. (14.1.1)
ab,ac,ad
The Askey-Wilson polynomials are g-analogues of the Wilson polynomials given by

9.1.1).

R. Koekoek et al., Hypergeometric Orthogonal Polynomials and Their q-Analogues, 415
Springer Monographs in Mathematics,
DOI 10.1007/978-3-642-05014-5_14, © Springer-Verlag Berlin Heidelberg 2010
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Orthogonality Relation

If a,b,c,d are real, or occur in complex conjugate pairs if complex, and
max(|al,|b],|c|,|d|) < 1, then we have the following orthogonality relation

1 /!
5 / V:(x) Pm(x;a,b,c,d|q) pn(x;a,b,c,d|q) dx = hy Oy, (14.1.2)

where
( 219’q)
(aei® bei® cel® dei®;q).

_ h(x DA~ Dh(x,q)h(x,—q?)
h(x,a)h(x, b)h(x, c)h(x, ) ’

w(x) :=w(x;a,b,c,d|q) =

I\)\

with

hix,a) =] (1 — 20" + a2q2k> (aeie, ae*ie;q> , x=cosf
k=0 °°

and
(abcdq"';q),(abcdg™; q)

h =
" (g, abq",acq®,adq",beq", bdg", cdq"; q)

If a > 1 and b, c,d are real or one is real and the other two are complex conjugates,
max(|b],|c|,|d|) < 1 and the pairwise products of a,b,c and d have absolute value
less than 1, then we have another orthogonality relation given by:

L/1M (x;a,b,¢,d|q)pn(x;a,b,c,d|q) dx
27_[ 71 mpm b b b b) q pi’l 9 9 9 b q
+ Y wipm(xa,b,c,d|q)pa(xisa,b,c,d|q) = hy S, (14.1.3)

1 <aqk <a
where w(x) and &, are as before,

k4 (agk -1
xk:aq (zaq)

and
(a*1q)e
(g,ab,ac,ad,a='b,a1c,a"1d;q)-

(1—a*q*)(a?,ab,ac,ad;q); ( q )k
(1—a?)(q,ab—'q,ac"1q,ad=1q;q)x \abcd/) ~

Wi =
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Recurrence Relation

2xPn(x) = Aupn1 (x) + [a+a " = (An+Cp)] Pu(x) + Cufpni (%), (14.1.4)

where
3 a"pn(x;a,b,c,d|q)

Pn(x) := Pu(x;a,b,c,d|q) =

(ab,ac,ad;q),

and
(1 —abq™)(1 —acq")(1 —adq")(1 —abcdq™ ")
a(1 —abedg?—1)(1 — abedg®")

A, =

o all =) (1= bog" (1 —bdg" (1 —cdg ™)
" (1 —abcdg®—2)(1 — abcdg®—1) '

Normalized Recurrence Relation

1 1
xpn(X) = puy1(x) + 3 [a +a - (A, —|—Cn)] Pul(x)+ ZA”,lC,,p,,,l(x), (14.1.5)

where
pn(x;a,b,c,d|q) = 2n(adeqn_1;Q)nPn (x).

g-Difference Equation

(1-9)’D, [W(x; aq? bg? cq? ,dq? |q)Dyy(x)
+ Aw(x;a,b,c,d|q)y(x) =0, y(x)=pu(x;a,b,c,d|q), (14.1.6)

where ( boe.dlg)
~ w ‘x;a7 7c7 q
w(x;a,b,c,d|q) i = —————
( =

and

A =4q7 "1 = g™ (1 —abedg™™ ).
If we define

(ab,ac,ad;q), g ", abcdq" ' az,az”!
P, = 54,
n(2) ar 493 ab,ac,ad 44

then the g-difference equation can also be written in the form
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g "(1—¢")(1—abcdg" ")Py(2)

=A(2)Pi(qz) — [A@) +A )| P(2) +AGZ DPi(g '), (14.1.7)
where
(I —az)(1=bz)(1 —cz)(1—dz)

AR =) (a2

Forward Shift Operator

§ypu(xia,b,e,dlg) = —q 2"(1—¢")(1 —abedg" ") (e —e©)
X pn,l(x;aq%,bq%,cq%,dq%\q), (14.1.8)

where x = cos 0, or equivalently

n (1=¢")(1 —abedg™ ")
l—q
1 1 1 1
X pn—1(x;aq?,bq? ,cq?,dq?|q). (14.1.9)

Dypa(x:a,b,e,dlg) = 2g7 20

Backward Shift Operator

Oy W(x;a,b,c,d|q)pn(x;a,b,c,d|q)]
=g 20D — e O)i(xag 2 ,bg 2 cq 2, dg % |q)
X pn+1(x;aq7% ,bcf%,cqf%,dqf% lg), x=cos® (14.1.10)

or equivalently

Dy [W(x;a,b,c,d|q)pa(x;a,b,c,d|q)]
2q’%” .
=3 — w(x;aq

=3 ¢q2,dg 2 q). (14.1.11)

=
I~
AN
(]
Q
BN
ol
I
N
N
S
=

X Pn+1 (X; aq
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Rodrigues-Type Formula

w(x;a,b,c,d|q)pn(x;a,b,c,d|q)

—1\"
= <—q2 > g4 (D) [i(x;aq", b, cq?", dg¥"g)| . (14.1.12)

Generating Functions

t", x=cosH. (14.1.13)

aei97cei9 ) be—iG de—i(-) .
201 1q,e 1) 20, ’ 1 q, et
ac bd

t", x=cos6. (14.1.14)

ae® de'® _ be 19 ce 0 :
201 < o e ’et) 201 < e @ e’9t>

Pult@,0,6804) i — cos6. (14.1.15)

Limit Relations

Askey-Wilson — Continuous Dual ¢g-Hahn

The continuous dual g-Hahn polynomials given by (14.3.1) simply follow from the
Askey-Wilson polynomials given by (14.1.1) by setting d = 0 in (14.1.1):

pn(x;a,b,¢,0|q) = pu(x;a,b,c|q). (14.1.16)
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Askey-Wilson — Continuous g-Hahn

The continuous g-Hahn polynomials given by (14.4.1) can be obtained from the
Askey-Wilson polynomials given by (14.1.1) by the substitutions 6 — 6 +¢, a —
ae®. b —be', ¢ — ce™® and d — de™¢:

Pu(cos(0 4 0);ae be’® ce ™ de™|q) = pu(cos(8 + ¢);a,b,c,d;q). (14.1.17)

Askey-Wilson — Big ¢-Jacobi

The big g-Jacobi polynomials given by (14.5.1) can be obtained from the Askey-
Wilson polynomials by setting x — $a~'x, b=a"'ag, c=a"'ygand d = afy!
in

a"pu(x;a,b,c,d|q)

Pn(x;a,b,c,d|q) = (ab,ac,ad;q)

given by (14.1.1) and then taking the limit a — O:

lirr(l)ﬁn(%a‘lx;ma‘laq,a“)/%ﬂﬁ)/“Iq) =P, B,7:9). (14.1.18)
a*}

Askey-Wilson — Continuous g-Jacobi

If we take a = 294, b = q2%+1, ¢ = —q2P*+7 and d = —¢?P*1 in the definition
(14.1.1) of the Askey-Wilson polynomials and change the normalization we find the
continuous g-Jacobi polynomials given by (14.10.1):

gy, (xq10t s, gr0ti —qabta _giBti|g)
L(a+B+2) N

(o)
Torpt) _ PP (xlg).  (14.1.19)

(g,—q q @)n

Askey-Wilson — Continuous g-ultraspherical / Rogers

If we seta = ﬁ%, b= ﬁ%q%, c= —[3% andd = —ﬁ%q% in the definition (14.1.1) of
the Askey-Wilson polynomials and change the normalization we obtain the continu-
ous g-ultraspherical (or Rogers) polynomials given by (14.10.17). In fact we have:

1

(B%:q)apn(x: B2, B2q?,—B2,~B2 4> |q)
(ﬁq%’_ﬁa_ﬁq%vq;Q%l

= C,(x:Blg). (14.1.20)
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Askey-Wilson — Wilson

To find the Wilson polynomials given by (9.1.1) from the Askey-Wilson polynomials
weseta — q%, b — q°, c — ¢, d — ¢ and ¢® = ¢ (or 6 = Ing®) in the definition
(14.1.1) and take the limit g — 1:

i (3 (6" +a7%) 4% 4", q¢ 4% 9)
1m

_ 2.
q—1 (1 _q>3n —Wl’l(-x ,a,b,c,d). (14121)

Remarks

The g-Racah polynomials given by (14.2.1) and the Askey-Wilson polynomials
given by (14.1.1) are related in the following way. If we substitute a> = g,
b =a?y 167 q, 2 = B?y18q, d*> = y6~'q and e¥® = y54*>*! in the definition
(14.1.1) of the Askey-Wilson polynomials we find:

Ry(u(x); 0, B,7,6lq)

(139)"pulv(x): 72877 oy 187243, By 827, ¥28 2q?|q)
(0eq,B64,v4:q)n

)

Where 1 1 1 1 1 1
Vi) = brhatgd 4 by babg et
If we replace ¢ by ¢~ we find
Pu(xsa,b,e,d|lg™) = po(xia™ b7 e d 7 g).
References

[3], [16], [34], [51], [72], [73], [77], [801, [82], [83], [92], [115], [116], [236], [238],
[256], [257], [271], [275], [278], [282], [286], [287], [290], [294], [298], [306],
[323], [326], [347], [348], [351], [371], [408], [409], [414], [416], [418], [422],
[442], [443], [445], [446], [448], [449], [451], [455], [474], [495], [507], [513].
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14.2 g-Racah

Basic Hypergeometric Representation

R,(u(x);a,B,7,0|q)
(q‘”, aBq g, y6q- !
=403

3q,9 ), n=0,1,2,....N, (14.2.1)
aq,Bdq,vq )

where
H(x) =g+ 5!
and
ag=q " or BSg=q N or yg=q7",
with N a nonnegative integer. Since

k—1

(g8 q) =] (1 — n(x)g’ + 84,
=0

it is clear that R, (it (x); o, 3,7, 6|q) is a polynomial of degree n in p(x).

Orthogonality Relation

i (00q, 884,74, 784:q)s

= (g0 10, B 1vq,64:9)x

— 2x+1
M%Rm(ﬂ(x))&(u@) =y Oy (1422)

where
Rn(,Ll(X)) = Rn(,u(x);avﬁ,% 6|q)

and

(@ !B ly,a'8,B",¥0q% )
(e 'B~1g7 1, a~1v8q,B~1v9,04;9)
. (1= 0Bq)(v89)" (9,0By"'q,25" "9, Bg:q)n
(I—aBg* ) (ag,aBq,B89,Y4:9)n

By =

This implies
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(B~ ',v8¢%q)v (1—Bg ™) (v8q)"
(B~'vq,6q:9)n gl—ﬁqz”*N)

(¢.Bq.By ¢V, 67'¢V;q),

X if ag=qg "N
(Bg™N,Bbq.vq,97V:q)n

(aBq*, By sq)v (1—aBg)(B~'yg )"

no—J (@By'a.Bggn  (1—aPfg*!)

" . (0,0Bq" ", 0By"'q,Bg;q)n it Bog=q N
(aq,0Bq,v4,47":q)n

(aBq? 6 'iq)n (1—aBq)(5g )"
(a67'q,Bg:q)n (1 —aBg> )
(q.0Bg" 2,08, Bq:q)n

(aq,aBq,B6q,47V:q)n

if yq=q".

Recurrence Relation

—(1=¢7") (1= v8¢"") Ru(n(x)
= ApRyi1(1(x)) = (A 4 Co) Ry (11(x)) + CuRp—1 (1 (x)), (14.2.3)
where
(1—aq"™)(1—oBq")(1-Bég" )(1—yg")
(1— aBP ) (1 — aBg?2)

q(1-¢")(1-Bq")(y—aBq")(6 — aq")
(1—aBg*)(1—aBg* ) '

An =

C,=

Normalized Recurrence Relation

xpn(x) = Pn+l1 (X) + [1 + Y5q - (An +Cn)] Pn ()C) +An—lCnPn—l ()C), (1424)

where |
(eBqg" ' 5q)n

(g, Boa 1q:q), ")

Rn(.u(x);a7ﬁv%6|Q) =
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g-Difference Equation

Aw(x—1)Bx—1)Ay(x—1)]
—q "(1=¢")(1—aBg" " )w(x)y(x) =0, (14.2.5)
where
y(x) =Ru(u(x);0,B,7,6lq)
and

o ~ (aq,B8q,vq,v8q:9)x  (1—y8q™*")
W) = wleonBLy.810) = e B 114, 4:): (@Ba)(1—139)

and B(x) as below. This g-difference equation can also be written in the form

g "(1—¢")(1—aBqd")y(x)

=B(x)y(x+1) = [B(x) + D(x)]y(x) + D(x)y(x — 1), (14.2.6)
where
y(x) :RH(H(X);aaBa%SM)

and

B(x) = (1—ag" ™) (1= B¢ ) (1 —yg" ") (1 — y8q*)

(1 _ y6q2x+])(1 _ y6q2x+2)
by — 11— =8¢) (B~ y4*)(@— y5q")
(1=78¢™)(1 —y8g*>*1)

Forward Shift Operator

Ry(u(x+1);0,B,7,6]q) — Ra(u(x); 0, B,7,6lq)
_ " (=g (1 —aBq" (1 - y8g>?)
(1—0“1)(1—ﬁ561)(1—761)
X Ry—1(p(x); g, Bq, vq,0q) (14.2.7)

or equivalently

AR, (u(x); 0, B,7,6lq)
Ap(x)
_ g™ (1 -g)(1—aBg"t)
(1-¢)(1—0aq)(1—B6q)(1—1q)
X Ry-1((x); q,84,v4,61q). (14.2.8)
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Backward Shift Operator

(1—aq")(1=B3q")(1 —yqg") (1 —voq")Rx(1(x); 0, B,7,6lq)
—(1=¢")(1=06q")(0c —y0q") (B —vq" )Rn(t(x—1);t,8,7,6lq)

=g (1—a)(1-B&)(1—y)(1—y8q™)
X Ry (u(x);aq " Bg " ya™",8lq) (14.2.9)

or equivalently

Vw(xier, B,7,8|q)R,(u(x); e, B,7,6|q)]

Vi (x)
1
= mfv(x; aqg ' Ba " v, lq)
X Rup1(u(x);aq ", Bg " yq™",8]q), (14.2.10)

where
(0q,B6q,7vq,78q;9)x

(q,07'v8q, B~ vq,84:q) ()"

Ww(x;so, B,7,0lq) =

Rodrigues-Type Formula

W(X; O(,ﬁ, Y? (Slq)Rn([J(X);(X,ﬁ, ’}/a 6|CI)
=(1—-9)"(v84:9)n (Vu)" W(x: aq", Bq", 74", 8|q)],  (14.2.11)

where

Generating Functions

Forx=0,1,2,...,N we have

1 1 7x +1 —+1
( o 5 ,W“r) 201 (ﬁ‘s"x ﬁf’x ;q,m)

< (Bq.Y4:q)n , n
= 3 CEEn R, (v B .Sl

if Bdg=q " or yg=q". (14.2.12)
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B}/ CI +1 aqx+lqux+l. —X
( B5q 5 q, v8q" ws-lg P4
& (0, Y9:9)n
— 2R R (u(x); e, By, 8)g)t"
go 05-Tq.q.q), K1) B 7. 61q)
if ag=qg ™" or yg=q". (14.2.13)

xslfx a+175+1 .
( ,617}’561X+1l) 2¢1< qxaﬁﬁlzx 54,9 l)

N
%%WW’B o

if ag=qg ™" or BSg=q". (14.2.14)

Limit Relations

g-Racah — Big g-Jacobi

The big g-Jacobi polynomials given by (14.5.1) can be obtained from the g-Racah
polynomials by setting 6 = 0 in the definition (14.2.1):

Ry(u(x);a,b,¢,0|q) = P.(q “;a,b,c;q). (14.2.15)

g-Racah — g-Hahn

The g-Hahn polynomials follow from the g-Racah polynomials by the substitution
8 =0and yg = g in the definition (14.2.1) of the g-Racah polynomials:

Ry(u(x);0, B,g N 1,0lq) = Qulq ;0 B,Nlg). (14.2.16)

Another way to obtain the g-Hahn polynomials from the g-Racah polynomials is by
setting y =0 and § = B~'¢~V~! in the definition (14.2.1):

Ra(u(x);a, 8,0, "¢ V" g) = 0u(g "0, B,N|q). (14.2.17)

And if we take oig = gV, B — Byg"*! and § = 0 in the definition (14.2.1) of
the g-Racah polynomials we find the g-Hahn polynomials given by (14.6.1) in the
following way:

Ro(u(x);qg M1 Byt ,7,0l9) = 0u(q ;7. B, Nlq). (14.2.18)



14.2 g-Racah 427

Note that t(x) = g in each case.

g-Racah — Dual g-Hahn

To obtain the dual g-Hahn polynomials from the g-Racah polynomials we have to
take B =0 and oig = ¢V in (14.2.1):

Ru((x);¢71,0,7,61g) = Ru(1(x);7.8,N]q), (14.2.19)

with
1x)=q*+y85q"".

We may also take o = 0 and B = 6 !¢V~ in (14.2.1) to obtain the dual g-Hahn
polynomials from the g-Racah polynomials:

Ry(1(x);0,6 ¢V 7, 8|q) = Ry(1(x);7,8,N|q), (14.2.20)

with
ux)=q*+y8q"".

And if we take yg = ¢V, § — ad¢"*! and B = 0 in the definition (14.2.1) of the
g-Racah polynomials we find the dual g-Hahn polynomials given by (14.7.1) in the
following way:

Ru(1(x);0,0,g7 V" adq" ) = Ru(1(x); 0, 8,N|q), (14.2.21)

with
() =g+ g,

g-Racah — g-Krawtchouk
The g-Krawtchouk polynomials given by (14.15.1) can be obtained from the g-Racah

polynomials by setting ocg = ¢, B = —pg" and y = & = 0 in the definition (14.2.1)
of the g-Racah polynomials:

Ri(g g V', —pg",0,0|9) = Ku(q "; p,N;q). (14.2.22)

Note that pt(x) = g~ in this case.

g-Racah — Dual g-Krawtchouk

The dual g-Krawtchouk polynomials given by (14.17.1) easily follow from the g-
Racah polynomials given by (14.2.1) by using the substitutions ¢ = 8 =0, yg =g~
and 6 =c:
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Ru(11(x);0,0,¢ V1 c|q) = Ky (A(x);¢,N]q). (14.2.23)
Note that

H) =2A(x) =g +eq .
g-Racah — Racah

If we set o — g%, B — ¢P, vy — ¢?, & — ¢° in the definition (14.2.1) of the g-Racah
polynomials and let ¢ — 1 we easily obtain the Racah polynomials given by (9.2.1):

lim Ry (1 (x):9%,¢° . ".°4) = Ra(A(): 1, B. 7,). (14.2.24)
q*}
where
wx)=gq* +qx+y+5+l
Alx)=x(x+y+0+1).
Remarks

The Askey-Wilson polynomials given by (14.1.1) and the g-Racah polynomials
given by (14.2.1) are related in the following way. If we substitute o = abq™!,
B=cdg ', y=adq', § =ad™" and ¢* = a~'e”% in the definition (14.2.1) of

the g-Racah polynomials we find:

u(x) =2acos6

and
_ _ 1 "pn(x;a,b,¢,d|q)

R.(2 e’b ld 1 d 1 dl :apn(xa777

w(2acos 8;abg ™ ,cdq ™ ,adq " ,ad " |q) (ab.ac.ad:q)
If we replace ¢ by ¢~ ! we find

Rn(“(x);avﬁ/)/va‘qil):Rn(na(x);aihﬁilv’yilvsil|Q)7
where
f(x):=q +y '8 g™

References

[16], [27], [34], [70], [72], [80], [140], [142], [204], [233], [235], [238], [271], [301],
[345], [416], [426], [442].
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14.3 Continuous Dual g-Hahn

Basic Hypergeometric Representation

n : ,b, 7}1) i9’ —i0
aplxiabila) _ o (a"aetae N L ose. (143.1)
(ab,ac;q)n

Orthogonality Relation

If a,b,c are real, or one is real and the other two are complex conjugates, and
max(|al, |b|,|c|) < 1, then we have the following orthogonality relation

I rbowhk
EL \/%pm(x;“’b’c‘I)Pn(X;“,b,CIq)thn S, (14.3.2)

29, 2 X X, — x—%
VRPN et A R LSS ¢hi(x.—qh)

(ae’®,be’®, ce®®: q).. h(x, )( )(x c) ’

h(x, o) := H (1 — 20" + a2q2k) = (aem, ae_ie;q> , x=cos0

and
1

(qn+1 ) abqn7 acqn7bcqn;Q>°°

By =

If a > 1 and b and c are real or complex conjugates, max(|b|,|c|) < 1 and the pair-
wise products of a,b and ¢ have absolute value less than 1, then we have another
orthogonality relation given by:

1 1
2m /—1 1/‘1/Lj)x2pm(X;a’bvcm)l?n(x;a,b,c|q) dx

+ z wkpm(xk;a,b,c|q)pn(xk;a,b,c|q) = hy Opn, (14.3.3)
1<aqk§a
where w(x) and h,, are as before,

agk + (aqk) !

X = 3
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and

e @) (1= @ abaci e () (;)k.

(g.ab,ac,a”'b,a"'c;q) (1 —a*)(q,ab~'q,ac™q:q)x a*be

Recurrence Relation

25Pn(xX) = Anprs1 (X) + [a+a " = (Ay+Cp)| Pu(x) + Capni1(x),  (14.3.4)

where ;
~ ()C) — a p,,(x;a,b,c\q)
T (ab.acig)

and
Ay =a ' (1—abq")(1 —acq")

Co=a(l —¢")(1—beqg"™ ).

Normalized Recurrence Relation

1

xpﬂ(x) = Pn+1 (x) + E [a +a71 - (An +Cn)] pn(x)

45 (1-g") (1 —abg™)
x (1—acg" ") (1 =beg" pa_i(x),  (14.3.5)

where
pn(x;aabadq) = an”l('x)'

g-Difference Equation

(1D, [(xag® ,bg* ,cq? lg)Dyy(v)]
+4¢7 "1 = ¢")Wo(xsa,b,clq)y(x) =0, (14.3.6)
where
y(x) = pa(xsa,b,clq)

and
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w(x;a,b,c|q)

Vi—2

w(x;a,b,clq) =

If we define

Py(z) := Tn3¢2 dboae 04

then the g-difference equation can also be written in the form
g "(1—q")Py(z) =A(2)Pu(g2) — [AR) +A(z )] Pu(2) +A(z Pi(g '2), (14.3.7)
where
(1 —az)(1—=bz)(1 —cz)
(1-22)(1—qz*)

A(z) =

Forward Shift Operator

8,palia,biclg) = =g " (1-q")( —e )
xpn,l(x;aq%,bq%7cq%|q), x=cos6 (14.3.8)

or equivalently

n

q I
1_qpnfl(x;aq%bq%cqzlq)- (14.3.9)

1—
Dan(x;a,b,dq) = 2(]7%("71)

Backward Shift Operator

5‘1 [W(X;a7b7C|Q)pn(X;a7b7C|Q)]

1

l—
o
_Q
=
S
S~—

_ q—%(n—&-l)(eie —e_ie)vT/(x;aq_f bq
><pn+1(x;aq*%,bq*%,cq*%\q), x=cos0O (14.3.10)
or equivalently

Dy [W(x;a,b,clq)pu(x;a,b,clq)]
_ 24
=—7 — w(x;aq

1 1

1 1
2|q)pus1(x;aq™2,bq" 2 ,cq 2 |q). (14.3.11)

1 1
2,bq" % ,cq
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Rodrigues-Type Formula

w(x;a,b,c|q)pn(x;a,b,c|q)

_1 n
= (%) g (D) [(xaq?, bg", et )] . (14.3.12)

Generating Functions

(ct;q)e ae'® be'® o0,
W 201 ab »q,¢

b

_ 2 Pa(x3a, C|t])t , x=cos0. (14.3.13)
= (ab.q:q)n

(bt;q)e ae®®, ce’® —i6,

“97‘2(7)1 4, €

e¥1;q) ac
Z X a,b C|6]) , x=cos0. (14.3.14)
= (ac,q3q)n

£:0)e b i0 i0 )
(at;q) o [P ey
(e ’9t'c]).>c be

. b
_ Z pn(x;a, C|C])t . x=cos#. (14.3.15)
(be,q;q)n

ae'®.ae.0
() 302 ( 34, t)

ab,ac

o v (2)
Wia‘lz)pn(x a,b,clg)", x=cos. (14.3.16)

Limit Relations

Askey-Wilson — Continuous Dual g-Hahn

The continuous dual g-Hahn polynomials given by (14.3.1) simply follow from the
Askey-Wilson polynomials given by (14.1.1) by setting d = 0 in (14.1.1):
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pn(x;a,b,c,0lq) = pn(x;a,b,clq).

Continuous Dual g-Hahn — Al-Salam-Chihara

The Al-Salam-Chihara polynomials given by (14.8.1) simply follow from the con-
tinuous dual g-Hahn polynomials by taking ¢ = 0 in the definition (14.3.1) of the
continuous dual g-Hahn polynomials:

pn(x;a,b,0|q) = O, (x;a,b|q). (14.3.17)

Continuous Dual g-Hahn — Continuous Dual Hahn

To find the continuous dual Hahn polynomials given by (9.3.1) from the continuous
dual g-Hahn polynomials we set a — g%, b — ¢”, ¢ — ¢° and e’® = ¢** (or 8 = Ing")
in the definition (14.3.1) and take the limit g — 1:

1 i —ix) . b
o Pa(s (4" +a7™) ;9% ¢°.4"]q)

Pt (1—g)™ = Su(x*:a,b,c). (14.3.18)

References

[73], [260].

14.4 Continuous g-Hahn

Basic Hypergeometric Representation

(ae®)"p,(x;a,b,c,d;q)
(abe?? ac,ad;q),
g~ ", abcdg" !, aei(0+29) ,ae”®
=493 < abe?® ac,ad

54 q) . x=cos(0+09). (144.1)



434 14 Basic Hypergeometric Orthogonal Polynomials

Orthogonality Relation

If ¢ = a and d = b then we have, if a and b are real and max(Jal, |b|) < 1, orifb=a
and |a| < 1:

V1
in w(cos(0 4+ ))pm(cos(0 + ¢);a,b,c,d;q)pn(cos(0+ @);a,b,c,d;q)dO
-
(abcdq™";q),(abcdg™";q)w

— : : 5 14.42
(q"t1,abq"e?? acq",adq",bcq",bdq",cdq'e 29;q)., ( )

where

(e2i(9+¢) q)m

b}

(aei(0+20) pei(0+20) cei® gei®: g)..

w(x) :=w(x;a,b,c,d;q) =

h(x, Dh(x, —1)h(x,q2 )h(x, —q?)
h{x,ae®)h(x, b h(x,ce 1 )h(x, de %)’

with

=

hx,o) =] (1 —2axq* + aquk) = (aei((’*“’), ae*i(‘”q’);q) , x=cos(0+9).
k=0 ~

Recurrence Relation

25Pn(x) = Anps1 (x) + [ae” +a e — (A, +Cp)| pu(x) + Capn1(x), (14.4.3)

where .
(ae®)"py(x;a,b,c,d;q)

(abe®? ac,ad;q),

Pn(x) := Pu(xsa,b,c,d;q) =

and )
(1 —abe*® q")(1 —acq")(1 — adq")(1 — abcdq"™")

A, = ‘
" aeid (1 —abedg? 1) (1 — abcdg®")

B aei‘p(l —g")(1 —bcq”_l)(l —bdq"_l)(l — cde_Zi")q”_l)
" (1 —abcdg*—2)(1 —abcdg* 1) '
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Normalized Recurrence Relation

1. . .
pn(x) = put1 () + 3 [ae” +a~'e " — (A4 +Cy)] pu(x)
1
+ ZAn_lcnpn_l (), (14.4.4)
where
pa(x:a,b,¢,d;q) = 2" (abcdq" ™" q)upa(x).
g-Difference Equation
11 1 1
(1-¢)°D [ Ww(x;aq?,bq?,cq?,dq?;q)Dygy(x)
+ AW (x;a,b,c,d;q)y(x) =0, y(x) = pu(x;a,b,c,d;q), (14.4.5)
where ( boe.diq)
- wix;a,o,c,d;q
w(x;a,b,c,d;q) i = ————
( 2 Nipre
and
A =4q "1 — g™ (1 —abedg™™ ).
Forward Shift Operator

Oypn(x;a,b,¢,d;q)
= —q (1 —¢")(1 — abedg" ") (e1O+0) — (0 +9))
X Pn—1 (x;aqf,bq%,cq% ,dq%;q), x=cos(0+0) (14.4.6)

or equivalently

n (1=¢")(1 —abedg™ ")
l—gq

Dypu(x;a,b,c,d;q) = 2g 30

><pnfl(x;aq%7bq%,cq%,dq%;q)- (14.4.7)
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Backward Shift Operator

& [Ww(x;a,b,c,d;q)pn(x;a,b,c,d;q))]
— g 20D (i049) _ ~i010)) 5 ag~ 3 bg 3, cqE, dg35q)
X puri(xag ,bg 2 ,cq 7 ,dg q), x=cos(68+9) (14.4.8)

or equivalently

Dy [W(x;a,b,c,d;q)pp(x:a,b,c,d:q)]
_ 2" .
= 1—q w(x;aq

1 _1 _

X pnr1(x;aq”2,bg" 2 ,cq

dg ). (14.4.9)

Rodrigues-Type Formula

Ww(x;a,b,c,d;q)pa(x;a,b,c,d;q)

—1\"
= (%) g4 (D,)" [W(x;aq%"qu%",cq%”,dq%”;q)} . (14.4.10)

Generating Functions

] aei(9+2¢),bei(9+2¢)' o—i(0+9);
=7 abe?9 0

Cefi(9+2(1)) defi(9+2(1)) ;
) . (6+9)
X Z(Dl ( Cde_zl-(p 54, ¢ t

oo . . n
_ 2 ( pu(x;a,b,c,d;q)t x=cos(6+0). (14.4.11)

) (abe?®, cde=2% q;q),’

ac

(642 0 —if0 —i(6+2
201 (ael( e 34, ei<9+¢>t> 201 (be l ,d;d’( ) i, ei(9+¢)t>

pn(x;a,b,c,dsq) , B
2 —ac bd.g.0)n ", x=cos(0+¢). (14.4.12)
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qei(60+29) ’ de'® » be—i97ce—i(9+2¢) )
201 ( ad 1q,e O ) Loy be 1q, e 00

< Pn(x§a,bac7d§‘]) n
=y LT x=cos(04¢). (14.4.13)
2 (ad,bc,q;q)n 8+¢)

n=0

Limit Relations

Askey-Wilson — Continuous ¢-Hahn

The continuous g-Hahn polynomials given by (14.4.1) can be obtained from the
Askey-Wilson polynomials given by (14.1.1) by the substitutions 6 — 6 +¢, a —
ae® b —be?® ¢ —ce ™ and d — de 9:

Pu(cos(0 4 0):ae be™® ce™ de™|q) = pu(cos(6 + ¢);a,b,c,d:q).

Continuous g-Hahn — g-Meixner-Pollaczek

The g-Meixner-Pollaczek polynomials given by (14.9.1) simply follow from the con-
tinuous g-Hahn polynomials if we set d = a and b = ¢ = 0 in the definition (14.4.1)
of the continuous g-Hahn polynomials:

pu(cos(0+¢);a,0,0,a;q)
(4:q)n

= P,(cos(0+¢);alq). (14.4.14)

Continuous g-Hahn — Continuous Hahn

If we seta— % b—q°, c — ¢°, d — ¢ and e ® = ¢* (or 8 = Ing™™) in the
definition (14.4.1) of the continuous g-Hahn polynomials and take the limit g — 1
we find the continuous Hahn polynomials given by (9.4.1) in the following way:

iz Pr(cos(ing ™" + 0):q4.4°,9°.q%;q)

= (=2sin¢)"p,(x;a,b,c,d). (14.4.15)
g=1 (1—4)"(4:9)n ( 0)"pal )
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Remark
If we replace ¢ by ¢! we find

Pu(xia,b,e,diq™") = pa(ria™' b7 e d 7).
References

[34], [72], [238].

14.5 Big g-Jacobi

Basic Hypergeometric Representation

q—n7abqﬂ+l7x
Py(x;a,b,c;q) =3¢2( 54,9 ) -
aq,cq

Orthogonality Relation
For0 <aqg <1,0<bg < 1andc <0 we have

Pu(x;a,b,¢;q)Py(x;a,b,c;q) dgx

44 (a'x,¢7 X1 q)eo
/Cq (x,bc71x; ) e
(g,abq*,a” c,ac™'q;q)w
(aq,bq,cq,abc1q;q)e

(1—abq) (g:bg,abc"q;q)n
(1—abg**t') (aq,abq,cq:q)n

=aq(1—q)

(_acqzqu(’zl) 6mn-

Recurrence Relation

(14.5.1)

(14.5.2)

(x=1)Py(x;a,b,¢;q9) = ApPyy1(x;a,b,¢;9) — (A +Cp) Py(x;a,b,¢;9)

+CpPy-1(x3a,b,¢3q),

where

(14.5.3)
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(1 faq"_"l)(l fabq”_"l)(l 7an+1)

A, =
(1= abg®+1)(1 — abg?'2)

Cy = —acq""! (1—¢")(1—abc'q")(1 - bg")
n (1 *aqu")(l *aqu""'l)

Normalized Recurrence Relation

xPp(x) = a1 (x) +[1 — (A +C)] pn(x) +Au—1Cupr_i1 (%),

where (abq 1)
ra,b,c; :—aq" *Dn X).
Py(x;a,b,c;9) (aq,¢q:q)n Pn(x)
g-Difference Equation
g "(1—¢")(1—abq"")x’y(x)
= B(x)y(gx) — [B(x) +D(x)]y(x) + D(x)y(¢" '),
where
y(x) = Py(x;a,b,¢;q)
and
{ B(x) =aq(x—1)(bx—c)
D(x) = (x—aq)(x—cq).
Forward Shift Operator

P(x;a,b,c;q) — Py(qx;a,b,c;q)

q " 1(1 ql’l)(l abqn 1)
= P,_1(gx;aq,bq,cq;
(1 )(1 c ) XEn l(q Clq q Cq q)

or equivalently

qfnJrl(l —q”)(l —abq"Jrl)
(1—¢)(1 —aq)(1—cq)

DgPi(x;a,b,c;q) =

Po_1(gx;aq,bq,cq;q).

439

(14.5.4)

(14.5.5)

(14.5.6)

(14.5.7)
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Backward Shift Operator

(x—a)(x—c)Py(x;a,b,c;q) —a(x—1)(bx — ¢)P,(gx;a,b,c;q)
=(1-a)(1 —c)xPnH(x;aq_l,bq_l,cq_l;q) (14.5.8)

or equivalently

Dy w(xsa,b,c;q)Py(x;a,b,c:q))

_ (I—a)(l—c)
ac(1—q)
X Pyi1(xaqgt bg ™t cq™

1

w(x;aqg ',bqg " cq"q)

), (14.5.9)

where . X
(@ 'x,¢c7'%9)w
sa,byeiq) = —F————~—

w(xa,b,c;q) (x,bc1x;9) w0

Rodrigues-Type Formula

w(x;a,b,c;q)Py(x;a,b,c¢;q)
ancnqn(n-kl)(liq)n(

(aq,cq:q) 7,)" w(x.aq",bq",cq"q)]. (14.5.10)
b s n

Generating Functions

I b 'x
201 ( ,q,xt> 101 ( by D CCﬁ)
q

2 (CGEDn_p (cap,c:q)in. (14.5.11)
=0 (bq,q; ‘])n
bex
201 ( ,q,xt> 101 ( .39 aqt)
abc™'q
-y “q (a9 (x:a,b,c;q)f". (14.5.12)

= (abcq,q59)n
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Limit Relations

Askey-Wilson — Big g-Jacobi

The big g-Jacobi polynomials given by (14.5.1) can be obtained from the Askey-
Wilson polynomials by setting x — 1a~'x, b=a"'ag,c=a'ygand d = afy!
in

d"pa(x;a,b,c.d|q)

ﬁ,,(x;a,b,cad“ﬂ = (ab ac ad(])
) ’ >1/n

given by (14.1.1) and then taking the limit a — O:

gig(l)ﬁn(%a*‘xm,a’laq,a”mal37*1 q) = Pu(x; 0, B,7:9).

g-Racah — Big ¢-Jacobi

The big g-Jacobi polynomials given by (14.5.1) can be obtained from the g-Racah
polynomials by setting 6 = 0 in the definition (14.2.1):

Ry(u(x);a,b,c,0|q) = Py(q *;a,b,c3q).

Big g-Jacobi — Big g-Laguerre

If we set b = 0 in the definition (14.5.1) of the big g-Jacobi polynomials we obtain
the big g-Laguerre polynomials given by (14.11.1):

P,(x;a,0,c;q9) = Py(x;a,¢;q). (14.5.13)

Big g-Jacobi — Little ¢g-Jacobi

The little g-Jacobi polynomials given by (14.12.1) can be obtained from the big g-
Jacobi polynomials by the substitution x — cgx in the definition (14.5.1) and then by
the limit ¢ — —oo:

lim P,(cgx;a,b,c;q) = pu(x;a,b|q). (14.5.14)

c——oo

Big ¢-Jacobi — g-Meixner

If we set b= —a~'cd™! (with d > 0) in the definition (14.5.1) of the big g-Jacobi
polynomials and take the limit ¢ — —oo we obtain the g-Meixner polynomials given
by (14.13.1):
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lim P,(q "a,—a ‘cd™,ciq) = My(qg"sa,d:q). (14.5.15)
C— —o0

Big g-Jacobi — Jacobi

If we set ¢ =0, a =g and b = ¢P in the definition (14.5.1) of the big g-Jacobi
polynomials and let ¢ — 1 we find the Jacobi polynomials given by (9.8.1):

PP 2x—1)

lim P, (x;q%, 4P ,0;¢) = (14.5.16)
g—1 Pygaﬁ) ( 1 )
If we take ¢ = —q" for arbitrary real y instead of ¢ = 0 we find
(0,B)
P,
limPn(x;qa’qﬁv—qy;q) = ET)(X) (14.5.17)
qg—1 Pna’ (1)

Remarks

The big g-Jacobi polynomials with ¢ = 0 and the little g-Jacobi polynomials given
by (14.12.1) are related in the following way:

(bq;q)n

@@a) (~1)"a"q"* &) py(a~'q " x:b,alg).
) n

Pn(x;avbao;q) =

Sometimes the big g-Jacobi polynomials are defined in terms of four parameters
instead of three. In fact the polynomials given by the definition

,ac‘qu )
ag,—ac'dqg "1

,abq”'H

q—n
Pn(x;aabacad;('I) = 3(])2 (
are orthogonal on the interval [—d, ¢] with respect to the weight function

(¢ 'qx,—d 'gx;9)w
(ac™gx,—bd~1qx;q)w

qX-

These polynomials are not really different from those given by (14.5.1) since we
have
P,(x;a,b,c,d;q) = Py(ac” ' qx;a,b, —ac'd; q)

and
P,(x;a,b,c;q) = By(x;a,b,aq9,—cq;q).
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References

[12], [16], [34], [79], [80], [157], [211], [238], [256], [259], [261], [271], [295],
[298], [305], [320], [345], [348], [351], [408], [416], [419], [420], [421], [474],
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Special Case

14.5.1 Big g-Legendre

Basic Hypergeometric Representation

The big g-Legendre polynomials are big g-Jacobi polynomials with a = b = 1:

—n . n+l1 X
Pn(x;C;Q)3¢2(q s ;q,q>. (14.5.18)
g:cq

Orthogonality Relation

q
/Pm(x;c;q)B,(x;c;q)dqx
cq

(1-q) (c'g:q) n (1
=40 =305 (arg), (—g?)"q®) 8pn, < 0. (14.5.19)

Recurrence Relation

(x—=1)Pi(x;5¢:q9) = ApPat1(x5639) — (An +Cp) Pa(x3¢39)
+CoPr1(x3¢39), (14.5.20)

where
(1 _qn+1)(1 _an—H)
(1 _|_qn+1)(1 _q2n+l)

w1 (I=g"(1—c"'q")
(I+gm)(1—g>)’

A, =

C,=—cq
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Normalized Recurrence Relation

xpn(x) = pur1(x) + [1 = (An + Co)] pu(x) + A1 Cupn—1(x), (14.5.21)
where
o B qn+1;q)n .
Py(x;c5q9) = (q7cq;q)npn( )-

g-Difference Equation

g "(1=¢")(1=¢"")y(x)

= B(x)y(qx) — [B(x) + D(x)] y(x) + D(x)y(q ™ 'x), (14.5.22)
where

Y(x) = Pa(x;¢:9)

and

Rodrigues-Type Formula

o n(n+1) 1—g)" ; I
P.(x;c;9) = S AR S Vi @ chq) 9) (2,) [(q x,c g x;q)n] (14.5.23)
(1-q)" n -1 —1. 2
==Y (9 X, cqx X
<q7cq;q)” ( q) [(q q q) }

Generating Functions

x’],O cx - (cqg;
201 (q 4, xt) 101 ( ” cqr) _y EDnp g (14.524)
q q = (9:9:9)n

cqx~1,0 cx o Pu(x;c;
2¢1< 4 ;q,xt> 1¢1( e qt) Z 9 (14.5.25)
cq ¢ q )n

:00 lg:q
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Limit Relations

Big g-Legendre — Legendre / Spherical

If we set ¢ = 0 in the definition (14.5.18) of the big g-Legendre polynomials and let
q — 1 we simply obtain the Legendre (or spherical) polynomials given by (9.8.62):

lin} P, (x;0;9) = P,(2x—1). (14.5.26)
q*)
If we take ¢ = —¢" for arbitrary real y instead of ¢ = 0 we find
lin} P.(x;—q";q) = Py(x). (14.5.27)
q*}

References

[324], [345].

14.6 g-Hahn
Basic Hypergeometric Representation

afg™ g
aq,qN

Q,,(qx;(x,ﬁ,N|q):3¢2<q ’ ;q,q)7 n=0,1,2,...,N. (14.6.1)

Orthogonality Relation

ForO0<ag<1land0< Bg<1,orforo>qg " and B >qg ", we have

(aq,q7V;q)x
x=0 (qvﬁilqiN;Q)x

_ (oBaa)y (4.0 Paq) (1= 0Bg)(~0a)" () g (1460

(Ba:g)n(aq)N (aq,aBq,qV;q)n (1 —aBg**!)

(aﬁq)_me(q_x; aaBaN|Q)Qn(q_x; avaN‘q)

M=
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Recurrence Relation

—(1=g7) 0ulg™) = AnQn+1(q) — (A +Cn) Onl(q™™)

+CiQn1(g7), (14.6.3)
where
Qn(q_x) = Qn(q_x;aaBaNM)
and
A= =™ —ag™ (1 —aBg™)
n— (l—aﬁqz”“)(l—aﬁqz"”)
o __0q (1 —g) (1 aBg N ) (1= Bg)

(1—aBg)(1—afg>*)

Normalized Recurrence Relation

XPn (x) = Pn+1 (x) + [1 - (An +Cn)] pn(x) +Ap1Cupn1 (x), (14.6.4)
where (op . )
—x. _oPpg T iq)a —x
Qn(q ,(X’ﬁ,NW) - mpn(q )
g-Difference Equation
(1—g") (1 - aBg™)y(x)
B( )y(x+1) = [B(x) +D(x)]y(x) + D(x)y(x — 1), (14.6.5)
where
y(x) = 0n(q %0, B,Nlq)
and

{B(X) =(1-¢""(1-ag™)
D(x)=oq(1—¢")(B—q" ).
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Forward Shift Operator

Ou(qg™ "0, B,N|q) — Qu(q ;0. B,N|q)
_ "1 —¢")(1—aBq")
(1-aq)(1-q7)

or equivalently

AQu(q e BNlg) ¢ " '(1-¢")(1—aBq™)
Ag* (1=g)(1—ag)(1-g~")

X On-1(q " 09, Bq,N —1]q).

Backward Shift Operator

(1-ag)(1—¢"""0u(g "0, B,N|q)
—a(l —61")([3 7V 0.(g e, B.N|g)

*Lf(lf ) N 1)Qn+l( -aq_laﬁq_17N+1|q)

or equivalently

Viw(x; o, B,N|q)Qn(qg*;0t, B,N|q)]
Vg—*

—] - - —_ — —
= lfqW(x;Ocq L Bg T N+1]q)Qni1(q g Bg N+ 1]g),

where

wixs o, B.N]g) = ((;—N))(aﬁ)

Rodrigues-Type Formula

w(xsot, B,N|q)Qn(q " 0., B,N|q)
=(1-q)"(Vy)" w(x;aq", Bq",N —nlq)],

where

On-1(q " 0q,B9,N —1|q)

447

(14.6.6)

(14.6.7)

(14.6.8)

(14.6.9)

(14.6.10)
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Generating Functions

Forx=0,1,2,...,N we have

—X -N
191 <q 5, aqr) 201 <qx ’O;q, q"‘f)
oq Ba

;) Bq,q q) 0u(q "0, B,N|g)t". (14.6.11)
—x +1—x —-N +1
2¢1( ,ﬁqN aqX_NH)z%(q* o ;q’q-x,)
N
=2 aqq) D 4~(4) 0, (4~ . B, Nlg)r" (14.6.12)
n=0

Limit Relations

g-Racah — g-Hahn

The g-Hahn polynomials follow from the g-Racah polynomials by the substitution
6 =0and yg =g " in the definition (14.2.1) of the g-Racah polynomials:

Ra(u(x);a, B,V ",0l9) = 0u(q %0, B, N|q).

Another way to obtain the g-Hahn polynomials from the g-Racah polynomials is by
setting y=0and § = B~'¢~"~! in the definition (14.2.1):

Ru(p(x): 0, 3,0,87'¢" " g) = Qu(g ;0. B,N|q).

And if we take oig = gV, B — Byg"*! and § = 0 in the definition (14.2.1) of
the g-Racah polynomials we find the g-Hahn polynomials given by (14.6.1) in the
following way:

Ry(u(x);q V1 Byd" !, 7,0lq) = Qu(q ;7. B,N|q).

Note that t(x) = g~* in each case.

g-Hahn — Little g-Jacobi

If we set x — N — x in the definition (14.6.1) of the g-Hahn polynomials and take the
limit N — oo we find the little g-Jacobi polynomials:
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Jim 0,(¢" ;0. B,N1g) = pu(q'; @, Bla), (14.6.13)

where p,(¢%; o, B|q) is given by (14.12.1).

g-Hahn — g-Meixner
The g-Meixner polynomials given by (14.13.1) can be obtained from the g-Hahn

polynomials by setting o = b and B = —b~'c¢~!'¢g~"~! in the definition (14.6.1) of
the g-Hahn polynomials and letting N — oo:

Jim 0u(g b, b~ e g™ Nig) = M (g b, c;q). (14.6.14)

g-Hahn — Quantum g-Krawtchouk
The quantum g-Krawtchouk polynomials given by (14.14.1) simply follow from the

g-Hahn polynomials by setting 8 = p in the definition (14.6.1) of the g-Hahn poly-
nomials and taking the limit o¢ — oo:

Jim 0,(¢™"; o, p,Nlq) = K" (g™ p,N;q). (14.6.15)

g-Hahn — g-Krawtchouk

If we set B = —a~'g~!p in the definition (14.6.1) of the g-Hahn polynomials and
then let oo — 0 we obtain the g-Krawtchouk polynomials given by (14.15.1):

lin%)Qn(qfx; o, —oflq*lp,N|q) =K,(q " p,N;q). (14.6.16)
o —

g-Hahn — Affine g-Krawtchouk

The affine g-Krawtchouk polynomials given by (14.16.1) can be obtained from the
g-Hahn polynomials by the substitution o = p and f = 0 in (14.6.1):

Ou(q;:p,0,N|q) = K}/ (g1 p.N:q). (14.6.17)

g-Hahn — Hahn

The Hahn polynomials given by (9.5.1) simply follow from the g-Hahn polynomials
given by (14.6.1), after setting a@ — ¢® and B — ¢P, in the following way:
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1im 0, (g*iq% ¢ Nlg) = Os(xict. B.N). (14.6.18)

Remark

The g-Hahn polynomials given by (14.6.1) and the dual g-Hahn polynomials given
by (14.7.1) are related in the following way:

On(g " 0, B, Nlg) = Ru(u(n); o, B,Nlq),

with
u(n) =q"+oapq"!
or
Ru(u(x);7,6,Nlg) = Ox(¢":7,6,N|q),
where
u(x) =g +y8qg*".
References

[16], [30], [34], [70], [72], [80], [186], [205], [235], [238], [261], [305], [326], [329],
[343], [345], [416], [419], [442], [486], [488], [489].

14.7 Dual g-Hahn
Basic Hypergeometric Representation

g, Y8 !

Rn ;763N =z g
(1():7,8,Ng) m( s

. q, q> , n=0,1,2,...,N, (14.7.1)

where

u(x):=q " +y8q"".
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Orthogonality Relation

For0<yg<1land0< 8g<1,orfory>g ™ and § > ¢ ", we have

v (1,780, Vi) (1=v8¢™4") . 3)
= (q,76¢M2,84:9)x (1—7v8q)(—y9)*

X R (14(x);7,8,N|q)Ru(U(x);7,6,N|q)
_ (75512;‘])N( )7N(q,5”q*N'

,Q)n
= 89)" Sun- 14.7.2
(6q;:9)n (Ya,a7";9)n (169) ( )

Recurrence Relation

—(1=¢7) (1= 784" Ru(u(x))
= ApRu i1 (1(x)) = (An+ C) Ru(11(x)) 4+ CaRn1 (14 (x)), (14.7.3)

where
Ru(p(x)) :=Ru(p(x);7,6,N|q)

{An = (1-¢ ) (1 -7"")

Co=va(1-¢") (§—¢" 1.

and

Normalized Recurrence Relation

xPn(x) = Pn+1(x) + [1 +76q — (A” +Cn)]pn(x)
+rq(1—4")(1-7q4")
X (1=g" M N6 —¢"" pailx), (1474)
where

Ry (1 (x);7,6,N|q) = ( pa(p(x)).

Y4,qa7N:q)n

g-Difference Equation

g "(1=q")y(x) = Bx)y(x+1) = [B(x) + D(x)]y(x) + D(x)y(x— 1),  (14.7.5)

where
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y(x) = Ru(1(x);7,6,Nlq)

and
By~ (=070 —yg ™)1~ y3g)
(= y8g* ) (1 - y6g™+2)
D(x) _ ’}/qX7N(1 _qx)<1 B ,)/5qx+N+l)(1 B 6qx)
B (1—y8g™)(1—y8g>+1) '
Forward Shift Operator

—n—x(1 _ N o 2x+2
= L (w7988 110

or equivalently

ARH(“(X);%SﬂNM)
Ap(x)
q—n+1(1_qn) R
11—y (1—g ™) """

([J()C);’}/q,a,Nf 1|q)

Backward Shift Operator

(1= 7q")(1 = ¥8q") (1 =g ")Ru(u(x): 7, 8,Nlq)

(14.7.6)

(14.7.7)

+yg N (1= ) (1= y8q ™) (11— 8¢")Ra(p(x— 1):7,8,N1q)

=q"(1=7)(1=q " ) (1 = ¥8¢™)Rus1 (u(x):7g ", 8, N+ 1]q)
or equivalently

\ [W('X; Y 67N|Q)Rn(‘u(x);% aaqu)]
Vi (x)
1

= wxyg 6N+1
(a1 —78)"" 7 ?

X Ras1(1(x);7qg ", 8,N +1]g),

where .
(vq:v0a.9 "sq)x e ()

w(x;v,6,N|q) = 4, )/5qN+2,56];6])x

(14.7.8)

(14.7.9)
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Rodrigues-Type Formula

w(x;7,08,N|q)R,(u(x);7,8,N|q)
= (1—9)"(¥8q:q)n (Vu)" [W(x: 74", 8,N —nlq)],

where

Generating Functions

Forx=0,1,2,...,N we have

—1,,—x

_ 0
(G Ntq)N—x 201 (q va 1 3 g, 7/56f+1l>

N —N
(@™ q)n
= —R” X); ,6,N .
nZ:() @D (u(x);7,0,N|q)

—N +1
(Y8qt:q)x - 21 (rf‘s;qq; 34, q_"t>

N —-N .

q Y %CI n n

=3 L R (i8N )"
n=0 v /N

Limit Relations

g-Racah — Dual g-Hahn

453

(14.7.10)

(14.7.11)

(14.7.12)

To obtain the dual g-Hahn polynomials from the g-Racah polynomials we have to

take B =0and og = ¢V in (14.2.1):

R"(u(x);q7N71>O>Ya6|Q) :Rn(ﬂ(x)?%&NW),

with
u(x) =g *+ydq".

We may also take o = 0 and B = 6 '¢~¥~! in (14.2.1) to obtain the dual g-Hahn

polynomials from the g-Racah polynomials:

Rﬂ(nu(x);o7 571q7N717Y7 6‘q) = R,,(u(x); }/a 57N\51)>
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with
u(x)=q " +y8q"".

And if we take yg = gV, § — ad¢¥*! and B = 0 in the definition (14.2.1) of the
g-Racah polynomials we find the dual g-Hahn polynomials given by (14.7.1) in the
following way:

R”(:u'(x);avo7q7N71aa5qN+l |Q) = RH(H(X);(X,(S,N|Q),
with
u) =g +adq .

Dual ¢g-Hahn — Affine g-Krawtchouk

The affine g-Krawtchouk polynomials given by (14.16.1) can be obtained from the
dual g-Hahn polynomials by the substitution y = p and § = 0 in (14.7.1):

Ru(1(x):p,0,N|q) = K} (g7%; p,N:q). (14.7.13)

Note that (t(x) = g~ in this case.

Dual g-Hahn — Dual g-Krawtchouk

The dual g-Krawtchouk polynomials given by (14.17.1) can be obtained from the
dual g-Hahn polynomials by setting § = ¢y~ '¢~¥~!in (14.7.1) and letting y — 0:

lim R (u(x):v.cy™'q ™ Nlg) = Ka(A(x):,N]g). (14.7.14)

Dual g-Hahn — Dual Hahn
The dual Hahn polynomials given by (9.6.1) follow from the dual g-Hahn polyno-

mials by simply taking the limit ¢ — 1 in the definition (14.7.1) of the dual ¢g-Hahn
polynomials after applying the substitution y — ¢? and § — ¢°:

lim Ry(1(x):4",q°,N|g) = Ra(A(x):7,8,N), (14.7.15)
q*)

where
[,L()C) _ q—x+qx+)/+5+l

Alx)=x(x+y+6+1).
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Remark

The dual g-Hahn polynomials given by (14.7.1) and the g-Hahn polynomials given
by (14.6.1) are related in the following way:

On(q "0, B,N|g) = Re(u(n); 0, B,N|q),

with
(n)=q " +aBqg"
or
Ru(1(x):7,6,Nlq) = Qc(q":7,6,Nlq),
where
u(x) =g +y8q™.
References

[311, [341, [701, [72], [80], [238], [329], [416], [488].

14.8 Al-Salam-Chihara

Basic Hypergeometric Representation

ab; " ae'® ge=1®
On(x;a,blq) = (ain)"ssz (q 2.0 14, q> (14.8.1)

] . q7n7befi9 B .
_ (aeze;q)ne m92¢1 (a—lq—”+le_i9 »q,a lqela

—-i6 in6 ", ael® 1 —if
= (be ";q)ne"” 201 b—lq—nﬂeie;q’b qge , x=cosH.

Orthogonality Relation

If a and b are real or complex conjugates and max(|al,|b|) < 1, then we have the
following orthogonality relation

5”1}1

___Om 14.8.2
(g™, abq";q)e ( )

1wy . : =
21 /4 QO(x,a,bIQ)Qn(x,mbla)dx—
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where

w(x) :=w(x;a,b|q) = (®:9)er ‘2 _ h(x Dh(x, —1)h(x,q )h(x,—q?)

(ae® be'®;q)..

with

h(x,o) =[] (1 —20xg* + (xzqz") = (aeie, ae’ie;q) , x=cosf.
k=0 «

If a > 1 and |ab| < 1, then we have another orthogonality relation given by:

1 1
/ ) (. blq)Qn (v blg) dx

2 ) V1—x2
an
;a,b ;a,blg) = ————, (14.8.3
+ % Wk Qm (Xk; a,b|q) On (k3 a, b|q) (@ Tabg"q)- ( )

1<aqk§a

where w(x) is as before,
-1
_ aq*+ (aq")

Xk )

and

W (%)  (1-d’q*) (@ abiq) ( 1 )"
k= 23b )

(g,ab,a'b;q)e (l—az)(q,ab—lq;q)kq a3b

Recurrence Relation

2x0n(x) = Q1 (x) + (a+D)q" Qu(x) + (1 —¢")(1 — abq”fl)Q,,_l (x). (14.8.4)

Normalized Recurrence Relation

1 1
xpn(x) = pust () + 5 (a+b)g"pa(x) + 5 (1= ¢") (1 —abg" pa-i(x),  (148.5)

where
On(x;a,blq) = 2" p(x).
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g-Difference Equation

~ 1 1
(1-9)°D, [#(x:aq?  ba? |q)Dy(x)

+4q " (1— ¢")W(x;a,b|q)y(x) =0, (14.8.6)
where
y(x) = Qu(x;a,blq)

and ( blq)

) w(x;a,blq

w(x;a,bl|q) = ————=.

e blay= = s

If we define

(ab’q)’l 7n7azaazi

1
q
Bi(z) = 73@ ( bo 4 q)

then the g-difference equation can also be written in the form
g "(1-4")Pu(2) = A(2)Pa(g2) = [A(2) + A )] Pal2) + A Pu(g~'2), (14.8.7)
where
(1—az)(1—bz)
1

G (T (it

Forward Shift Operator

8,0n(x;a,b|q)
= fq_%"(l - q/’)(e“9 fe_"e)Q,,,l (x;aq% 7bq% |g), x=cosO (14.8.8)

or equivalently
dp-nl=4" 11
DqQn(x;a,blq) =2q "2 ﬁQn—l(x;aqz,qulq)- (14.8.9)

Backward Shift Operator

0y W(x;a,b|q)Qn(x;a,b|q)]
=q 20D (e? — e ®)ib(xaq 2 ,bg 2 |q)

><Qn+1(x;aq_%,bq_%\q), x=cos0 (14.8.10)
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or equivalently

Dy [(x;a,blq)Qn(x;a,b|q)]

Zq’%”~ | 1 1
=— lqu(x;aq 2,bq"21q)Qn+1(x3a9"2,bg 2]q).  (14.8.11)

Rodrigues-Type Formula

W(x;a,blq)Qn(x;a,b|q)
g—1

= (T) q}T”(”fl)(Dq)" W(x;aq%”,bq%'ﬂq) ) (14.8.12)

Generating Functions

", x=cos#. (14.8.13)

(at,bt:q)e i On(x;a,blq)
(e®r,e701q9) S (4:9)n

1 19 bel i ) ) -a.b
@92 (a w0 elet)zzwt”’ x=cosf. (14.8.14)
n=0 b & n

aei® qe—i®
(t;q)e - 201 < A t)

> (2)
2

O, (x;a,blg)t", x=cosb. (14.8.15)
2 abqq) (x;a,b|q)

(Yeiet;q)w Y:aeievbe- 718
“r g 32 0, 9¢
(et q) ab, yelot

—Z

ab vy ) —2 = Q0,(x;a,blq)t", x=cosB, vyarbitrary. (14.8.16)
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Limit Relations

Continuous Dual g-Hahn — Al-Salam-Chihara
The Al-Salam-Chihara polynomials given by (14.8.1) simply follow from the con-

tinuous dual g-Hahn polynomials by taking ¢ = 0 in the definition (14.3.1) of the
continuous dual g-Hahn polynomials:

pn(x;a,b,0|q) = On(x;a,blq).

Al-Salam-Chihara — Continuous Big g-Hermite

If we take b = 0 in the definition (14.8.1) of the Al-Salam-Chihara polynomials we
simply obtain the continuous big g-Hermite polynomials given by (14.18.1):

0u(x;a,0|q) = Hy(x;a

q). (14.8.17)

Al-Salam-Chihara — Continuous g-Laguerre

The continuous g-Laguerre polynomials given by (14.19.1) can be obtained from
the Al-Salam-Chihara polynomials given by (14.8.1) by taking a = q%‘”% and b =
q%a+%;

) p@) g0 (14.8.18)

q(§a+%)n

Al-Salam-Chihara — Meixner-Pollaczek

If we set a = g*e ™, b= g*e® and ’® = g™ in the definition (14.8.1) of the
Al-Salam-Chihara polynomials and take the limit ¢ — 1 we obtain the Meixner-
Pollaczek polynomials given by (9.7.1) in the following way:

iy 2n(cos(ing* + 0);q" e, g e ?|q)
g—1 (@:@)n

=P (x;0). (14.8.19)

References
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14.9 g-Meixner-Pollaczek

Basic Hypergeometric Representation

2. —n .i(0+2¢) —i6
. _ _—n.—ing (a”3q@)n q ",ac ,ae
P(x;alg) = a "eT" =3¢ 2.0

@ 3 q, q) (14.9.1)

(e %) o s9) g "ae® L ie120)
N We 201 a*]qfanleiQ’Qaqa e

with x = cos(6 + ¢).

Orthogonality Relation

% /7r w(cos(0+¢);alq)Pn(cos(0 + ¢);alq)P,(cos(0+ ¢);alq) dO

-
5mn

= , O<a<l, (14.9.2)
(4:9)n(4,6°q"; )0
where
; 1 1
weala) = | € 5o [ b it~ Dt g bt
’ (aei(0+29) qeif;q)., h(x,ae’®)h(x,ae?) ’
with

=

hx,a) =] (1 —20xq" + a2q2k) = <aei(9+¢), ae_i(9+¢);q) , x=cos(60+9¢).
k=0 “

Recurrence Relation

2P, (x;alg) = (1—¢")Pus1(x:alg) +2aq" cos 9 Py (x;alg)
+(1—d®q" HP_1(x:a|q). (14.9.3)
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Normalized Recurrence Relation

1
xpn(¥) = pui1 () +aq" 039 pa(x) + 7 (1=¢") (1 =@’¢" ) (x),  (14.9.4)

where on
By (x; =7~ Pn .
(x:alq) @an? (x)
g-Difference Equation

(1 =)D, [(x:ag3|g)Dgy()| +4a7" (1 = ¢")i(xsalg)y(x) =0, (149.5)

where
y(x) = Pa(x:alq)
and (xalg)
. . wxalq
w(x;alq) : —a
Forward Shift Operator

8,Pu(x:alq) = —q 2" (010 _ i) (x: agtlq), x=cosf (14.9.6)

or equivalently
2q7 % (I‘l* 1 )

1
- P,_1(x;aq92]q). (14.9.7)

DyP,(x;alg) =

Backward Shift Operator

6y [W(x;alq)Pu(x;alq)]
_ q—%(n-ﬁ—l)(l o qn+1)(ei9 _ e—i@)

X W(x;aq_% |q)Prs1 (x;aq_% lg), x=cos6 (14.9.8)

or equivalently

1— n+1

1 1 1
Dy [W(x;alq)Pu(x;alg)] = —2¢ 2" 1in w(xaq 2|q)Pir1(x;aq 2|q). (14.9.9)
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Rodrigues-Type Formula

—-1\" 1
i (xsalq)Pu(x;alq) = (q—> g (D) [#(x:aq?"|q) | (149.10)

Generating Functions

(ae’t;q)e
(ei(0+¢)t- q)
(aet,ae™1t;q)

= GO0 OO ) ZP (x;alg)t", x=cos(0+¢). (149.11)

n=|

i(6 i0
1 " ael( +2¢>,ael » e—i(9+¢)t
(61(9+¢ ) a? i

—Z ”'q ., x=cos(6+0). (14.9.12)

Limit Relations

Continuous ¢g-Hahn — g-Meixner-Pollaczek

The g-Meixner-Pollaczek polynomials given by (14.9.1) simply follow from the con-
tinuous g-Hahn polynomials if we set d = a and b = ¢ = 0 in the definition (14.4.1)
of the continuous g-Hahn polynomials:

pﬂ(cos(e+¢);aaoaoaa;Q) _ .
@ = Py(cos(6+¢);alq).

g-Meixner-Pollaczek — Continuous g-ultraspherical / Rogers

If we take O =0 and a = 3 in the definition (14.9.1) of the g-Meixner-Pollaczek poly-
nomials we obtain the continuous g-ultraspherical (or Rogers) polynomials given by
(14.10.17):

Py(cos ¢; Blq) = Cu(cos ¢ Blq). (14.9.13)
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g-Meixner-Pollaczek — Continuous g-Laguerre

If we take e = ¢, a = 2%+ and ® — ge'® in the definition (14.9.1) of the
g-Meixner-Pollaczek polynomials we obtain the continuous g-Laguerre polynomials
given by (14.19.1):

P,(cos(6 + (P);q%‘”% lg) = qf(%a%)” ,ga)(cos 0|q). (14.9.14)

g-Meixner-Pollaczek — Meixner-Pollaczek

To find the Meixner-Pollaczek polynomials given by (9.7.1) from the g-Meixner-
Pollaczek polynomials we substitute a = g* and ¢’® = g~™(or 6 = Ing ™) in the
definition (14.9.1) of the g-Meixner-Pollaczek polynomials and take the limit g — 1
to find:

lim 7, (cos(Ing~ +¢):4*|q) = M (x;—9). (14.9.15)
qH

References
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14.10 Continuous g-Jacobi
Basic Hypergeometric Representation
If we take a = q%‘”%, b= q%‘”%, c= —q%ﬁﬁ and d = —q%B‘L% in the definition

(14.1.1) of the Askey-Wilson polynomials we find after renormalizing

PP (x1q)

_ 1 L Lo+l
B (qa+1;q)n q n7qn+a+ﬁ+17q2a+4eze7q2a+4e i0 ‘ 1410.1
(@) 493 g+l —ghletpiy) _pharpr) DA Y

with x = cos 6.
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Orthogonality Relation

For o0 > —% and § > —% we have

Lo owx)  ap) (0,B)
EL =t ()P xlg) dx

(q%(a+ﬁ+2)7q%(a+ﬁ+3) Q) | — g* P+l

s

(4,g%+1,gP+1, —q2(@PHD) —ga(abid gy 1 —ghrrastl

o+l Bl (a+p3).
NGt i} Dn (arbng (14.102)
(q’qa+[3+17,q7(a+ﬁ+1);q)n
where
2
2i6.
e Joo
w(x) :=w(x; a, P = ( ’
(x) :=w(x:9%,4" |q) (q30+hei0 gotieid _gbBricio _g3Ptiei0,q)
2

(e, e q3)..

(q%a+}ei97 —q%/”%e"e;q%)w
h(x, Dh(x, —1)h(x,q? )h(x,—q?)
hx,g2* 4 )h(x, g2 )h(x,—q2P T4 h(x, ~q2P )

with

Recurrence Relation

26 (xla) = AnPyir(xlg) + [q2F 78 — (4, +C) | Aulxlg)
+CuPoi(xlg), (14.10.3)

where

Py(xlg) = %Péa%@

and
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(1— g 1)(1— qn+a+B+1)(1 +qn+%(a+ﬁ+1))(1 +qn+%(a+ﬁ+2))

A =
" qROTE(1 — g2ntatBrly(] — g2ntotp2)

q%‘H%(I — (1 _q11+[3)(1 +qn+%(a+ﬁ))(1 +qn+%(a+ﬁ+1))

Cn = (1— g2ntotB)(] — g2ntath+i)

Normalized Recurrence Relation

Lrotgel g1
xpu(x) = pret (9 +5 [0 F 471 = (4,+.G)| pal)

1
+ 7 An-1CaPn-1 (x), (14.10.4)
where 1
n(yo+g)n( pto+p+1.
P,Ea’ﬁ)(x|q) - : qlza+/3+1§q l(oc+/3’+q23n Pa(x).
(4,—q2 q? @)n
g-Difference Equation

(1-9)°D, {W(x;qo‘“ qPH! Iq)qu(x)] + A (x:q%,qP lg)y(x) =0,  (14.10.5)

where
y(x) = PP (x|q)

and 5
. w(x;q%,q"|q
g, gPlg) i= /—1—x2| 3
Ay = 4q7n+1(1 _qn)(l _qn+oc+ﬁ+l).
Forward Shift Operator

q7n+%(x+% (1— grotB )(e?® —e19)

5,P\*P) (x|g) = —
4 (xlg) (1+q%(a+ﬁ+l))(1+q%(a+ﬁ+2))
x PP (4g), x=cosO (14.10.6)

or equivalently



466 14 Basic Hypergeometric Orthogonal Polynomials
zq—n+%a+% (1— grrotBly

(1= q)(1+ g FHD) (1 4 g3t +2))
x PR (). (14.10.7)

DP\"P) (x|q) =

Backward Shift Operator

8, [w(x:4%,¢° 1) PP (xlg)
g2 1) (1R >><1+q%<°‘+ﬂ>><e"9—e**’>
x (g% P P P (xlg), x=cos6 (14.10.8)
or equivalently
D, [, ¢ 1) PP (xlq)|

- zq*%aﬂi (1 _qn+1)(1 +q%(“+ﬁ*1))(l _,_q%(owrﬁ))
= — 1_

x (g% g g PP (xlg). (14.10.9)

Rodrigues-Type Formula

W(x:q%,qP1g) PP (x]g)

—1 q4n +5n0
_< 2 ) (g,—q2(@ P+, —ga(@h+2q),
x (Dy)" [W(x;q“*”,qﬁ+”|q) : (14.10.10)

Generating Functions

giotiei® glatici e _giBriei0 _giB+ieio e
201 e 1g,e7 7V | 2 B iq,et

i (a+[3+1) _qz(a+ﬁ+2) Dn Pnocﬁ (xlq)tn o cosh. (141011

oc+1’q,6+1’q)n q(%a+%)n
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q%aﬁeie’ _q%m%eie o q%aJr%efiG, _q%m%eﬂ‘e 0
2¢1 _q%(aJFBJFl) »4q,¢ t 2¢1 —q%(a+ﬁ+3) 1q,€1
Pyga‘ﬁ)(

(%O!Jr%)n

xlq) ,

)n M x=cos. (14.10.12)

;q>n q

) q%a+2ei97_q%ﬁ+%ei9. ) 0 q%aJr%efiG,_q%ﬁJr%efiG' o,
201 } (a+B+2) 0 e 2(e+p+2) &

Ho+B+2)
%

(o+B+3)

—-q

n —
Tot D t", x=cosH. (14.10.13)

2
%(a+[3+2);q)” q(2

Limit Relations

Askey-Wilson — Continuous g-Jacobi

If we take a = q%‘”%, b= q%o“r%, c= fq%’”% and d = fq%l“% in the definition
(14.1.1) of the Askey-Wilson polynomials and change the normalization we find the
continuous g-Jacobi polynomials given by (14.10.1):

1 1 1 1 1 3 1 1 1 3
g 2% p, (x,q2%71,q2973 —qPra —q2Pri|g) (B

Ha+B+2) xlg).

So+prt)

(g,—q q @)n

Continuous g-Jacobi — Continuous g-Laguerre

The continuous g-Laguerre polynomials given by (14.19.1) follow simply from the
continuous g-Jacobi polynomials given by (14.10.1) by taking the limit § — oo:

Bﬁg;P,ﬁ""”@@) = P\ (x|q). (14.10.14)

Continuous g-Jacobi — Jacobi

If we take the limit ¢ — 1 in the definitions (14.10.1) of the continuous g-Jacobi
polynomials we simply find the Jacobi polynomials given by (9.8.1):

lim PP (x|q) = PLP) (x). (14.10.15)
qAP
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Remarks

In [441] M. Rahman takes a = g2, b = ¢®*2, ¢ = —¢gP*2 and d = —q? in the defi-
nition (14.1.1) of the Askey-Wilson polynomials to obtain after renormalizing

a+1,_qﬁ+l;q)n

(4, —4:9)n
X 40 g g TP grei® gre
493
g+, —gP+1 —q

Rz -

i0
3q,q | (14.10.16)

with x = cos 6. These two g-analogues of the Jacobi polynomials are not really dif-
ferent, since they are connected by the quadratic transformation:

P}ga.ﬁ)( (=4 @)n qnaR(a-ﬁ)

Cmpriig,

The continuous g-Jacobi polynomials given by (14.10.16) and the continuous g-
ultraspherical (or Rogers) polynomials given by (14.10.17) are connected by the
quadratic transformations:

xlq*) =

(4", —~4:)n Aty

_1
Conlxsq*|q) = — =20 g~ hnp (202~ 159)

(@2,—q2:9)n

and N

7_1; _1 )L—l,l
C2n+1(x;ql|Q) _ (ql l6])n+l q ZnXPyE 2 2)(2x2 _ 1;61)-

(92,—4%:@)n+1

If we replace ¢ by ¢~! we find

P,Ea7ﬁ)(x‘q71) _ qfnaprga,ﬁ)(ﬂq) and P,Sa’ﬁ)(X;qil) _ qfn(aJrﬁ)Pn(aﬁ)(x;q).

References
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Special Cases
14.10.1 Continuous g-Ultraspherical / Rogers
Basic Hypergeometric Representation

If we seta = ﬁ%, b= ﬁ%q%, c= —[3% andd = —ﬁ%q% in the definition (14.1.1) of
the Askey-Wilson polynomials and change the normalization we obtain the continu-
ous g-ultraspherical (or Rogers) polynomials:

_ (B q) gy [ BB B ) 1017
(ﬁz-Q)n —n_—in q—n’ﬁ’ﬁeﬁ@.
=@ B"e 93¢z< 52.0 ,q,q>

CI
((g 61))” ”’92(;)1 (ﬁ?lqlf+l 4, que2i9> , x=cos6.

Orthogonality Relation

27r/ \/7 Cn(x: Blg)Ca(x; Blg) dx

_ (B.Bg:9)= (B*:9)n (1-B)
= (B.q0:0)= (@) (1—Ba") O, IBI <1, (14.10.18)

where
- 7 ( 219’6]) 2
i iPla) = ‘(ﬁée"e Bigiei®,—Blei® —Bigiei®;q)..
_ ’ (¥95q)e [©_ h(x,1)h(x,~1)h(x,q?)h(x,—q?)
(Be®®:q) | h(x,B2)h(x,B2q?)h(x,~B2)h(x,~Biq?)

with

h(x, o) := H (1 —20xg* + a2q2k) = (aeie, (xef’le;q) , x=cos0.

=
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Recurrence Relation

2(1_ﬁqn)xcn(X;B|Q) = (1 n ) n+1( ﬁlq)
+ (1= B2 NCo1(x:Blq). (14.10.19)

Normalized Recurrence Relation

(1-¢n(1-B*¢"")

Xpn(X) = ppr1(x) + 41— Bq”*l)(l — ﬁqn)pnfl(x)ﬂ (14.10.20)
where
. _ 2"(B3q)n X
Cn(x’ﬁM) = (Q;Q)n pn( )
g-Difference Equation
(1= ) Dy [W(x: Bglg)Dgy(x)] + Ao (x: Bg)y(x) =0, (14.10.21)
where
y(x) = Cu(x: Blg),
Bl . WO Bla)
W(X,ﬁlq) T m
and
Ay =4g" (1= g")(1 - B*q").
Forward Shift Operator

8,Ca(x:Blg) = —g "(1—B)(e® —e )C,_1 (x:Bglg), x=cosO (14.10.22)

or equivalently

1
D,Cu(x;Blq) =29~ 2= ”% w—1(x; Bqlg). (14.10.23)
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Backward Shift Operator

04 D (x; Blq)Co(x; Blg)]

= q*%(nH) (1- CI'ZI)%;?;Q"I) (eie _ e*ie)

x w(x;Bg " q)Crs1(x;Bg " g), x=cos6

or equivalently

Dy [w(x; Blg)Cu(x; Blq)]
2472 (1 — g™V (1 - B2g" )
(1-q)(1—Bg")
x W(x;Bg ' |q)Coi1 (x: Bg ' |q).

Rodrigues-Type Formula

Ww(x; Blg)Cu(x: Blg)

_ (%) q%n(n—l)((ﬁi)n (Dq)n [W(x;ﬁqn|q)].

4, B*q";:9)n

Generating Functions

(ﬁe""t;q)w’ _ (B e "riq).. “Sa

(eiet;q)m (elet e~ th q

B> (

1 B.Be* ) < Ca(x;Blq)
iq,e ) = 1", x=cosH.
@) 2" ( K ,Za B2:a)n

2i6 '
(e 91;¢)e - 2¢1(B7g§ ;q7e’9f>

= (—1)"p"q(2)
:%%Cn(ﬁﬁw)tn, x=cos0.

;Blg)t", x=cosH.
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(14.10.24)

(14.10.25)

(14.10.26)

(14.10.27)

(14.10.28)

(14.10.29)
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472
1 - 1 1 -
ﬁiele ﬁfqu:le iy ﬁza i0 _quZCﬂQ )
2¢1 ( , % 5 g, € let Z(Pl 5 q, elet

Bq Bq>
zm Co(x:Blg)t", x=cos®. (14.10.30)
o (BBa%:q)

Lo pl.o ) Ll 9 pi L . —io )
2¢1 ﬁZG ) ﬁZG ;q76719t 2¢l [32q2e ) quze ;q7619t

—B —Bq
= (Ba?,—Ba?:q)n

—Cn x;Blg)t", x=cos6. (14.10.31)
=2 gy, P
ﬁ%eie’_ﬁ%q%eie » ﬁ%q%e—ie,_ﬁ%e—ie ;
201 1 iq,e7%1 ) 201 1 sq,¢1
—Bq? —Bq?
- 1
ZM Co(x:Blg)t", x=cosé. (14.10.32)
n=0 (B%, ﬂ‘]z’ @n
0. 2i6 ‘
()/e taq)w ¢2 Y:ﬁ)ﬁe . q, eflet
<e'9t-q> B2, yeits
= 2 (x;Blg)t", x=cos@, yarbitrary. (14.10.33)
Limit Relations

Askey-Wilson — Continuous g-ultraspherical / Rogers

Ifweseta=p2,b=B2q?, c=—B2 andd = —B2q? in the definition (14.1.1) of
the Askey-Wilson polynomials and change the normalization we obtain the continu-
ous g-ultraspherical (or Rogers) polynomials given by (14.10.17). In fact we have:

(B*9)apn(x:B2,B2q%,—B2,~B2g2|q) _
(Ba?,—B.—Ba?,4:q)n

Ca(x:Bla)-

g-Meixner-Pollaczek — Continuous g-ultraspherical / Rogers

If we take 6 = 0 and @ = f3 in the definition (14.9.1) of the g-Meixner-Pollaczek poly-
nomials we obtain the continuous g-ultraspherical (or Rogers) polynomials given by
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(14.10.17):
Py(cos¢;Blg) = Cu(cos §; Blq).

Continuous g-ultraspherical / Rogers — Continuous g-Hermite

The continuous g-Hermite polynomials given by (14.26.1) can be obtained from the
continuous g-ultraspherical (or Rogers) polynomials given by (14.10.17) by taking
the limit B — 0. In fact we have

H
Jim (33 Blq) = Ha(xlg) (14.10.34)

(@ @)n

Continuous g-ultraspherical / Rogers — Gegenbauer / Ultraspherical

If we set B = ¢ in the definition (14.10.17) of the continuous g-ultraspherical (or
Rogers) polynomials and let ¢ tend to 1 we obtain the Gegenbauer (or ultraspherical)
polynomials given by (9.8.19):

lim €, (x:q”*|q) = M (). (14.10.35)
(14}

Remarks

The continuous g-ultraspherical (or Rogers) polynomials can also be written as:

n

Bl = 3 BOkBi@n—k im0 _ o
Cnlo:Pla) kg(')(q;‘I)k(q?‘I)wk ’ o

They can be obtained from the continuous g-Jacobi polynomials given by (14.10.1)
in the following way. Set 8 = ¢« in the definition (14.10.1) and replace q‘”% by B
and we find the continuous g-ultraspherical (or Rogers) polynomials with a different
normalization. We have

P (x]g) T 5 %ﬂ G, (x: Blg).

If we set § = q‘”% in the definition (14.10.17) of the g-ultraspherical (or Rogers)
polynomials we find the continuous g-Jacobi polynomials given by (14.10.1) with
B = «. In fact we have

200+1

1 (" 59)n ,
") = a0

Cu(x;
s (q*thq)ng
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I we find

Ca(x:Blg™") = (Bq)"Cul(x; B q).

The special case B = ¢ of the continuous g-ultraspherical (or Rogers) polynomials
equals the Chebyshev polynomials of the second kind given by (9.8.36). In fact we
have

If we replace g by g~

__sin(n+1)6

=U,(x), x=cosb.

The limit case 3 — 1 leads to the Chebyshev polynomials of the first kind given by
(9.8.35) in the following way:

. 1-q"

1%21 2(1—_qu,Z(x;B|q) =cosnf =T,(x), x=cosO, n=1,273,....
The continuous g-Jacobi polynomials given by (14.10.16) and the continuous g-
ultraspherical (or Rogers) polynomials given by (14.10.17) are connected by the
quadratic transformations:

A . . Al
Czn(x;qkm) — (ql ,—q Q)n qijnprg 75

1

%)(zxz_l )
(92,—q%;q) 4
k) 9 n

and

A .
7_13 _1 )L—l,l
Cont1(x:q*|q) = &% L g P (22— 15),

1 1
(9%,=q%:q)nt1
Finally we remark that the continuous g-ultraspherical (or Rogers) polynomials are
related to the continuous g-Legendre polynomials given by (14.10.36) in the follow-
ing way:

1 1
Cu(x;q%|q) = q %" Pu(x|q).
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14.10.2 Continuous g-Legendre

Basic Hypergeometric Representation

The continuous g-Legendre polynomials are continuous g-Jacobi polynomials with
a=pB=0:

—n ,n+l

1 1
,qie gie”

q i0
’ 1q, q), x=cosf.  (14.10.36)

Pn(x|q> =463 (

q, _5]% y—q
Orthogonality Relation

11 w(x;1]q)
2w )1 /1 —x2
(q2:q)- q2"
_ S (14.10.37)
(4,0 —q7,—4:q)ee 1 — "2

P (x|q)Pu(x|q) dx

where

(e2i6. )m
(agiei® agie® —agie® —agiei®:q)..
(e2i9. )m

(a2q2e¥9;q)..

w(x;alg) =

. . 2
(e, —e®:97)..

(agiei® —agiei®:q?).,
h(x,1)h(x, —l)h(x,q% Yh(x, —q%)
h(x,aq*)h(x,ag)h(x, —aq* )h(x, ~aq?)

b

with

Recurrence Relation

1 1 1
2(1—q""2)xPy(x|q) = ¢ # (1 —¢" ") Poi1(x]q) + ¢ (1 —¢")Pa_1(x]q). (14.10.38)
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Normalized Recurrence Relation

T Pn—1(x), (14.10.39)

where 1
2"q"(q2;q)n
by = n
(xlg) = =L
g-Difference Equation

(1-9)°Dy [#(6:4 [g)Dyy(x)] + 2o 1a)y(x) =0, y(x) = Pa(xlg), (14.10.40)

where
Ay =4q "N (1—g")(1—¢""")

and '
w(x;alg) == %.
Rodrigues-Type Formula
—1\" o’ 1
sttlgnel) = (15 ) 0" [slaala)] . (41041
(4:—9%,=4:q)n

Generating Functions

(q%eiet;q)m

2 1 . 1 . -
_ (g2e®1,q2e ®rq). _ 5 Falrla)
(e1:q)w

St g . x=cos6. (14.10.42)

(e91;q)eo n

1 1 .
1 5 7 @200 ) = P,
S S (qz’qze 4, e’6t> -y P ose. (14.10.43)
q n=0 (¢:q)nq*
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. C]% q%ezm .
(e791:9)w 201 ’ g 9 e %

~————P,(x|g)t", x=cosH. (14.10.44)

| 3 1 . 3 .
16197 7ei0 ) _ 16719’ —qgie 0 .
201 (q 7y, e’9t> 201 ( 1 . 1 1 q, et

T 1", x=cosf. (14.10.45)

1 . 1 - 3 . 3 .
1e0 —gae'® . ie70 _giei® .
201 (q f :q, e_’9t> 201 (q %q 1q,et
—q —-q

AL D IS yn ¢ cos 6. (14.10.46)

1 - 3 3 . 1 .
16197_ 7ei0 ) zeﬂe’_ e 10 )
201 (q _qq 24, e’9t> 201 (q _qq g, 1

—t", x=cos0. (14.10.47)

. 1 1 ;
01;¢)e ,q7,q2e*® —i
u3¢2 (7‘2 }Ziet 1q, e "%t
39)n B i
Y: q)n n(xlq) ", x=cos6, vy arbitrary. (14.10.48)
q;Q)n q%"

I
N

Limit Relations

Continuous g-Legendre — Legendre / Spherical

The Legendre (or spherical) polynomials given by (9.8.62) easily follow from the
continuous g-Legendre polynomials given by (14.10.36) by taking the limit ¢ — 1:

lirri P,(x]q) = Py(x). (14.10.49)
q—>
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Remarks

The continuous g-Legendre polynomials can also be written as:

A . l. .
Pn(x|q) :q%n z (q(2 7q)k(q2 C])n—kez(n—Zk)(')? X = COSB.
7 .
If we set o = 8 = 0 in (14.10.16) we find

—n_gntl p36i0 g% e—if
VAT R -q,q), x=cos,
q9,—4,—4

Pi(x;q) = 4¢3 (q

but these are not really different from those given by (14.10.36) in view of the
quadratic transformation

Pn(x|q2) = Pu(x:9).

1

If we replace g by g~ we find

Pu(xlg") = Pu(xlq).

The continuous g-Legendre polynomials are related to the continuous g-ultraspheri-
cal (or Rogers) polynomials given by (14.10.17) in the following way:

1y 1
Bi(xlg) = g*"Ca(x;:92|q).

References

[320], [323], [341], [345], [348].

14.11 Big g-Laguerre

Basic Hypergeometric Representation

7n7o7x
Py(x;a,b;q) = 3¢» (q 3 q, q) (14.11.1)
aq,bq

(e
(b='g=™:q)n aq b
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Orthogonality Relation
For 0 < ag < 1 and b < 0 we have

aq (aLx,b71x;¢)
/ MPm(x;mb;q)Pn(x?avbW)dqx
b

q (X:q)es
(g,a"'b,ab™'q:9)  (q:q)n
(aq,bq;9)  (aq,bq;q)n

=aq(l—q) (—aqu)"q(g) Omn- (14.11.2)

Recurrence Relation

(x=1)Pi(x;a,b;9) = ApPur1(x;a,b59) — (An+ Cy) Py(x3a,b3q)
+CuPi—1(x;a,b;q), (14.11.3)

where

{An — (] _aqn+l)(] _bqn+l)

C,= fabq”*'l(l —q").
Normalized Recurrence Relation

xPn(x) = Pn+1 (x) + [1 - (An +Cn)] Pn(x)
—abg" ' (1= ¢")(1 —ag")(1 —bg") pu_1(x), (14.11.4)

where
1

P G,
? ’ n

Pn(x).

g-Difference Equation

g "(1—¢")¥%y(x) = B(x)y(gx) = [B(x) + D(x)]y(x) + D(x)y(¢"'x), (14.11.5)
where
y(x) = Pu(x;a,b3q)
and

{ B(x) = abg(1 —x)

D(x) = (x —aq)(x — bg).
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Forward Shift Operator

7n+1(

P.(x;a,b;q) — P,(gx;a,b;q) = )) xP,_1(gx;aq,bg;q)  (14.11.6)

1-—
(1 —aq)(1-bgq
or equivalently

q—n+1 (1 _ qn)

DoPu(x;a,b;q) = (1—¢)(1—aq)(1—bg

)Pnfl(qx;aq,bq;q) (14.11.7)

Backward Shift Operator

(x—a)(x—=b)F,(x:a,b:q) —ab(1 —x)P,(gx:a,b: q)
=(1—a)(1=b)xP,1(x;aq ", bg';q) (14.11.8)

or equivalently

Dy w(x:a,b:q)Pi(x;a,b:q)]

1—a)(l1-5b _ _ _ _
_{1=al=b) ab(l)(_q) )W(x;aq L bg™ )P (vag ! bg 5 q),  (14.11.9)
where 1 |
bl
w(xsa, big) = B0 B
(X:9)eo

Rodrigues-Type Formula

w(x;a,b;q)P,(x;a,b;q)
anbnqn(n )(1 _q)
(aq,bq;q)n

(2y)" [w(x;aq",bq"; q)]. (14.11.10)

Generating Functions

-1.0 > (bg;
(bqt;q)e 201 (“q);q’ ;q,xt) = (bg Q)”Pn(x;a,b;q)t”. (14.11.11)
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bgx1.0 s :
(aqt;Q)w'zq)l( C”; ’ ;q,xr)2(“‘1"1)”Pn(x;a,b;q)r”. (14.11.12)
q

=0 (Q;Q)n
(t:q) ¢2<0,0,x' t>iMP (x;a,b;q)t" (14.11.13)
302 4 bg” T P o
Limit Relations

Big g-Jacobi — Big g-Laguerre

If we set b = 0 in the definition (14.5.1) of the big g-Jacobi polynomials we obtain
the big g-Laguerre polynomials given by (14.11.1):

Py(x;a,0,¢;q9) = By(x;a,c;q).

Big g-Laguerre — Little g-Laguerre / Wall

The little g-Laguerre (or Wall) polynomials given by (14.20.1) can be obtained from
the big g-Laguerre polynomials by taking x — bgx in (14.11.1) and letting b — —ece:

blim P, (bgx;a,b;q) = pn(x;alq). (14.11.14)

Big g-Laguerre — Al-Salam-Carlitz I

If we set x — agx and b — ab in the definition (14.11.1) of the big g-Laguerre poly-
nomials and take the limit a — 0 we obtain the Al-Salam-Carlitz I polynomials given
by (14.24.1):

lim

P,(agx;a,ab;q)
a—0 a

=q'U" (x;9). (14.11.15)

Big g-Laguerre — Laguerre

The Laguerre polynomials given by (9.12.1) can be obtained from the big g-Laguerre
polynomials by the substitution ¢ = ¢% and b = (1 — q)~'¢P in the definition
(14.11.1) of the big g-Laguerre polynomials and the limit ¢ — 1:

LY (-1

(14.11.16)
£$(0)

alfi‘}Pn(x;q"‘, (1-9)"qP:q) =
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Remark

The big g-Laguerre polynomials given by (14.11.1) and the affine g-Krawtchouk
polynomials given by (14.16.1) are related in the following way:

KM (g p,Niq) = Pi(q 5ip.a ¥ 1q).

References

[16], [28], [74], [157], [284].

14.12 Little g-Jacobi

Basic Hypergeometric Representation

7",61[9 n+1
pn<x;a,blq)=z¢1<q o ;q,qx). (14.12.1)

Orthogonality Relation

For 0 < ag < 1 and bg < 1 we have

< (Pq;q)k
,;0 (@ Dk
(abg*;q)- (1 —abq)(aq)" (q,bq;q)n 5

(a9)*pm(d":a,b|q) pu(q";a,blq)

= - 14.12.2
(ag:q)e (1 —abg®*1) (aq,abq:q), ( )
Recurrence Relation
—xpn(x;a,blq) = Appny1(x;a,blq) — (Ay+Cp) pa(xsa,blq)
+Cppn—1(x;a,blq), (14.12.3)

where
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. (1—ag"™")(1—abg™")

A, =
T (1= abg> ) (1 — abg?™*?)
(1-¢")(1-bq")
C,=aq" .
“ (1 —abg®")(1 — abg®"+1)

Normalized Recurrence Relation

XPn (x) = Pn+1 (x) + (An + Cn)pn (x) +A,-1Cipn—1 (x)7

where ()
caploy = D" 2) (abg"*'1q)a .
pn(x;a,b|q) = (@@ pu(x).
g-Difference Equation
g "(1—¢")(1—abq" " )xy(x)
= B(x)y(gx) — [B(x) + D(x)]y(x) + D(x)y(¢" '),
where
y(x) = pn<X;a>b|Q)
and
B(x) =a(bgx—1)
D(x)=x—1.
Forward Shift Operator

pn(x;a,blq) — pn(gx;a,blq)

q—n+1 1— qn 1 7abqn+1
=- ( i )XP;H(x;aq,bq\CI)
(1—aq)

or equivalently

q7n+1(1 _ q”)(l fabq”Jrl)
(1-¢)(1—aq)

@qpn(x;avbM) ==

Pn-1(x;a9,bqlq).

483

(14.12.4)

(14.12.5)

(14.12.6)

(14.12.7)
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Backward Shift Operator

a(bx—1)pu(x;a, blél)—(x—l)pn(q*'x;a,blq)
= (1—a)pus1(x:aq~",bg"|q) (14.12.8)

or equivalently

@q—l [W(x;a,ﬁ‘q)pn(X;qaan|Q)
[ — g%

N . . o—1 _B-1
soo—1,8—1 ; , , 14.12.9
qa_l(l 7q)w(x o ﬁ |Q)pn+1(x q q ‘Q) ( )

where

4x;q) e
wix;a,Blq) = @%*T)q)xa.

Rodrigues-Type Formula

w(x; o, Blg) pn(x:q%, 4P |q)

na+(g) Y ,
- W (@T‘) wiso+n,B+nlg)].  (14.12.10)

Generating Function

-1 oo ')
0¢1< 3 q, aqxt) 201 (qu’ L, x ) Z ) ~— 1 p,(x;a,blg)t". (14.12.11)

= bq q:q9

Limit Relations

Big g-Jacobi — Little g-Jacobi

The little g-Jacobi polynomials given by (14.12.1) can be obtained from the big ¢-
Jacobi polynomials by the substitution x — cgx in the definition (14.5.1) and then by
the limit ¢ — —oo:

lim P,(cgx;a,b,c;q) = pa(x;a,blq).

c——o0
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g-Hahn — Little g-Jacobi

If we set x — N — x in the definition (14.6.1) of the g-Hahn polynomials and take the
limit N — oo we find the little g-Jacobi polynomials:

}%iBLQn(q"’N;oc,ﬁ,NVI) = pa(q" . Blg),

where p,(¢%; o, B|q) is given by (14.12.1).

Little g-Jacobi — Little g-Laguerre / Wall

The little g-Laguerre (or Wall) polynomials given by (14.20.1) are little g-Jacobi
polynomials with b = 0. So if we set » = 0 in the definition (14.12.1) of the little
g-Jacobi polynomials we obtain the little g-Laguerre (or Wall) polynomials:

pn(x;a,0|q) = pu(x;alq). (14.12.12)

Little g-Jacobi — g-Laguerre

If we substitute a = g* and x — —b~ !¢~ 'x in the definition (14.12.1) of the little
g-Jacobi polynomials and then take the limit b — —oo we find the g-Laguerre poly-
nomials given by (14.21.1):

(4:q)n L@

blim pn(—b’lq’lx;qa,b|q):( n o (X:q). (14.12.13)

qoc+l ; C])n

Little ¢g-Jacobi — g-Bessel

If we set b — —a~ !¢~ b in the definition (14.12.1) of the little g-Jacobi polynomials
and then take the limit a — 0 we obtain the g-Bessel polynomials given by (14.22.1):

ling)pn(x;a,—afqulbm) =yu(x;b;q). (14.12.14)
a—

Little g-Jacobi — Jacobi / Laguerre

The Jacobi polynomials given by (9.8.1) simply follow from the little g-Jacobi poly-
nomials given by (14.12.1) in the following way:

PP (1 2x)

(14.12.15)
PP (1)

Jim pu(x:4%,¢° ) =
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If we take a = g%, b = —gP for arbitrary real § and x — %(l — g)x in the definition
(14.12.1) of the little g-Jacobi polynomials and then take the limit ¢ — 1 we obtain
the Laguerre polynomials given by (9.12.1):

(o)
lim pa(L(1 = g)x:q%, —gPlg) = (. 14.12.1
lim p (z(1=q)x:9%,—4"|q) L70) ( 6)

Remarks

The little g-Jacobi polynomials given by (14.12.1) and the big g-Jacobi polynomials
given by (14.5.1) are related in the following way:

(bg;9)n

(aq:q) (=1)"b~"g "GP, (bax;b,a,0:9).

pu(x;a,blq) =

The little g-Jacobi polynomials and the g-Meixner polynomials given by (14.13.1)
are related in the following way:

M, (q753b,¢39) = pu(—c'q"sb,b 7 g g).

References

[12], [16], [23], [24], [33], [34], [51], [79], [80], [157], [212], [213], [214], [235],
[238], [256], [261], [271], [287], [298], [304], [326], [329], [343], [345], [346],
[348], [402], [408], [416], [442], [480], [482], [485].

Special Case
14.12.1 Little g-Legendre

Basic Hypergeometric Representation

The little g-Legendre polynomials are little g-Jacobi polynomials with a = b = 1:

qfn qn+1
pn(XIq)=z¢1( ’q ;q,qx>. (14.12.17)
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Orthogonality Relation

[ patlaipaela)dy = (1-0) S ¢“pu(ala) (a1
k=0

_ (1-49)q"
(1_q2n+l) mn:

Recurrence Relation

—xp,,(x|q) =Anpns1 (x|Q) - (Arz +Cn)pn(x|q) +Cnpn71(x|Q)a

where "
1_ Vs
Av={q" i+1 1 )2n+1
(I+g"th)(1—g*t1)
n (l_qn>

C, .
T ) (- )

Normalized Recurrence Relation

XPn (x) = Pn+1 (x) + (An + Cn)pn (X) +A1Capn1 ()C),

where ®
(=" D" )
Pn(x|‘1) = (q;q)n pn(x)-

g-Difference Equation

g "(1=q")(1—¢" " )xy(x)

= B(x)y(qx) — [B(x) + D(x)] y(x) + D(x)y(q '),
where

y(x) = pa(xlq)

and

B(x) =¢gx—1
D(x)=x—1.

487

(14.12.18)

(14.12.19)

(14.12.20)

(14.12.21)
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Rodrigues-Type Formula

pn(xlg) = # (@q”)n [(gx;q)nx"].

Generating Function

ng(3)

x 10 i
091 ,61761)6!)2 1< ’ ,q,Xl)Z Palx|g)t".
(P( ¢ q Z‘ qqq) P(xl4)

Limit Relation

Little g-Legendre — Legendre / Spherical

(14.12.22)

(14.12.23)

If we take the limit ¢ — 1 in the definition (14.12.17) of the little g-Legendre poly-
nomials we simply find the Legendre (or spherical) polynomials given by (9.8.62):

;Ln}p,,(X‘q) = P(1—2x).

References

[345], [346], [447], [504].

14.13 g-Meixner

Basic Hypergeometric Representation

-n ,,—x n+1
M,(q " b,c;9) = 201 (q b’q ;q7—q—>.
q C

(14.12.24)

(14.13.1)
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Orthogonality Relation

(bq;q)x
x=0 (‘L _bcq§‘])x
(—¢:q)w (61,—6"q;q)nq,,,(S
nmn»y
(=bcq; @) (bg;q)n

“q®) M, (g% b,c;q)Ma(q 3D, 03)

0<bg<1, c¢>0.(14.13.2)

Recurrence Relation

7" (11— g )Mu(g™)
=c(1- bq"+1)M,1+1 (@)
— [e(1=bg"") +q(1 —q")(c+q")| Mu(q ™)
+q(1—q")(c+q")Mu1(q7"), (14.13.3)

where
My (q7) == My(q ";b,¢39).

Normalized Recurrence Relation

xpu(x) = pup1(x) + [14+¢72" H{c(1=bg"™) +q(1 - ¢")(c+ ") }] pu(x)

+eg " (1 —¢")(1=bg")(c+¢")pu-1(x), (14.134)
where 2
3 (_1)nqn _
M, (g ";b,c;q) = ")
wg bea) = s pn(a )

g-Difference Equation

—(1=¢")y(x) = Bx)y(x+1) = [B(x) + D(x)]y(x) + D(x)y(x— 1),  (14.13.5)

where

and
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{B(x) =cq*(1—bg""")
D(x)=(1—¢")(1+bcq").

Forward Shift Operator

My (g "ib,c:9) — My(q b, c3q)

q*(1—4") x ~1
=1 - T M, :bq,cq " 14.13.6
by M 1(g *:bg,cq 3q) ( )
or equivalently
AM,(q7*;b,c:q) q(1—4") _ 1
=— M,_ *,bq, 1q). 14.13.7
Aq T—g)( g™ 1(gbq.cq3q) ( )

Backward Shift Operator

cq* (1= bg")My(q":b,c:q) — (1 — ¢") (14 beq )My (g '1b,c1q)
= cq* (1 —b)My11(q;bg7" cq:q) (14.13.8)

or equivalently

Vw(x;b,c;q)Mu(q;b,c:q)]

Vq*x
1 N - —
= T v ebg g My (g7bg ! eqiq). (14.13.9)
where b
W()C,b,c,q) — ( ‘],Q)x Cx (xgl).

(qv —bCLI;Q)x

Rodrigues-Type Formula

w(x;b,c;q)My(q b, c59) = (1—g)" (Vy)" [w(x;bq”,cq_";q)} , (14.13.10)

where
\Y

V, = =3
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Generating Functions

1 - - - M.(q7:b,c;
Wl(bl (iq 5q, —¢ lqt) =Y ”(?T)Q)t”. (14.13.11)
B ©o n=0 > n
1 _bflcfqux
;1 q, bgt
(t:q)e 1¢1( —c1g 1 q)
- bq; N
=y (Wiq)")Mn(q b, cig)t". (14.13.12)
n=0 —C °4,9:9)n
Limit Relations

Big g-Jacobi — g-Meixner

If we set b= —a~'cd™! (with d > 0) in the definition (14.5.1) of the big g-Jacobi
polynomials and take the limit ¢ — —eo we obtain the g-Meixner polynomials given
by (14.13.1):

lim P,(q %a,—a ‘ed ™', ciq) = My (q ";a,d;q). (14.13.13)

C——o0

g-Hahn — g-Meixner

The g-Meixner polynomials given by (14.13.1) can be obtained from the g-Hahn
polynomials by setting o = b and B = —b~'¢~!'gV~! in the definition (14.6.1) of
the g-Hahn polynomials and letting N — oo:

Jim 0,(g73b,—b7"'c '™ Nlg) = Ma(q™":b,c39).

g-Meixner — g-Laguerre

The g-Laguerre polynomials given by (14.21.1) can be obtained from the g-Meixner
polynomials given by (14.13.1) by setting b = ¢% and ¢™* — c¢%x in the definition
(14.13.1) of the g-Meixner polynomials and then taking the limit ¢ — eo:

lim M, (cq”x;q%,¢;q) = i@ (o)

S m n ()C,C]) (141314)
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g-Meixner — g-Charlier
The g-Charlier polynomials given by (14.23.1) can easily be obtained from the g-
Meixner given by (14.13.1) by setting b = 0 in the definition (14.13.1) of the g-
Meixner polynomials:

M, (x;0,¢;:q9) = Co(x;¢;9). (14.13.15)
g-Meixner — Al-Salam-Carlitz I1
The Al-Salam-Carlitz II polynomials given by (14.25.1) can be obtained from the

g-Meixner polynomials given by (14.13.1) by setting b = —ac™! in the definition
(14.13.1) of the g-Meixner polynomials and then taking the limit ¢ — O:

lim M, (x:—ac™" c1q) = <1> dOV (x;9). (14.13.16)

g-Meixner — Meixner

To find the Meixner polynomials given by (9.10.1) from the g-Meixner polynomials
given by (14.13.1) weset b=¢gP ' and ¢ — (1—¢)'cand let g — 1:

lirr%Mn(q*x;qﬁfl,(l —c)leiq) =My (x;B,c). (14.13.17)
q—?

Remarks

The g-Meixner polynomials given by (14.13.1) and the little g-Jacobi polynomials
given by (14.12.1) are related in the following way:

My(q 5b,c;q9) = pu(—c'q":b,b7 g g).

The g-Meixner polynomials and the quantum g-Krawtchouk polynomials given by
(14.14.1) are related in the following way:

Ki"(qp,Niq) = Mu(g 17" —p 7 iq).

References

[16], [27], [28], [301, [74], [80], [125], [238], [261], [276], [416], [472].
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14.14 Quantum g-Krawtchouk

Basic Hypergeometric Representation

—n —X
K" (g7 p,Nsq) = 201 (q " ;q,pq”“>, n=0,1,2,...,N. (14.14.1)
q
Orthogonality Relation

(Pg:q)N— o
Tq);( DN KI™ (g7 p N3g)KI™ (g1 p,N:q)
x:O X

_ Dy (q;q)zv—n(q,pq;q)nq(N;') ("3)+nn g
(4,4:9)n

Mz

p>qg N (14.14.2)

ns

Recurrence Relation

P (1 — g K™ ()

=(1-¢""MK (¢
— (="M +q(1—¢")(1 - pg")] K" (™)

+q(1—¢")(1-pg"K! " (g7), (14.14.3)

where
thﬂ’l(q*x) = thm(q*)C;p7N’ q).

Normalized Recurrence Relation

Xpu(x) = pur1(x)+ [1—=p g2 {1 =" ) +q(1 —¢")(1 — pg") }] pu(x)
+p 27" 1 =" = pg) (1 —g" ¥ Npu_1(x),  (14.14.4)

where

K™ (g p,Nsq) = an(q_x)
) n
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g-Difference Equation
= p(1=g")(x) = By(r+ 1) — [B(x) + D()]y(x) + D)y(x— 1), (14.14.5)

where
y(x) = K" (g p,N;q)

and
B(x)=—¢"(1-¢"")
Dx)=(1-¢")p—q~ "
Forward Shift Operator

K™ (g p,N:q) — K" (q " p,N:q)

pqg*(1—4") qm,
_ﬁffﬁ’t_l(q *pg,N —1;q) (14.14.6)

or equivalently

AKI™ (5o Nig) — pa(1=4")  gm

Ag~ C(I—g(1—g V) !

(¢ %pg,N—1;9).  (14.14.7)

Backward Shift Operator

(1—g"N"hHKI™ (g™ p,N;q)
+q (1=g")p—q " HKI™ (g p,Niq)
= (=g VYK (g 5 pg N +159) (14.14.8)

or equivalently

V [w(x:p,N:q)K!"™ (¢ p,N:q)]

Vg~
= ﬁw(x;wfl’NJr LK (g 5 pg AN+ 1g),  (14.14.9)
where (gV:q)s gy
W(X;p,N;q)Zm(—p) gl2).
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Rodrigues-Type Formula

w(x; p,N: )K" (g7 p,N3q) = (1 —q)" (V)" [w(x: pq",N —n;q)],  (14.14.10)

where

Generating Functions

Forx=0,1,2,...,N we have

B g~ pg" -
(qX Nt;q)fo'Z(Pl ( 0 ;q’q)‘ Nt
N —N.
=2 (q(q- c;)Q)n‘Ki”m(qx;p,N;q)t”- (14.14.11)
n=0 »qn
» ¢NO
(@ "t:q)x 201 ( g 34,9 1
N
Z (pg.4; q)n K™ (g p,Nig)t". (14.14.12)
n=0 ’ n

Limit Relations

g-Hahn — Quantum g-Krawtchouk

The quantum g-Krawtchouk polynomials given by (14.14.1) simply follow from the
g-Hahn polynomials by setting 8 = p in the definition (14.6.1) of the g-Hahn poly-
nomials and taking the limit o¢ — oo:

Oltif})an(qfx; o,p,N|q) =K (g p,N;q).

Quantum g-Krawtchouk — Al-Salam-Carlitz II

If we set p=a !¢ ™! in the definition (14.14.1) of the quantum g-Krawtchouk
polynomials and let N — oo we obtain the Al-Salam-Carlitz II polynomials given by
(14.25.1). In fact we have
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N—oo

1"
lim K9 (x;a 'q V! N;q) = (a) a9 (xq). (14.14.13)

Quantum g-Krawtchouk — Krawtchouk

The Krawtchouk polynomials given by (9.11.1) easily follow from the quantum g-
Krawtchouk polynomials given by (14.14.1) in the following way:

;Ln}Kg’m(q*X;p,N;q) =K,(x;p"L,N). (14.14.14)

Remarks

The quantum g-Krawtchouk polynomials given by (14.14.1) and the g-Meixner poly-
nomials given by (14.13.1) are related in the following way:

KI"™ (g™ p,N;q) = My(q 57V —p i)

The quantum g-Krawtchouk polynomials are related to the affine g-Krawtchouk
polynomials given by (14.16.1) by the transformation g «<» g~ in the following way:

n
_ _ P _(n _ _
K" (g p,N:g ") = (p'@:q)n (—5) q KM (¢ N p ' Niq).

References

[238], [343], [345], [472].

14.15 g-Krawtchouk

Basic Hypergeometric Representation

Forn=0,1,2,...,N we have

—n —X

- qa g —pq"
K.(q x;p,N;q)_3¢2( a0 ;q,q> (14.15.1)

_ (7 N:q)n 0 qaqgr N+l
- (CI—N;q)nqnx2 1 qN—x—n-H 4: —Pq :
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Orthogonality Relation

i (gV:q)x

@2 (=p) “Ku(q ™ p.N;q)Kn(q*;p.N;q)
x=0 *1)x

_ (¢.—rd" i) _(1+p)
(=P a™™:q@)n (1+pg®)

N+1

_ _ _ n ;2
< (—pg:a)np Vg 2 (=pg ™) ¢ Sy p>0. (14.15.2)

Recurrence Relation

- (1 - C]_x) Ki(q™") = AnKni1(q ") — (A +Co) Ku(q ™)
+CuKu—1(g7), (14.15.3)

where
Ki(q™) == Ku(qg":p,Nsq)
and
(1=¢""™M)(1+pqg")
(1+pg*)(1+ pg*+1)

n

mn—1 (L+pg™™)(1—q") .
(1+ pg®=1)(1 + pg®")

Cun=—pq

Normalized Recurrence Relation

xpn(x) = Pn+1 (X) + [1 - (An +Cn)] pn(x) +Au1Cupn—1 (‘x)ﬂ (14.15.4)

where
(=pd"s@n , _x
v Pal@ ).

Ki(g™"p,Nyq) =
" (qu;CI)n

g-Difference Equation

q "(1=q")(1+pq")y(x)
=(1—¢"Myx+1) = [1—=¢"") = p(1—g")] y(x)
—p(1=¢g")y(x—1), (14.15.5)
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where
y(x) = Ka(g~"; P, N3 q).

Forward Shift Operator

Kai(g ™ "p,N;q) — Ku(q";p,N:q)

—Nn—X 17 n 1+ n 3
-4 1_qqz§v B )anl(q *;pg*,N — 1;q) (14.15.6)

or equivalently

AK, (g7 p,N; (1 —g") (14 pg"
(g 5P Nig) g " (1—q")( +pQ)Kn_l(q7x;pqsz_l;q). (14.15.7)

Ag™ (1-q)(1—g")

Backward Shift Operator

(1—=¢" " YKu(g " p.N:g) +pg ' (1= q")Ku(qg 50, N5 q)
=" (1—¢ " NKui1(g " pg 2N+ 159) (14.15.8)

or equivalently

Vw(x; p,N;q)Ku(q*;p,N;q)]
Vg—~*
1

=1 ,qW(x;Pq*27N+ Lg)Kui1(q 55 pg 2N+ 13q),  (14.15.9)

where

w(x;p,N;q) = (q(q]fi;)qx)x <_g>x.

Rodrigues-Type Formula

w(x; p,N;q)Ku(q " p,Nsq) = (1—q)" (V)" [W(x; pg™ ,N—n;q)],  (14.15.10)

where
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Generating Function

Forx=0,1,2,...,N we have

—X _N,O 3
101 (q 14, pqt) 200 <qx_ 14, —4q Xf)

2 ’q - _(Z)Kn(q*";p,N;q)f”- (14.15.11)
n=0

Limit Relations

g-Racah — g-Krawtchouk
The g-Krawtchouk polynomials given by (14.15.1) can be obtained from the g-Racah

polynomials by setting ocg = g, B = —pg" and y = & = 0 in the definition (14.2.1)
of the g-Racah polynomials:

Ri(qg g V', —pg",0,0|q) = Ku(q *; p,Nsq).

Note that pt(x) = g~ in this case.

g-Hahn — g-Krawtchouk

If we set B = —a~'g~!p in the definition (14.6.1) of the g-Hahn polynomials and
then let o« — O we obtain the g-Krawtchouk polynomials given by (14.15.1):

lim 0,(¢*; 0, —a"'q~'p,Nlg) = Ka(g s, N:q).

g-Krawtchouk — g-Bessel

If we set x — N — x in the definition (14.15.1) of the g-Krawtchouk polynomials and
then take the limit N — oo we obtain the g-Bessel polynomials given by (14.22.1):

Jim K (g p,N:q) = yn(q"s p34). (14.15.12)

g-Krawtchouk — g-Charlier

By setting p = a~ !¢~ in the definition (14.15.1) of the g-Krawtchouk polynomials
and then taking the limit N — o we obtain the g-Charlier polynomials given by
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(14.23.1):
Allim Kn(qfx;aflch,N;q) =Cn(q %;a;q). (14.15.13)

g-Krawtchouk — Krawtchouk

If we take the limit ¢ — 1 in the definition (14.15.1) of the g-Krawtchouk polynomi-
als we simply find the Krawtchouk polynomials given by (9.11.1) in the following
way:

lim K, (g3 p,N:q) = Ka(x: (p+1)""N). (14.15.14)

Remark

The g-Krawtchouk polynomials given by (14.15.1) and the dual g-Krawtchouk poly-
nomials given by (14.17.1) are related in the following way:

Ku(g " p,N;q) = Ke(A(n); —pq" ,N|q)

with
An)=q™" =pq"
or
Ky(A(x);¢,N|q) = Ki(g " —cq " ,N;q)
with
M) =g g,
References

[30], [70], [80], [125], [238], [416], [421], [487], [488].
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14.16 Affine g-Krawtchouk

Basic Hypergeometric Representation

AfF q",0,g"
K (g% p,N3q) = 3 ( g N O q) (14.16.1)
_ n (g) —n -N —x
2%2@51(6] ’f]; ;q,q ), n=0,1,2,....N
(Pg:9)n q p

Orthogonality Relation

N . .

> W(m)xKAff(qx;nN;q)KAff( *; p,N3q)

x=0 \"1>1/xX\7> X

= (PQ)nN% Om, 0<pg<l. (14.16.2)

Recurrence Relation

—(1=g MK} (q7)
=(1—¢" )( —pg" KM (g7)
—[(1=g""M)(1=pg™") = pg" N (1 —g") K (g7

—pgd" N1 = "KM (7, (14.16.3)

where
K (q ) = KT (a7 p,Nig).

Normalized Recurrence Relation

xpu(x) = prr () + [1={(1=¢"" ™)1 = pg"™") = pg" N (1—q")}] pu(x)
—pgd" N (1=g") (1= pg")(1—q" " pp_1(x), (14.16.4)

where



502 14 Basic Hypergeometric Orthogonal Polynomials

KM (7% p,N;q) = pn(g™).

(Pg.a7N:q)n

g-Difference Equation

q "(1=4")y(x) = Bx)y(x+1) = [B(x) + D(x)|y(x) + D(x)y(x— 1),  (14.16.5)

where
y(x) =K (g% p,N:q)

and
B(x)=(1—¢"")(1-pg")
D(x)=—p(1—¢")g"™"
Forward Shift Operator

KM (g p.Nsq) — K (75 p,Nsq)

g " (1=4")  afr, —x ‘
- (1,pq)(1,qw)’(nq(q i pq,N — 1;q) (14.16.6)

or equivalently

AR (g7 p,N3q)
Ag—*
q—n+1(l_qn) AfF) —x
= K ; ,
(=)= pa)(1—g 7)1 (0P

N—1:q). (14.16.7)

Backward Shift Operator

(1—péf‘)( g NIYKA (75 p,Nyq) — p(1— ") K (¢ p,Nig)
= —" KM (g g N+ 1:q) (14.16.8)

or equivalently
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Aff, _
V \wix; p,N;q)Ka! (7 p, N3 q)

Vg=~
1— N+1 B - 3
= wpg N+ LK (¢ pg N+ Lig), (14.169)
l—gq
where

(Pg:9)x x

w(x;p,N;q) = —————— .

(:pN:g) (:9)x(2:9)N—x

Rodrigues-Type Formula

w(x:p,N:q)K) (g7 p,N:q)

1) 7Nn+(g) 1—g)"
_(=D"q (1-9) (V)" w(x;pqd",N —n3q)],  (14.16.10)

where

Generating Functions

Forx=0,1,2,...,N we have

—X N —N. o
(g Vt:q)n—x 101 (qpq 1 q, pqt) =y %Kﬁﬁ(qx;pw;q)t”. (14.16.11)
n=0 >1/n

—N +1
(—pg " "'1:9)x 200 (qx _pqx .4, —qxt)

N —N.
3 PO () s s (g p Nz (14.16.12)
n=0 (q’q)n
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Limit Relations

g-Hahn — Affine g-Krawtchouk

The affine g-Krawtchouk polynomials given by (14.16.1) can be obtained from the
g-Hahn polynomials by the substitution o = p and = 0 in (14.6.1):

Ou(q™:p,0,N|q) = K}/ (g1 p.N:q).

Dual g-Hahn — Affine g-Krawtchouk

The affine g-Krawtchouk polynomials given by (14.16.1) can be obtained from the
dual g-Hahn polynomials by the substitution y = p and 6 =0 in (14.7.1):

Ru(1(x); p,0,N|q) = K37 (¢ p,N:q).

Note that pt(x) = ¢~ in this case.

Affine g-Krawtchouk — Little g-Laguerre / Wall
If we set x — N —x in the definition (14.16.1) of the affine g-Krawtchouk polyno-

mials and take the limit N — oo we simply obtain the little g-Laguerre (or Wall)
polynomials given by (14.20.1):

Jim K3/ (¢ p.Niq) = pulq":p3q)- (14.16.13)

Affine g-Krawtchouk — Krawtchouk
If we let ¢ — 1 in the definition (14.16.1) of the affine g-Krawtchouk polynomials
we obtain:

lim K3 (g p,N|q) = Ku(x;1—p,N), (14.16.14)

where K, (x; 1 — p,N) is the Krawtchouk polynomial given by (9.11.1).

Remarks

The affine g-Krawtchouk polynomials given by (14.16.1) and the big g-Laguerre
polynomials given by (14.11.1) are related in the following way:

KM (g% p,Nig) = Pi(q 5p.a V 1iq).
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The affine g-Krawtchouk polynomials are related to the quantum g-Krawtchouk
polynomials given by (14.14.1) by the transformation g «<» g~ ! in the following way:

_ 1 N
KM (q%:p.N:q l)zml(gtm(qx NoplNsg).

References

[80], [141], [161], [162], [186], [214], [238], [488].

14.17 Dual g-Krawtchouk

Basic Hypergeometric Representation

qin7q7x’ch7N
K,(A(x);¢,N|q) = 3¢z( gNo P9 (14.17.1)
(quiN;q)”l qinvqix . +1
- (q_N§Q)nqnx 24 gN—x—n+1 $q;cq" ;, n=0,1,2,....N,

where

Ax) =g +cqg V.

Orthogonality Relation

No(eg™N,qV;q)x (1— g )

= (gcq:9)x  (1—cqg™)

g PV K (A () K (A ()

_ (c_l;q)N%(cq_N)n Sums € <0, (14.17.2)

where
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Recurrence Relation

—(1=g)(1=cqg"™)Ku(A(x))

=(1-q¢" )n+1(7t( )
—[(1=¢"M) +cq ¥(1-¢")] Ku(A(x))
+eq N (1—q")K1(A(x)),

where
Ky(A(x)) := Kn(A(x);¢,N|g).

Normalized Recurrence Relation

2pu(x) = par1 (%) + (1+¢)q" N pa(x)

+eg M1 —q")(1=¢"" )pui(x),

where
Ky (A(x);¢,N|q) =

g-Difference Equation

g "(1=¢")y(x) = B(x)y(x+ 1) — [B(x) + D(x)] y(x) + D(x)y(x — 1),

where
y(x) = Ky (A(x);¢,Nlq)
and
(=g =cqg™)
- (1 _ Cq2x7N)(1 _ qufoH)

1— l—c
D()C) — cq2x72N71 (1 — C(qzx_gx_)l() (1 _qqu)zx_N) .

(14.17.3)

(14.17.4)

(14.17.5)
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Forward Shift Operator

Ky (A(x+1);¢,N|q) — Ku(A(x);¢,N|q)

“n=x(1 — g\ (1 —c 2x—N+1
U g ieN -1l

or equivalently

AKy(A(x)ie.Nlg) _ ¢~""'(1—¢")
AL (x) (I1-q)(1—¢7")

Ky—1(A(x);¢,N—1]q).

Backward Shift Operator

(1=¢" "1 =g DKa(A(x);¢,N]g)
— e NI (1 =g (1 eq")Ku(A(x — 1);¢,Nlq)
=q'(1=g " (1 =cg™ " K1 (A(x);¢,N+1]q)

or equivalently

Vw(x;c,N|q)K,(A(x);c,N|q)]
VA(x)

B 1

 (I—g)(1—cqgN-1)

where

—N.
w(xse,Nlg) = LT D e oVeste)

Rodrigues-Type Formula

w(x;¢,N|q)K, (();c,NIq)
=(1—q)"(cqg:q)n (V2)" w(x:c,N —nlq)],

where

-0

507

(14.17.6)

(14.17.7)

(14.17.8)

w(x;e, N+ 1|q)Ky1(A(x);¢,N+1|g), (14.17.9)

(14.17.10)
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Generating Function

Forx=0,1,2,...,N we have

N —N.
N S U D G (ieNgu. (1417.11)

L) N—x =
tA (@)

(cq Nt;:9)x- (q

Limit Relations

g-Racah — Dual ¢g-Krawtchouk

The dual g-Krawtchouk polynomials given by (14.17.1) easily follow from the g-
Racah polynomials given by (14.2.1) by using the substitutions o« = 8 =0, yg =g~
and 6 =c:

Rn(,LL(x);O,O,qiNil,dq) = I(rl(A (x);c,N|q).

Note that
HE) =2(x) =g +eq .
Dual g-Hahn — Dual g-Krawtchouk

The dual g-Krawtchouk polynomials given by (14.17.1) can be obtained from the
dual g-Hahn polynomials by setting § = ¢y~ '¢~~! in (14.7.1) and letting y — 0:

;ig(l)Rn(u(X);%cv‘lq‘N‘l,NM) = Ky (A (x);¢,N|g).

Dual g-Krawtchouk — Al-Salam-Carlitz I

If we set ¢ = a~ ! in the definition (14.17.1) of the dual g-Krawtchouk polynomials
and take the limit N — oo we simply obtain the Al-Salam-Carlitz I polynomials given
by (14.24.1):

lim Ky(A(x):a”" Nlq) = (i) e DUl (4% q). (14.17.12)

Note that A (x) =g *+a gV,
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Dual g-Krawtchouk — Krawtchouk

If we set c = 1 — p~! in the definition (14.17.1) of the dual g-Krawtchouk polyno-
mials and take the limit ¢ — 1 we simply find the Krawtchouk polynomials given by
(9.11.1):

gr}Kn(ux);lfp—l,N|q> = K (x;p,N). (14.17.13)

Remark

The dual g-Krawtchouk polynomials given by (14.17.1) and the g-Krawtchouk poly-
nomials given by (14.15.1) are related in the following way:

Ka(g " p,N;q) = Ki(A(n); —pq" ,N|q)

with
Aln)=q " =pq"
or
Ky(A(x);¢,N|q) = Ki(g " —cq " ,N;q)
with
M) =g+ g,
References

[141], [326], [345], [348].

14.18 Continuous Big g-Hermite

Basic Hypergeometric Representation

i0 —i6

_ " ae'” ae
Hy(x;alq) = a " 3¢2 (q 0.0 2 g, q) (14.18.1)

—n i0
. ae Y
em92¢0 <C] ’_ . q, qne 2i0

N—

, x=cos6.
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Orthogonality Relation

If a is real and |a| < 1, then we have the following orthogonality relation

1 owk) ' ' S
%/;l mHm(x,a\q)Hn(x,aM)dx— M7 (14182)
where
€0 q) |° h(x,1)h(x,—)h(x,q% h(x,—q?)

w(x) = wirialg) =

(ae®;q)e| h(x,a) ’

with

oo

h(x, o) := H (1 —20xg* + a2q2k) = (aeie, Oce_ie;q> , x=cosf.
k=0 «

If a > 1, then we have another orthogonality relation given by:

L owx)
— ———<—H,(x;alq)H,(x;a|q)dx
37 || s Hu(salg)Hy(xialg)
5"1"
+ ) wiHp (X alq)Hy(xialg) = — 5 —~—,  (14.18.3)
p (@ q)w
1<aqk§a

where w(x) is as before,
-1
aqk + (aqk)
=y

and

= (@7%50)= (1= (@ q) 301 <1>k
@) (T-d) (g '

Recurrence Relation

2xH,(x;alq) = Hyv1(x;alq) + aq"Hy (x;alq) + (1 — ¢")Hy—1 (x;alq).  (14.18.4)

Normalized Recurrence Relation

1

1
xpn(X) = pnr1(x) + an”pn(x) + 1(1 —¢")pn_1(x), (14.18.5)

where
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Hy(x;alg) = 2" pa(x).

g-Difference Equations

(1-)°D, [W(x:aq? [g)Dyy()| +49 7 (1= ¢)i(x:alg)y(x) =0,  (14.18.6)

where
y(x) = Hy(x;alq)
and (xalg)
B w(x;alg
w(x;alg) i= ——=.
wala)=" =g
If we define |
- " az,az”
Pn(Z) =a 13¢2 (q 070 5 q, ‘I)

then the g-difference equation can also be written in the form

g "(1—¢")Pu(z) = A(2)Pu(qz) — [A(2) +A(")] Pu(2)

+A(z)Pi(q7 '), (14.18.7)
where i )
—_ dmay
AQ= - g
Forward Shift Operator

§Ha(x:alq) = —q~2"(1 - ¢")(e —e °)H,_1(x:aq|q), x=cos® (14.18.8)

or equivalently

272D (1-¢")

— H,_(x;aq?|q). (14.18.9)

DyH,(x;alq) =

Backward Shift Operator

6, [W(x:alq)Hy(x:alq)]
_ q%(nﬂ)(eie _efie)

X W(x;aq*% |q)Hp+1 (x;aq*% lg), x=cosO (14.18.10)
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or equivalently
1

—5n

D, [ (x:ala) i (xalg)] = 2

W(xiag 2 |q)Hysr (viag 2|g).  (14.18.11)

Rodrigues-Type Formula

—1 n 1
w(x;alq)Hy(x;alq) = (%) g+" ") (D,)" [w(x;aqf"\q)}. (14.18.12)

Generating Functions

(at;q)-- S
— cos6. 14.18.1
(e01,6701;q)en gb M) o et (141813

. ae'® .
(€1:9) - 11 (eigt iq,e lef)

H,(x;a|lq)t", x=cosH. (14.18.14)

i0..
(re°1:q)- 2¢l(%ae ;q7ei9t>

(e1;¢) el

= i D, (szalg”, = cosd bitrary.  (14.18.15)

- (@:9)n n(X;alg)t”, x=cost, Y arbitrary. .18.
n=0 ’

Limit Relations

Al-Salam-Chihara — Continuous Big g-Hermite

If we take b = 0 in the definition (14.8.1) of the Al-Salam-Chihara polynomials we
simply obtain the continuous big g-Hermite polynomials given by (14.18.1):

On(x;a,0lq) = Hy(x;alg).
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Continuous Big g-Hermite — Continuous g-Hermite

The continuous g-Hermite polynomials given by (14.26.1) can easily be obtained
from the continuous big g-Hermite polynomials given by (14.18.1) by taking a = 0:

H,(x;0|q) = H,(x|q). (14.18.16)

Continuous Big ¢g-Hermite — Hermite

If weseta=0and x — x4/ %(1 — g) in the definition (14.18.1) of the continuous big

g-Hermite polynomials and let g tend to 1, we obtain the Hermite polynomials given
by (9.15.1) in the following way:

H,(x\/1(1-¢);0
N e nq) q):H,,(x). (14.18.17)
AN}

If we take @ — a/2(1 — ¢) and x — x4/ (1 — g) in the definition (14.18.1) of the
continuous big g-Hermite polynomials and take the limit ¢ — 1 we find the Hermite
polynomials given by (9.15.1) with shifted argument:

. Hy(xy/3(1—q);a/2(1—4q)lq) _
S

H,(x—a). (14.18.18)

[SE

References

[73], [85], [86], [207].
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14.19 Continuous g-Laguerre

Basic Hypergeometric Representation

The continuous g-Laguerre polynomials can be obtained from the continuous g-
Jacobi polynomials given by (14.10.1) by taking the limit § — oo:

o+, —n_gh0+gai0 Yoty a—if
P,E“)(xlq)(qq)"m(q 4 4

g, (14.19.1)
(4:)n q**',0 K q)

La+3 —i6.
_ (qzou(r“e)l ’q)'lq(%a+‘17)"ei”9
q4:9)n

1 1 -
qfn’qja-k—zele Clgsl i
X 201 qf%a%ineie;q,q 1%7ae , x=cos6.

Orthogonality Relation

For o0 > —% we have

1
2n

1 W(X) (o) (@)
/_1 mpm (xlg)P:" (x|q) dx

1 @ Dn (s
LU . (14.19.2)
(040w (@) | "

where

. . 2
(7, ~¢:q)..

(q%a+%ei6;q%)w

(621'9. )w
(q%aﬁ—iei@’q%t}&%eie;q)w
h(x, Dh(x,—1)h(x,q? )h(x, —q?)
h(x, g2 ¥ )h(x, g2+ )

w(x) :=w(x;q%q) =

9

with
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Recurrence Relation

_lg 1 n
2P (xlg) = g 2% (1 — g P <x|q>
g (1462 (x]q)
R (=g )R (xg).

n

Normalized Recurrence Relation

1 1oyl 1
xpn(x) = pps1(x) + Eq"”““ (1+¢2)pa(x)
1
-,

where

g-Difference Equations

(1=q)*Dg [W(x: g™ |q)Dyy(x)] +4q™" (1 — ¢")w(x:q%|q)y(x) =

where

y(x) = n (x|q)
and (x:4%lg)
v a®lg) = P9 19)
Forward Shift Operator

8, P\ (x]q) = —q 33 (e —e )P (x]g), x=cos6

or equivalently

DR (xlq) =

515

(14.19.3)

(14.19.4)

(14.19.5)

(14.19.6)

(14.19.7)
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Backward Shift Operator

8, |W(x:q%la)Pi” (xlq)
quafz (1 _ qn+1)(ei6 _ efie)

x w(x: g% )P (xlg), x=cos6 (14.19.8)
or equivalently

Dy |W(x:9%|g) P\ (x]q)

1 11— n+1
—50+5 q

oS ). (14199

Rodrigues-Type Formula

o -1 n in2ilno nr e oin
slglon? o) = (151 ) 0 ) [l o). (141910

Generating Functions

=

‘”%t, atly. o)
Tt e = LA, ameo. 141911
q el q e 3q)es  n=0

Loyl g 1oy 3
1 q§a+ze197q§a+zele . o
W2¢1 s sq,e

P (x|g)r"

%OH»%)n

x = cos . (14.19.12)

3

=0 (%15 q)nq"

1 1 1 1 .
77a+1 3197 7706"1’16—[9 .
7q;t

(t:)e 201 < o

oo _ n (n)
(l)iqurg"‘)(x\q)t”, x=cos6. (14.19.13)



14.19 Continuous g-Laguerre 517
. 1,1 1,3
(Yelet;q)w %qjawLZetG’qjaJrZetG . e—iet
i0;. 3 O+ i 49
(€97;q)co qot1 yeift

:i (1:q)n  Pu(x|q) n

t", x=cos0, arbitrary. (14.19.14)
2 (@ T )y ghobn yambiay

Limit Relations

Al-Salam-Chihara — Continuous g-Laguerre

The continuous g-Laguerre polynomials given by (14.19.1) can be obtained from

the Al-Salam-Chihara polynomials given by (14.8.1) by taking a = q%‘”?ll and b =
1 3

q2%ta:

3 (@D ()
(%oH»%)nPn (x|61)'

g-Meixner-Pollaczek — Continuous g-Laguerre

If we take € = ¢, a = 2%+ and ® — g1e'® in the definition (14.9.1) of the
g-Meixner-Pollaczek polynomials we obtain the continuous g-Laguerre polynomials
given by (14.19.1):

Pu(cos(0+6);q2 %3 |q) = ¢~ (2% TP (cos B]g).

Continuous g-Jacobi — Continuous g-Laguerre

The continuous g-Laguerre polynomials given by (14.19.1) follow simply from the
continuous g-Jacobi polynomials given by (14.10.1) by taking the limit 3 — co:

fim P (xg) = PA (sl

Continuous g-Laguerre — Continuous g-Hermite

The continuous g-Hermite polynomials given by (14.26.1) can be obtained from the
continuous g-Laguerre polynomials given by (14.19.1) by taking the limit o0 — o in
the following way:

()
i P (xl9) _ Ha(x]g) (14.19.15)

1

a—e glbotpn (@q)n
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Continuous g-Laguerre — Laguerre

If we set x — ¢* in the definitions (14.19.1) of the continuous g-Laguerre polynomi-
als and take the limit ¢ — 1 we find the Laguerre polynomials given by (9.12.1). In

fact we have:
lim Pi(q|q) = L (2x). (14.19.16)
q*}

Remark

If we let B tend to infinity in (14.10.16) and renormalize we obtain

o1, —n 4.0 4 —i0
um(q 47 ATE ) x=cosO. (14.19.17)

(@) . \_
B (xq) = (&)n gt —q

These two g-analogues of the Laguerre polynomials are connected by the following
quadratic transformation:

P (xg) = ¢"* P\ (x9).

Reference

[72].

14.20 Little g-Laguerre / Wall

Basic Hypergeometric Representation

q",0
pa(x;alq) = 201 a PP (14.20.1)

1 g " x! X
- (afqun;q)n 2¢0 ( _ > 4, Z) .
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Orthogonality Relation

n .
) oo > n

.
kzb ((qflq))kpm("k;“m)l’n(q";an) =

Recurrence Relation

—xpn(x;alq) = Anppti1(x3alg) — (An+Cn) pu(x;alq) + Copu—1(x;alq), (14.20.3)

where

{An — qn(l _aqn+1)

Ch=aq"(1—-4g").

Normalized Recurrence Relation

Xpn(x) = pu1 (%) + (An+Co)pu(x) +ag” ' (1= ¢") (1 —aq") pu—1(x), (14.20.4)

where

Pa(x;alq) =

g-Difference Equation

—q (1= ¢")xy(x) = ay(gx) + (x—a— Dy(x) + (1 —x)y(g"'x),  (14.20.5)

where
y(x) = pa(x;alq).
Forward Shift Operator
—n+1 1—a"
putsiale) -~ plaziale) = - ULy, wade) 4206)
or equivalently
—n+1 n
g " (1-4")
Dypn(x;alqg) = ——————pu_1(x;a . (14.20.7)
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Backward Shift Operator

1

apa(x;alg) — (1 —x)pa(q~ 'x;alg) = (a— 1) puti(x:q 'alq)

or equivalently

Dy w0l q) pa(x:9%q)]
= afll_iqawoc;oc —11q) a1 (x:0 ' q),
9% (1-q)
where
w(x; otlg) = (qx; q)ex”.

Rodrigues-Type Formula

w(x; a|q) pa(x:g*|q) =

g (1—g)" <

(g% sq)n

Generating Function

. _ = (—1)1q(2)
(I,C])w 001 ( . q, aqxt) _ z %pn(x;a q)[n.

(xt;q)es aq = (69

Limit Relations

Big g-Laguerre — Little g-Laguerre / Wall

Qqq)n [w(x; o +nlq)].

(14.20.8)

(14.20.9)

(14.20.10)

(14.20.11)

The little g-Laguerre (or Wall) polynomials given by (14.20.1) can be obtained from
the big g-Laguerre polynomials by taking x — bgx in (14.11.1) and letting b — —oe:

lim P,(bgx;a,b;q) = py(x;alq).

b— —oo

Little g-Jacobi — Little g-Laguerre / Wall

The little g-Laguerre (or Wall) polynomials given by (14.20.1) are little g-Jacobi
polynomials with b = 0. So if we set » = 0 in the definition (14.12.1) of the little
g-Jacobi polynomials we obtain the little g-Laguerre (or Wall) polynomials:
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Pn(x;a,0|q) = pa(x;alq).

Affine g-Krawtchouk — Little g-Laguerre / Wall

If we set x — N —x in the definition (14.16.1) of the affine g-Krawtchouk polyno-
mials and take the limit N — oo we simply obtain the little g-Laguerre (or Wall)
polynomials given by (14.20.1):

Jlim K37 (¢ p.N2q) = pulg™ipia).

Little g-Laguerre / Wall — Laguerre / Charlier

If we set a = ¢ and x — (1 — g)x in the definition (14.20.1) of the little g-Laguerre
(or Wall) polynomials and let g tend to 1, we obtain the Laguerre polynomials given
by (9.12.1):

lim p((1 = ¢)x;q%q) = (14.20.12)
q—>
If we set a — (¢ — 1)a and x — ¢* in the definition (14.20.1) of the little g-
Laguerre (or Wall) polynomials and take the limit ¢ — 1 we obtain the Charlier
polynomials given by (9.14.1) in the following way:
L P2(@5 (g = Dalg) _ Cuxia)

= . 14.20.13
i T a ( )

Remark

If we set a = g% and replace g by ¢!

(14.21.1) in the following way:

we find the g-Laguerre polynomials given by

(g %g ) = MLEO‘) —X3q)-
P ( q |q ) (anr];q)n ( 6])
References

[16], [26], [84], [144], [146], [147], [157], [214], [238], [345], [346], [416], [504],
[509].
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14.21 g-Laguerre

Basic Hypergeometric Representation

a+l1. 7n
LS,O‘)(X;C]) _ (Q(q q,)Q)n " ( L4 qn+a+1x) (14.21.1)
1 7n _
— ’ . n+o+1
(q’q)n 2¢1 ( 0 ’q7q ) .

Orthogonality Relation

The g-Laguerre polynomials satisfy two kinds of orthogonality relations, an abso-
lutely continuous one and a discrete one. These orthogonality relations are given by,
respectively:

/M x* L( )(x q)L( >(x;q)dx
—X;q)oo

(—x:9)
(g% q)- ("5 q)n
— T(—a)T(c+1) Sy, —1 (14212
(@:9)=  (6:9)nq" (me)T(e+1) *= ( )
and
oo qka+k

WL,S?‘) (cq"; )L (cd"3q)
k= —co 3q)e

_ 0+l -1 —a.
_ L o ’Q)‘”(q. Ay as—1, >0, (14213)
(q*t, —c,—c'q:9)  (4:9)nq"

o+1

For ¢ = 1 the latter orthogonality relation can also be written as

oo o
/ L (e q) LS (x:q) dyx
0 (%9

_1-9 (a4~ *1q)= (¢*T"1q)
2 (¢“N—q,~4:9) (4:9)nq"

o+1

S, O >—1. (14.21.4)
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Recurrence Relation

— L (eg) = (1- "L (vq)
(@)

— (=" +q(1=¢""*)] L (x:q)

— )L (x:9). (14.21.5)

+q(1—¢q n—1

Normalized Recurrence Relation

Xpu(X) = pur1(x)+q 2 [(1=g") +q(1 = g"*)] palx)

+q—4n—2a+1(1 7qn)(1 _ qn+a)pn71(x)’ (14.21.6)

where
(7 1)nqn(n+oc)

(@ 9)n Pa(x).

g-Difference Equation

—q*(1=¢")xy(x) = ¢* (1 +x)y(gx) = [1 +¢*(1+2)]y(x) +¥(¢"'x), (1421.7)

where
@) = L7 (x:q).
Forward Shift Operator
L (x:q) — LS (qx:q) = —q* 5L (gx;q) (14.21.8)
or equivalently
(o) " (o)
DyLn’ (x3q) = — 1 anfl (gx;9). (14.21.9)
Backward Shift Operator
— "L (x9) (14.21.10)

L (xq) — ¢ (1+ 0L (qx;q) = (1

or equivalently
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RN PN B St CAR T ORSTR ( P
Dy (w(x;06q9) Ly (x39) | = g wxa—1;9)L, 7 (x59), (14.21.11)
where o
w(x;oq) =
(x:0:9) =
Rodrigues-Type Formula
1—a)"
w(xs o q) LS (x1q) = ((q.qq)) (2,)" w(x; 00+ n3q)]. (14.21.12)
Generating Functions
1 -, o+1 _ < (@).. n
(t;q)mm( g 94 t) —”;Ln (x:q)t". (14.21.13)
(trg) " \gort > TN )T A ey, o

=

o) P T N o ) L N
(t’q)‘x’ 0¢2 (qo‘“,t’q’ q )Ct) _”;O (qa+1;q)nLn ()C,q)t : (142115)

(W.;q)wﬂpz(q "o q““xt)

= z ﬁ—lq%L,(la)(x;q)t", vy arbitrary. (14.21.16)
=0 (@25 q)n

Limit Relations

Little g-Jacobi — g-Laguerre

If we substitute a = g% and x — —b~ !¢ !x in the definition (14.12.1) of the little
g-Jacobi polynomials and then take the limit b — —eco we find the g-Laguerre poly-
nomials given by (14.21.1):

lim py(—blg Vg blg) = —LDn @
Jm pa( q xq%,blq) g (x:q)
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g-Meixner — g-Laguerre

The g-Laguerre polynomials given by (14.21.1) can be obtained from the g-Meixner
polynomials given by (14.13.1) by setting b = g% and ¢~* — cq%x in the definition
(14.13.1) of the g-Meixner polynomials and then taking the limit ¢ — oo:

lim M, (cq®x; g% c3) = —LDn_p(e)

—_— x,q).
frerd @) " (:9)

g-Laguerre — Stieltjes-Wigert

If we set x — xg~ % in the definition (14.21.1) of the g-Laguerre polynomials and
take the limit o¢ — oo we simply obtain the Stieltjes-Wigert polynomials given by
(14.27.1):

lim LY (xg~%q) = Su(x:q)- (14.21.17)

Ol—>o0

g-Laguerre — Laguerre / Charlier

If we set x — (1 — ¢)x in the definition (14.21.1) of the g-Laguerre polynomials and
take the limit ¢ — 1 we obtain the Laguerre polynomials given by (9.12.1):

lin}L,(fx)((l —q)xiq) =L\ (x). (14.21.18)
qH

If we set x — —g *and ¢* =a'(¢g—1)"! (or @ = —(Ing) 'In(g — 1)a) in the
definition (14.21.1) of the g-Laguerre polynomials, multiply by (g;¢),, and take the
limit ¢ — 1 we obtain the Charlier polynomials given by (9.14.1):

;1311 ()L™ (=g :9) = Cu(x:0), (14.21.19)
where | | |
q* = or a:—ill(q_ )a.
alg—1) Ing
Remarks

The g-Laguerre polynomials are sometimes called the generalized Stieltjes-Wigert
polynomials.

If we replace g by ¢~ we obtain the little g-Laguerre (or Wall) polynomials given
by (14.20.1) in the following way:

1
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(q%5q)n

L g = 0

Pn(—x:9%q).

The g-Laguerre polynomials given by (14.21.1) and the g-Bessel polynomials given
by (14.22.1) are related in the following way:

wl@d5a,q9)  en),
— =L, aq’;,q).
@ (aq":q)

The g-Laguerre polynomials given by (14.21.1) and the g-Charlier polynomials
given by (14.23.1) are related in the following way:

Ca( x;.—q‘“;q) _ @

— = X;q).

(:@)n n(d)
Since the Stieltjes and Hamburger moment problems corresponding to the g-Laguerre
polynomials are indeterminate there exist many different weight functions.
References
[12], [16], [49], [51], [72], [84], [139], [144], [146], [147], [150], [199], [238], [256],

[276], [291], [302], [411].

14.22 g-Bessel

Basic Hypergeometric Representation

—n

, —a "
yn(x;a;q) =201 (q 0 g 3 q, qx) (14.22.1)
— (,ntl . q" = |
- (q X3 q)n 1¢1 q,,H,]x >4, —aq X

7”,)(371 —n+1
= (—aq"x)" -2¢1 (q : 1q, 1 )

a
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Orthogonality Relation

& a k+1
S ) y(dhasq)yn(dhasq)

k=0 (q,CI)k
anq(n;l)

Recurrence Relation

—xyn(%;03q) = Apynt1(x:a;q) — (An +Co)yn(x3a59) + Coyn—1 (x:a3q), (14.22.3)

where

A :qn (1 +aql’l)
" (1+ag®)(1+ag?+1)
C _aq2n71 (1 _qn)
=

(1+ag* 1) (1+ag*)

Normalized Recurrence Relation

xpn(x) = pui1(xX) + (An +Cp) pu(x) +An-1Capn-1(x), (14.22.4)
where .,
m(xaig) = (—1)"g~ ) (—ag";q)upa(x).

g-Difference Equation

—¢"(1=¢")(1+aq")xy(x)
= axy(gx) — (ax+ 1 —x)y(x) + (1 —x)y(g 'x), (14.22.5)

where
y(x) = yu(xsa:q).
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Forward Shift Operator

yu(x:a:q) — ya(gr;asq) = —q " (1= q") (1 +aq")xyn-1 (x;aq%;q)

or equivalently

g " (1—q")(1+aq")

Ty Yn-1(x:aq%;q).

-@qyn(x;a;CI) =

Backward Shift Operator

aq'yu(q"a:q) = (1 - " )yu(q" " w:a:9) = —yui (q*:aq714)

or equivalently

Viwxa:q)ya(qa:q)] ¢ Y Y
Vo —a(l_q)W(x,aq :@)ynt1(q"a9”73q),
where
axq(;)
wxidig) = (g:9)

Rodrigues-Type Formula

wxnaiq)yn(q'saq) = da"(1-q)"q"" V) (Vy)" [wlxag™sq)]

where

Generating Functions

_ " g0

091 0° % —aq "t )20\ _iaqt

ZZMW’ x=0,1,2,....
S (@)

) X _ n (g)
Wlw( tt?% aq’”) - 2 %yn(x;“;qyn'

(14.22.6)

(14.22.7)

(14.22.8)

(14.22.9)

(14.22.10)

(14.22.11)

(14.22.12)
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Limit Relations

Little g-Jacobi — g-Bessel

If we set b — —a~'¢~'b in the definition (14.12.1) of the little g-Jacobi polynomials
and then take the limit @ — 0 we obtain the g-Bessel polynomials given by (14.22.1):

}{ig(l)pn(x;a, —a 'q7'blg) = yu(x;b3q).

g-Krawtchouk — g-Bessel

If we set x — N — x in the definition (14.15.1) of the g-Krawtchouk polynomials and
then take the limit N — oo we obtain the g-Bessel polynomials given by (14.22.1):

Al,iglmKn(c["N;p,N;q) = yu(q";p:q).

g-Bessel — Stieltjes-Wigert

The Stieltjes-Wigert polynomials given by (14.27.1) can be obtained from the g-
Bessel polynomials by setting x — a~!x in the definition (14.22.1) of the ¢g-Bessel
polynomials and then taking the limit a — oo. In fact we have

C}iilgoyn(a_lx;a;q) = (q:9)nSu(x:9). (14.22.13)

q-Bessel — Bessel

If we set x — —1(1—¢)"'x and a — —¢**! in the definition (14.22.1) of the g-
Bessel polynomials and take the limit ¢ — 1 we find the Bessel polynomials given
by (9.13.1):

éiil}y"(_%(l —q) ' —q*Tq) = yu(x;a). (14.22.14)

q-Bessel — Charlier

If we set x — ¢* and @ — a(1 — g) in the definition (14.22.1) of the g-Bessel polyno-
mials and take the limit ¢ — 1 we find the Charlier polynomials given by (9.14.1):

i Y2(@sa(1 —4):q)

1 (g1 =d"Cy(x;a). (14.22.15)
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Remark

In [318] and [319] these g-Bessel polynomials were called alternative g-Charlier
polynomials.

The g-Bessel polynomials given by (14.22.1) and the g-Laguerre polynomials given
by (14.21.1) are related in the following way:

yn(qx;a;Q) (x—n) n
W) [0 (ag"sq).
@D (aq";q)

Reference

[157].

14.23 g-Charlier

Basic Hypergeometric Representation

—n ,,—Xx n+1
Colg ™ a59) = 201 <q (’Jq ;q,—qa ) (14.23.1)
—n n+1—x
:(_alq§4)r1'l¢l( 6171 ;Q'a_q )
—a'q a

Orthogonality Relation

—a; )w(—aflq,q;q),, Omn, a>0. (14.23.2)

Il
<



14.23 g-Charlier 531

Recurrence Relation

q2n+l (1 _ C[ﬁx)cn (qfx)
=aCypi(q ) —la+q(1—¢")(a+4")]Ci(g™)
+q(1-4¢")(a+4q")Co1(q7), (14.23.3)

where

Normalized Recurrence Relation

xpa(x) = pu1(x)+ 1+ Ha+q(1—q")(a+4¢")}] pa(x)

+ag " (1= ¢") a+q")pa1(x), (14.23.4)
where "
1 n_n
Colg sa3q) = ( a)n T pula™)
g-Difference Equation
¢"y(x) = ag'y(x+1) —g*(a— 1)y(x) + (1 - ¢)y(x—1), (1423.5)
where
y(x) =Calg "1a39)
Forward Shift Operator

Calg ™ hasq) —Culg asq) = —a~'q " (1—4")Cu1(q saq™ ') (14.23.6)
or equivalently

AC, (g a5q9)  q(1—q")

L. 14.23.7
Ag* a(l—q) 9 ( .
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Backward Shift Operator

Co(qg Sa:q) —a g (1—q)Co(qg " sa3q) = Cuii (g Saq3q)  (14.23.8)

or equivalently

Viw(xa:q)Calg " a; 1 -
[W(x’a’q)ci(q a q)] — W(x,aq,q)cn+l(q X;aq;q)7 (14239)
\ 1—¢q
where .
axq(xer )
M) = o)
Rodrigues-Type Formula
w(x;a;q)Ca(q "a3q) = (1—q)" (Vy)" [w(x;aq_”;q)] , (14.23.10)
where v
V= =
Generating Functions
1 q" - ) - Calg™"a3q)
101 g, —a gt =Y L DD (14.23.11)
()= ( 0 2" (),
1 - . _x+1> & Calg Ma3q)
— .q, —a 1))=Y =L 29 o (14.23.12)
(t:9)e o <—a1q 1 1 ,Za (—a'q,4:q)n
Limit Relations

g-Meixner — g-Charlier

The g-Charlier polynomials given by (14.23.1) can easily be obtained from the g-
Meixner given by (14.13.1) by setting b = 0 in the definition (14.13.1) of the g-
Meixner polynomials:

My (x;0,¢5q) = Cy(x;¢3q). (14.23.13)
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g-Krawtchouk — g-Charlier
By setting p = a~'¢ ™" in the definition (14.15.1) of the g-Krawtchouk polynomials
and then taking the limit N — oo we obtain the g-Charlier polynomials given by

(14.23.1):
Jim K,(qa7 g7 Nig) = Calg™sas).

g-Charlier — Stieltjes-Wigert
If we set g* — ax in the definition (14.23.1) of the g-Charlier polynomials and take
the limit @ — oo we obtain the Stieltjes-Wigert polynomials given by (14.27.1) in the

following way:
lim Cy(ax;a;q) = (q;q)nSn(x;q). (14.23.14)

a—oo

g-Charlier — Charlier

If we set a — a(l — q) in the definition (14.23.1) of the g-Charlier polynomials and
take the limit ¢ — 1 we obtain the Charlier polynomials given by (9.14.1):

limlC,,(q*x;a(l —q);q) = Cy(x;0). (14.23.15)
q—)

Remark

The g-Charlier polynomials given by (14.23.1) and the g-Laguerre polynomials
given by (14.21.1) are related in the following way:

References

[30], [80], [238], [261], [328], [416], [524].
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14.24 Al-Salam-Carlitz 1

Basic Hypergeometric Representation

—n ,—1
U (x:q) = (—a)"q®) 24, <q * g, %) . (14.24.1)
Orthogonality Relation

1
[ (gra™ gxi Ul (UL (x:q) dyx
a

= (—a)"(1 — ) (q:Qn(@-a,a ' q:9)q® Spn, @< 0.  (14.24.2)

Recurrence Relation

UL (x:9) = U, (x6:9) + (a+ 1) q" U (x,9) —aq" ' (1-¢")U', (x:q). (14.24.3)

Normalized Recurrence Relation

xpn(X) = puy1(x) + (@a+ 1)g"pa(x) — ag"! (1=¢")pu—1(x), (14.24.4)
where
UL (x:9) = pa(x).

g-Difference Equation

(1—=¢")y(x) = aq" " y(qx) = [ag" " +4¢"(1 —x)(a—x)] y(x)
+¢"(1—=x)(a—x)y(qg %), (14.24.5)

where
yx) = U (x39).
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Forward Shift Operator
U (x:q) = U (gx:9) = (1 - ¢")xU,", (x:) (14.24.6)
or equivalently
@y = 174" @ .
D,UN (x:q) = qUn_l(x, q). (14.24.7)

Backward Shift Operator

aUy" (x:q) — (1 —x)(a—x)U" (¢ 'xiq) = —¢ 20U () (14.24.8)
or equivalently
—n+1

R A C N I e N7@ (e
Dy |wxsa;q)Un™ (x3q) —a(l_q)w(x,a,q)UnH(x,q), (14.24.9)

where
w(x;a;q) = (qx,a” ' gx:q)e.

Rodrigues-Type Formula

wwaqU (sq) =a'g" (1= (7,) wag). (142410

Generating Function

(t,at;q)e < U\ (xq)
e _go @ . (14.24.11)

Limit Relations

Big g-Laguerre — Al-Salam-Carlitz I

If we set x — agx and b — ab in the definition (14.11.1) of the big g-Laguerre poly-
nomials and take the limit a — 0 we obtain the Al-Salam-Carlitz I polynomials given
by (14.24.1):
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lim P,(agx;a,ab;q)

a—0 a

=q"Us" (x:q).

Dual g-Krawtchouk — Al-Salam-Carlitz I

If we set ¢ = a~! in the definition (14.17.1) of the dual g-Krawtchouk polynomials
and take the limit N — oo we simply obtain the Al-Salam-Carlitz I polynomials given
by (14.24.1):

tim K2 (s i) = (1) ¢ DUl

Note that A (x) =g *+a gV,

Al-Salam-Carlitz I — Discrete g-Hermite 1

The discrete g-Hermite I polynomials given by (14.28.1) can easily be obtained from
the Al-Salam-Carlitz I polynomials given by (14.24.1) by the substitution a = —1:

U,(_l)(x;q) = hy(x:9). (14.24.12)

Al-Salam-Carlitz I — Charlier / Hermite

If we seta — a(q— 1) and x — ¢* in the definition (14.24.1) of the Al-Salam-Carlitz I
polynomials and take the limit ¢ — 1 after dividing by a"(1 — ¢)" we obtain the
Charlier polynomials given by (9.14.1):

(alg=1))/ «.
lim U (qx,q)
=1 (1—q)"

If we set x — x4y/1 — g% and @ — a+/1 — g% — 1 in the definition (14.24.1) of the
Al-Salam-Carlitz I polynomials, divide by (1 — ¢?) 3, and let q tend to 1 we obtain
the Hermite polynomials given by (9.15.1) with shifted argument. In fact we have

= d"Cy(x:0). (14.24.13)

(ay/T-1) 5

U, VI—g%q) Hy(x—
lim =" (x S | 9 _ ”(xn @) (14.24.14)
g—1 (1—q2)2 2
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Remark

The Al-Salam-Carlitz I polynomials are related to the Al-Salam-Carlitz II polyno-
mials given by (14.25.1) in the following way:

UL (g7 = Vi (53 q).

References

[16], [18], [20], [68], [80], [144], [146], [157], [160], [180], [238], [269], [289],
[312], [524].

14.25 Al-Salam-Carlitz I1

Basic Hypergeometric Representation

Vi) = (—a)'q~ ) 290 (q_’x 4, %) . (1425.1)

Orthogonality Relation

2
Z qk ak
&0 (@ a)i(ag; 9k

. n
- ((q’q;”a}ﬂamn, 0<ag<l. (14.25.2)
aq; q)wq

Vi (a7%0)n (a7 %5q)
Recurrence Relation

Wi (x:q) =V, (59) + (a+ 1D)g Vi (x:)
+ag M (1—¢"WV' (x:q). (14.25.3)
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Normalized Recurrence Relation

Xpu(X) = pus1 (x) + (@+1)g " pu(x) +ag "' (1= ") pu1(x),

where
Va¥ (x3q) = pa().
g-Difference Equation
—(1—¢")¥y(x)
= (1 =x)(a—x)y(gx) — [(1 —x)(a —x) + aq] y(x) + agy(
where
y(x) =V (x:q).
Forward Shift Operator

Vi (q) = Vi (gxiq) = ¢ (1 —¢")av ) (gxiq)
or equivalently
q7n+1 (1 _ qn)

(a) .
1—¢ Vn71(qx"])-

DV (x:q) =

Backward Shift Operator

avy (x.9) = (1 = x)(a =)V, (gx:9) = =" 3V, ) (x:9)

or equivalently

Ty W a: Vi (xq)| = -

4q . (a) (..
=) w(xa;q)V,\ ) (x:q),

where
1

w(xsa;q) = m

(14.25.4)

), (14.25.5)

(14.25.6)

(14.25.7)

(14.25.8)

(14.25.9)



14.25 Al-Salam-Carlitz IT 539

Rodrigues-Type Formula

w()c;a;q)Vn(a> (x;q)=d"(q— 1)”q7(g) (2y)" w(x;a;9)]. (14.25.10)

Generating Functions

(A7:q)e q®) v@ n
V' (x: q)e". (14.25.11)
(t,at;q)w ,,Zz) qq) (r:q)
o n(n—1)
q (a) . n
at:q)e . q, V' (x: q)t". (14.25.12)
(arq)e 161 5000) = 3 T v )

Limit Relations

g-Meixner — Al-Salam-Carlitz II

The Al-Salam-Carlitz II polynomials given by (14.25.1) can be obtained from the
g-Meixner polynomials given by (14.13.1) by setting b = —ac™! in the definition
(14.13.1) of the g-Meixner polynomials and then taking the limit ¢ — O:

N . (@
lim M, (x; —ac™",¢;q) = (——) dDV (xq).

a

Quantum g-Krawtchouk — Al-Salam-Carlitz II

If we set p=a'q ™! in the definition (14.14.1) of the quantum g-Krawtchouk
polynomials and let N — oo we obtain the Al-Salam-Carlitz II polynomials given by
(14.25.1). In fact we have

"
Jlim K" (a7 Nig) = (—5) dDV (x:q).

Al-Salam-Carlitz II — Discrete g-Hermite II

The discrete g-Hermite II polynomials given by (14.29.1) follow from the Al-Salam-
Carlitz IT polynomials given by (14.25.1) by the substitution @ = —1 in the following
way:

iV (ixsq) = hn(x39). (14.25.13)
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Al-Salam-Carlitz II — Charlier / Hermite

If we set a — a(l —g) and x — ¢ in the definition (14.25.1) of the Al-Salam-
Carlitz II polynomials and taking the limit g — 1 we find

(a(1-q)) ¢ —x.
Vi (¢ 59) _ .,
lim —————— = n(X;a). 14.25.14
qlg} EE a"Cp(x;a) (14.25.14)

If we set x — ixy/1 — g% and a — ia+/1 — g? — 1 in the definition (14.25.1) of the
Al-Salam-Carlitz II polynomials, divide by /(1 —g*)?, and let ¢ tend to 1 we obtain
the Hermite polynomials given by (9.15.1) with shifted argument. In fact we have

(ian/1—g>—1) . 5

Vi 1 —qg-; H,(x—
lim (xV1—g%q) _ Hylx—a) (14.25.15)
q—1 i"(]—q2)7 n

Remark

The Al-Salam-Carlitz II polynomials are related to the Al-Salam-Carlitz I polyno-
mials given by (14.24.1) in the following way:

V(g™ = U (x:q).

References

[16], [18], [20], [67], [101], [143], [144], [146], [160], [214], [269], [276].

14.26 Continuous g-Hermite

Basic Hypergeometric Representation

—n

A 0 ‘
H,(x|q) =¢e™"% 200 (q g, q"ew) , Xx=cosH. (14.26.1)
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Orthogonality Relation

1 owxlg) Omn
— H, H, dx= ———"—, 14.26.2
37 || S Ha(xig) Hyxlq) d i (1426.2)
where
2i0 2 3 3
wixlg) = | (%) |7 =h(x, D)x, ~Dir. g h(r,—g),
with

Recurrence Relation

2xH,(x|q) = Hyy1(x|q) + (1 — ¢")Hy—1(x]q). (14.26.3)

Normalized Recurrence Relation

1
Xpn(x) = puy1(x) + 7 (1=¢")pn-1(x), (14.26.4)

where
H,(x|g) = 2"pn(x).
g-Difference Equation

(1—q)*D, [W(x|q)Dgy(x)] +4q " (1 — g")Wo(x|q)y(x) =0, (14.26.5)

where

and

Forward Shift Operator

O,H,(x|q) = —q_%"(l — q{")(eie — e_ie)Hn,l(x|q), x=cos6 (14.26.6)
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or equivalently
2 2"V (1—¢")

Dan(xM) = 1—

Hy_1(x|q). (14.26.7)

Backward Shift Operator

8 [W(xlq) Ha(xlq)] = g 207D (€ —e7®)ib(x|g)Hyi1 (x]g), x=cos6 (14.26.8)
or equivalently

1

2 —axN
Dy [(xlq) ()] = — (el Ho 1 (41 (14.269)
Rodrigues-Type Formula
—1\" : .
sl = (451 ) ¢4 0, (o). (1426.10)
Generating Functions
1 1 < Ha(xlq)

", x=cos0. (14.26.11)

(ei1:)o|”  (e07,671013q) _nz:() (4 q)n
. 0 ;
i0 —i0
1,4) " . 2 q, t
(et;q)w - 101 (e'et q,¢ )
(=1)¢®)

H,(x|g)t", x=cosb. (14.26.12)
n—=0 (@:@)n

=y (y;Q)"Hn(x|q)t", x=cos@, yarbitrary. (14.26.13)
S (@)
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Limit Relations

Continuous Big ¢g-Hermite — Continuous g-Hermite

The continuous g-Hermite polynomials given by (14.26.1) can easily be obtained
from the continuous big g-Hermite polynomials given by (14.18.1) by taking a = 0:

H,(x;0|q) = Hy(x|q).

Continuous g-Laguerre — Continuous ¢g-Hermite

The continuous g-Hermite polynomials given by (14.26.1) can be obtained from the
continuous g-Laguerre polynomials given by (14.19.1) by taking the limit & — oo in
the following way:
i P (xl) _ Ha(xlg)
im — = .
Oo—o0 q(§a+z)n (q;q)n

Continuous g-Hermite — Hermite

The Hermite polynomials given by (9.15.1) can be obtained from the continuous

g-Hermite polynomials given by (14.26.1) by setting x — x4/ %(1 —¢). In fact we
have

lim . = H,(x). (14.26.14)
2

Remark

The continuous g-Hermite polynomials can also be written as:

n

(@Dn 200
Hy(xlq) = }, "~ ~—e'" , Xx=cos0.
) = & o asan s

References

(8], [16], [17], [25], [34], [51], [52], [62], [63], [72], [73], [75], [76], [78], [80], [86],
[87], [100], [113], [119], [122], [210], [234], [238], [272], [276], [285], [294], [296],
[416], [460], [461], [462], [481].
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14.27 Stieltjes-Wigert

Basic Hypergeometric Representation

1 —n
Sp(x;q9) = Gan 101 (qo i q, q"“x)- (14.27.1)
) n

Orthogonality Relation

/‘”Mdﬁ Ing (¢:q)- 5 (14272
0 (—x,—qxTiq)w 7" (4:9)n

Recurrence Relation

_q2n+1xsn(x;q)
=(1=¢""Su1(5q) = [1+q—¢"""1Su(x:9) + ¢Su-1(x:9). (14.27.3)

Normalized Recurrence Relation

xpn(x) = pu1 () +q " [1+q— ¢ pulx)

+q " (1= q")pa1(%), (14.27.4)
where ,
(=D"q"
Sn 5 - n
(x:9) G " (x)
g-Difference Equation

—x(1—¢")y(x) = xy(gx) — (x+ Dy(x) +y(¢" %), y(x) = Su(x:q). (14.27.5)
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Forward Shift Operator

Su(x:9) = Su(gx:q) = —qxSu-1(4°x:9)
or equivalently

q
DaSulx:q) =~ Sn- (¢°x:9).

Backward Shift Operator

Sn(x:9) —xSu(qx;q) = (1 —¢" ) Sus1 (g 'x19),

or equivalently

1_qn+1 . . .
g ¢ w(q x:q)Snt1(q” x319),

Dqwlx,q)Sn ()] =

where 1
M e T

Rodrigues-Type Formula

w(x,9)Sn(6:9) = ———— ((Z4)"w) (¢"x;q).

Generating Functions

oo

1 —
—— 01 (0 34, —qxt> = Salx:g)".

(t:q)es =0

(t:q)002 | 1q, —qxt =i(—1>”q(3>5n(x:q)t”-
0,t

9 n=0

(v:q)
(t;q

): 102 < O’YW 1 g, —c]xt) = Zb(y; q)nSn(x;q)t", 7y arbitrary.

545

(14.27.6)

(14.27.7)

(14.27.8)

(14.27.9)

(14.27.10)

(14.27.11)

(14.27.12)

(14.27.13)
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Limit Relations

g-Laguerre — Stieltjes-Wigert

If we set x — xg~ % in the definition (14.21.1) of the g-Laguerre polynomials and
take the limit 0@ — oo we simply obtain the Stieltjes-Wigert polynomials given by
(14.27.1):

lim L\% (xqg~%:q) = Sa(x:q).

Ol—o0

g-Bessel — Stieltjes-Wigert

The Stieltjes-Wigert polynomials given by (14.27.1) can be obtained from the g-
Bessel polynomials by setting x — a~'x in the definition (14.22.1) of the g-Bessel
polynomials and then taking the limit @ — oo. In fact we have

lim y,(a”'x;a:9) = (¢:q)nSn(x;9).-

a—oo

g-Charlier — Stieltjes-Wigert

If we set g* — ax in the definition (14.23.1) of the g-Charlier polynomials and take
the limit @ — oo we obtain the Stieltjes-Wigert polynomials given by (14.27.1) in the
following way:

lim G (ax;a;9) = (¢:9)nSn(x:9)-

Stieltjes-Wigert — Hermite
The Hermite polynomials given by (9.15.1) can be obtained from the Stieltjes-Wigert
polynomials given by (14.27.1) by setting x — ¢~ 'x1/2(1 —¢) + 1 and taking the

limit ¢ — 1 in the following way:

) —1 — .
lim (L DaSnld” V2N =a) + 1a) gy (14.27.14)

qg—1 1-¢q\2
2

Remark

Since the Stieltjes and Hamburger moment problems corresponding to the Stieltjes-
Wigert polynomials are indeterminate there exist many different weight functions.
For instance, they are also orthogonal with respect to the weight function
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w(x):%exp(—yzlnzx), x>0, with f:—%ﬂq.

References

[49], [51], [86], [145], [146], [160], [276], [416], [490], [493], [503], [511].

14.28 Discrete g-Hermite I

Basic Hypergeometric Representation

The discrete g-Hermite I polynomials are Al-Salam-Carlitz I polynomials with a =
—1:

—n ,—1
h(q) = Uy (xq) = ¢®) 2o (" o ;q7—qx) (14.28.1)

0
qfn q7n+1 ) q2nfl
(7 ).

=x"200

Orthogonality Relation

1
[ 1 (g%, —qx3q) ol (X, @) 1 (X3 q) dygx

= (1= ) (@ D)n(@ 1, ~4:q)og®) Sy (14.28.2)

Recurrence Relation

X (X:q) = hy1 (:9) + 4" (1 = ¢ hp_1(x39). (14.28.3)

Normalized Recurrence Relation

xpn(x) = Pt (%) + 4" (1= ¢") pu—i (%), (14.28.4)

where
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ha(x;q) = pn(x).

g-Difference Equation

— g "y(x) = y(gx) — (1+q)y(x) +9(1 = x*)y(g 'x),

where
y(x) = hy(x3q).

Forward Shift Operator

ha(x3q) — hn(gx;q) = (1 — ¢")xhn—1(x;9)

or equivalently
1—4g"
1 7qq ha—1 (X;Q)~

Dghn(x;q) =

Backward Shift Operator

ha(x3q) = (1 =) ha(q " :9) = g "1 (39)
or equivalently

—n+1

91 o)) =~ wl55) s (059),

1-—

where
w(x;q) = (g%, —qX; q)eo-

Rodrigues-Type Formula

W q)ha(x;q) = (g —1)'q2" " (%*l)n w(x;q)].

Generating function

(1%q%)w i hn(%:9)

(11:9)e S (4:q)n

(14.28.5)

(14.28.6)

(14.28.7)

(14.28.8)

(14.28.9)

(14.28.10)

(14.28.11)
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Limit Relations

Al-Salam-Carlitz I — Discrete g-Hermite I

The discrete g-Hermite I polynomials given by (14.28.1) can easily be obtained from
the Al-Salam-Carlitz I polynomials given by (14.24.1) by the substitution a = —1:

Uy (6:9) = ha(x39).

Discrete g-Hermite I — Hermite

The Hermite polynomials given by (9.15.1) can be found from the discrete g-
Hermite I polynomials given by (14.28.1) in the following way:

hy, 1—qg?; H,
lim "2 a>4) _ Hnx) (14.28.12)
o=l (1-¢%)2 2

Remark

The discrete g-Hermite I polynomials are related to the discrete g-Hermite II poly-
nomials given by (14.29.1) in the following way:

h(ix;q 1) = i"hp(x:q).

References

[16], [18], [80], [100], [119], [238], [261], [349].
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14.29 Discrete g-Hermite I1

Basic Hypergeometric Representation

The discrete g-Hermite II polynomials are Al-Salam-Carlitz II polynomials with a =

—1:

hu(riq) =iV D (ing) = i"g~ @) 290 (q B " —q") (14.29.1)

o qfn,q7n+l
=x"201 ( 0

Orthogonality Relation

oo

k= —co
(=0, =4:¢° )= (4:0)n -0
TG —F —c2 ) 2 Omn, €=U,
q4,—C—C 474" ) ¢
where
( ) 1 1
w(xg) = —— = .
(ix,—ix;q)ee  (—X%;¢%)e0

For ¢ = 1 this orthogonality relation can also be written as

* I (xq) (. —4.—@:4).. (4:9)n 5
o (@) T (P g T
Recurrence Relation

b (x;q) =y (x:9) + ¢ 2" (1= @)1 (x39).

Normalized Recurrence Relation

XPn (x) = Pn+1 ()C) + q72n+1 (1 - qn)pnfl (x)v

where

hn(x,q) = pn(x).

S [ﬁm(cq";q)ﬁn(ch;q) +7zm(—cq";q)7ln(—cq";4)} w(cq":q)q"

(14.29.2)

(14.29.3)

(14.29.4)

(14.29.5)
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g-Difference Equation

—(1=¢")xhn(x:q)
= (1 4+ (gx;q) — (1 + 2% + @ ha(x:9) + qha(q ' x;9).  (14.29.6)

Forward Shift Operator
ha(x:q) = hu(g:9) = ¢ "1 (1 = " )hn—1(gx;.9) (14.29.7)
or equivalently
—n+1l01 _ 4n) L
Dghn(x:q) = %qu)hn_l(qx; q)- (14.29.8)
Backward Shift Operator
B (x:q) — (14 xR, (gx:q) = —q"xhpi1(x;9) (14.29.9)
or equivalently
Dy [w(x:q)hn(x;q)] = — lq_qw(x;q)/%nﬂ (x:9)- (14.29.10)
Rodrigues-Type Formula
W )ha(xiq) = (a—1)"a” @) (2,)" (. q)] (14.29.11)
Generating Functions
(=49)= _ i ¢ B (2, q)1". (14.29.12)
(—=1%:¢%)w 5 (4:)n
. ix ' N oo (71)nqn(n71) -
(_lt?q)w ' l¢] <—it >4, lt) = rg)whn(x,q)t . (14.29.13)
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Limit Relations

Al-Salam-Carlitz IT — Discrete g-Hermite II

The discrete g-Hermite II polynomials given by (14.29.1) follow from the Al-Salam-
Carlitz IT polynomials given by (14.25.1) by the substitution @ = —1 in the following
way:

i*”Vn(fl)(ix;q) =l (x;9).

Discrete g-Hermite II — Hermite

The Hermite polynomials given by (9.15.1) can be found from the discrete g-
Hermite II polynomials given by (14.29.1) in the following way:

hn(x/1—q%q) _ Ha(x) (14.29.14)

lim =
1 (1-q)} 2"

Remark

The discrete g-Hermite II polynomials are related to the discrete g-Hermite I poly-
nomials given by (14.28.1) in the following way:

ﬁn(x;qfl) =i "hy(ix;q).

References
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